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Preamble 


This  volume  on  advances  and  applications  of  Dezert-Smarandache  Theory 
(DSmT)  for  information  fusion  collects  theoretical  and  applied  contribu- 
tions of  researchers  working  in  different  fields  of  applications  and  in  mathe- 
matics. Some  contributions  have  not  been  published  until  now.  or  only  par- 
tially published  and  presented  since  the  summer  2006  in  international  confer- 
ences, seminars,  workshops  and  journals.  Several  chapters  include  figures  in 
color  which  can  be  seen  from  the  free  electronic  copy  of  this  volume  available 
at  http: //uuv.gallup.unn.edu/‘8siarandache/DSnT-book3. pdf  or  upon  re- 
quest to  editors  or  authors.  Part  1 of  this  volume  presents  the  current  state-of- 
the-art  on  theoretical  investigations  while  Part  2 presents  new  applications  in 
defense,  gecsciences,  remote  sensing,  medicine,  etc.  Some  works  in  this  book 
are  at  their  preliminary  stages,  others  are  under  progress,  and  some  axe  at 
their  final  stages  of  development.  We  hope  that  this  third  volume  on  DSmT 
will  bring  help  and  suscitate  new  ideas  to  researchers  and  engineers  working  in 
quantitative  and  qualitative  information  fusion  under  uncertainty.  This  third 
volume  has  about  760  pages,  split  into  25  chapters,  from  41  contributors. 

In  the  first  part  of  this  volume  the  readers  will  discover:  the  different  fusion 
spaces  where  the  DSmT  can  work  (power-set,  kyper-power  set,  or  super-power 
set)  depending  on  the  model  associated  with  the  frame  of  the  problem  one 
wrants  to  solve;  new’  fusion  rules  such  as  the  simple  uniform  or  partial  uni- 
form redistribution  rules,  and  more  complex  classes  based  on  redistribution 
to  subsets  or  complements  including  also  the  reliability  of  the  sources;  a new 
probabilistic  transformation  which  outperforms  the  classical  pignistic  transfor- 
mation in  term  of  probabilistic  information  content;  a DSm  Field  and  Linear 
Algebra  of  Refined  Labels  (FLARL)  that  is  able  to  deal  exactly  with  qualitative 
masses  if  the  labels  axe  equidistant  (if  they  are  not  equidistant,  the  FLARL 
operators  can  be  still  used,  but  the  result  will  be  approximate):  the  extension 
of  quantitative  fusion  rules  into  qualitative  fusion  rule*  by  simply  replacing 
the  numerical  operations  by  corresponding  qualitative  operations  thanks  to 
FLARL:  the  extension  of  the  proportional  conflict  redistribution  rule  no.  G 
on  continuous  frames  for  combining  densities  of  probabilities  and  thus  keeping 
multiple  modes  in  the  resulting  fusionned  density’;  new  sampling  techniques 
based  on  referee  functions  for  the  fusion  and  also  codes  or  pseudo-codes  to 
implement  some  rules,  etc. 
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Mora  applications  of  DSmT  have  emerged  in  the  past  three  years  from  the 
apparition  of  the  second  book  of  DSmT  in  summer  2006.  Part  2 of  this  vol- 
ume presents  some  of  them  done  in  target  tracking,  in  satellite  image  fusion, 
in  snow- avalanche  risk  assessment,  in  multi-biometric  match  score  fusion,  in 
assessment  of  an  attribute  information  retrieved  based  on  the  sensor  data  or 
human  originated  information,  in  sensor  management,  in  automatic  goal  allo- 
cation for  a planetary  rover,  in  computer-aided  medical  diagnosis,  in  multiple 
camera  fusion  for  tracking  objects  on  ground  plane,  in  object  identification,  in 
fusion  of  Electronic  Support  Measures  (ESM)  allegiance  reports,  in  map  regen- 
erating forest  stands,  in  target  type  tracking,  etc. 

We  want  to  thank  all  the  contributors  of  this  third  volume  for  their  research 
works  and  their  interests  in  the  development  of  DSmT.  We  are  also  grateful 
to  other  colleagues  for  encouraging  us  to  edit  this  third  volume,  for  sharing 
with  us  several  ideas  and  for  their  questions  and  comments  on  DSmT  through 
the  years.  We  specially  thank  Dr.  Albena  Tchamova  for  hex  constant  devotion 
and  help  in  the  preparation  and  in  the  peer-review  of  this  volume.  We  thank 
Dr.  Erik  Blasch,  2007  President  of  the  International  Society’  of  Information 
Fusion  (uwv.i8il.org.)  for  the  Preface.  We  also  thank  Prof.  Pierre  Valin. 
2006 ISIF  President,  for  peer-reviewing  the  chapters  of  this  book.  Jean  Desert 
thanks  Dr.  Romain  Kervarc,  Dr.  Chxistophe  Peyret  and  Dr.  Gregoire  Merciex 
for  helping  him  to  overcome  typesetting  difficulties  under  DlfcX  during  the  pre- 
liminary stage  of  this  book  project.  Florentin  Smarandadie  is  grateful  to  The 
University  of  New  Mexico,  U.S.A.  that  many  times  partially  sponsored  him 
to  attend  international  conferences,  workshops  and  seminars  on  Information 
Fusion  and  Jean  Desert  is  grateful  to  the  Department  of  Information  Modeling 
and  Processing  (DTIM)  at  the  FVench  Aerospace  Lab  (Office  National  d’fitudw* 
et  de  Reeheiches  A^rospatiales).  Chatillou.  FYance  for  encouraging  him  to  carry 
on  this  research  and  for  i is  financial  support. 
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Each  decade,  there  have  been  probabilistic  and  uon-probabilist  ie  reasoning 
advances  that  have  spawned  a new  generation  of  processing  techniques  to 
support  information  fusion.  Dezert-Smarandacbe  Theory  (DSinT)  is  the  the- 
ory  of  the  hist  decade  of  the  21st  century.  Dr  Jean  Dezert  and  Dr.  Florentin 
Smarandache  have  combined  their  efforts  to  advance  the  mathematical  field 
of  evidence  theory  popularized  by  Dempster- Shafer  (DS).  The  DS  method  ex- 
tended Bayesian  theory  to  deal  with  conflicting  and  imprecise  data,  ignorance, 
and  belief  and  plausibility  relations.  DSmT  further  generalizes  the  DS  theory 
to  include  the  hyper- power  set  over  which  (1)  complex  static  and  dynamic  in- 
formation fusion  results  are  realized  for  large  data  conflicts,  (2)  the  frame  of 
discernment  (set)  is  refined  and  beliefs  redistributed,  and  (3)  data  is  better 
understood  over  vagueness,  imprecision,  and  large  relative  differences. 


Throughout  the  last  decade,  Dr.  Dezert  and  Dr.  Smarandache  have  sup- 
ported the  decision-making  community  by  providing  solutions  to  information 
fusion  technique  limitations  by  developing  the  DSmT,  providing  seminars  and 
tutorials,  as  well  as  producing  a series  of  texts.  The  dedication  of  their  efforts  is 
demonstrated  through  the  compilation  of  the  on-line  and  freely  available  texts 
and  exemplar  code.  The  hard  work  and  contribution  is  a serious  commitment 
to  organize  their  thoughts,  teach  the  next  generation  of  researchers,  as  vrell  as 
provide  valuable  feedback  to  the  authors  and  researchers  throughout  the  world. 

As  this  text  is  the  third  volume  in  the  series  on  Advances  and  Application* 
of  DSmT  for  Information  F\ision , the  broad  range  of  applications  shows  the 
power  of  the  DSmT  technique  to  advance  the  state-of-the-art  in  many  math- 
ematical, business,  and  engineering  fields.  Volume  1 focused  on  defining  the 
DSmT,  providing  comparisons  between  many  fusion  rules,  and  the  hybrid  DSm 
(DSmH)  rule  applied  to  tracking  in  clutter,  data  association,  and  distributed 
situation  analysis  Volume  2 focused  on  the  Proportional  Conflict  Redistribu- 
tion (PCJR)  rules.  Belief  Conditioning  Rules  (BCR),  and  fusion  of  qualitative 
beliefs  for  applications  in  targeting  and  tracking.  Volume  2 also  provide*  many 
MATLAB™  routines  to  implement  the  DSmT. 


The  completion  of  the  third  volume  is  quite  exciting  as  it  contains  25  chap- 
ters, from  41  contributors,  detailing  the  DSmT  applications  over  700  pages. 
In  the  current  installment  of  DSmT  Advances  and  Applications,  there  is  some- 
thing for  everyone  in  the  field  of  Information  Fusion.  Dezert  and  Smarandache 
work  with  Frederic  Dambreville  to  present  new  advances  for  the  Proportional 
Conflict  Redistribution  (PCR)  rule  for  qualitative  applications.  Arnaud  Martin 
and  Xinde  Li  provide  new  developments  in  belief  redistribution  of  subsets  or 
complements  (RSC)  and  imprecise  labels,  respectively.  Milan  Daniel  provides 
new  insights  on  Belief  Conditioning  Rules  (BCR).  For  these  various  advances, 
examples  are  shown  for  applications  in  tracking  that  leverage  contemporary 
techniques  such  as  particle  filtering. 

Applications  demonstrate  the  powder  of  the  DSmT  framework.  In  this  third 
Volume,  DSmT  is  applied  to  the  entire  spectrum  of  the  Information  FXision 
that  would  interest  any  reader  in  data,  sensor,  information,  and  mathemat- 
ical fusion  topics.  Highlighted  in  Figure  1 are  the  contemporary  issues  that 
include  the  links  between  (1)  data  conditioning  and  information  management. 
(2)  combined  situation  and  impact  assessment,  and  (2)  knowledge  representa- 
tion between  machine  processing  and  user  coordination.  Various  applications 
leverage  DSmT  “Advances*  listed  above  along  with  DSmll  (hybrid).  DSmP 
(Probabilistic),  and  DSmT  theoretical  insights.  The  third  volume  attacks  these 
application  issues  of  coordination  between  the  “levels*  of  information  fusion. 


Figure  1:  Data  Fusion  Information  Group  (DFIG)  Model. 


Briefly,  here  is  a list  of  DSmT  applications  in  Vol.  3 as  categorized  by  the 
DFIG: 

• Level  0 - Data  Assessment:  terrain  analysis  and  data  conditioning 

• Level  1 - Object  Assessment:  simultaneous  trade  and  identification  as 
well  as  image  fusion 

• Level  2 - Situation  Assessment:  association  as  well  as  event  and  entity 
determination 

• Level  3 - Impact  Assessment:  geographic  risk  assessment 

• Level  4 - Process  Refinement:  sensor  management  and  performance  eval- 
uation 

• Level  5 - User  Refinement:  decision  and  display 

• Level  6 - Mission  Management:  attribute  information  for  command  and 
control 

Many  results  are  presented  for  different  research  areas  including:  robotics, 
biometric  fingerprinting,  satellite  image  fusion,  and  standard  object  tracking 
and  identification.  Without  a doubt,  DSmT  is  the  toot1  from  this  decade  that 
advances  information  fusion  for  decision-making. 

Erik  Blasch,  PhD,  MBA 
Air  Force  Research  Laboratory 
Dayton,  OH 
April  2009 
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Chapter  1:  An  introduction  to  DSmT 


1.1  Introduction 

The  management  anil  combination  of  uncertain,  imprecise,  fuzzy  and  even 
paradoxical  or  highly  conflicting  sources  of  information  has  always  been,  and 
still  remains  today,  of  primal  importance  for  the  development  of  reliable  modern 
information  systems  involving  artificial  reasoning.  The  combination  (fusion)  of 
information  arises  in  many  fields  of  applications  nowadays  (especially  in  de- 
fense. medicine,  finance,  geo-science,  economy,  etc).  When  several  sensors, 
observers  or  experts  have  to  be  combined  together  to  solve  a problem,  or  if 
one  wants  to  update  our  current  estimation  of  solutions  for  a given  problem 
with  some  new  information  available,  we  need  powerful  and  solid  mathemat- 
ical tools  for  the  fusion,  specially  w’hen  the  information  one  has  to  deal  with 
is  imprecise  and  uncertain.  In  this  chapter,  we  present  a survey  of  our  recent 
theory  of  plausible  and  paradoxical  reasoning,  known  as  Dezert-Smarandache 
Theory  (DSmT)  in  the  literature,  developed  for  dealing  with  imprecise,  uncer- 
tain and  conflicting  sources  of  information.  Recent  publications  have  shown 
the  interest  and  the  ability  of  DSmT  to  solve  problems  where  other  approaches 
fail,  especially  when  conflict  between  a>urces  becomes  high.  We  focus  this  pre- 
sentation rather  on  the  foundations  of  DSmT,  and  on  the  main  important  rules 
of  combination,  than  on  browsing  specific  applications  of  DSmT  available  in 
literature.  Successful  applications  of  DSmT  in  target  tracking,  satellite  surveil- 
lance. situation  analysis,  robotics,  medicine,  biometrics,  etc,  can  be  found  in 
Parts  II  of  this  volume,  in  Parts  II  of  [32,  36)  and  on  the  world  wide  web  [38J. 
Several  simple  examples  are  given  in  tiiis  chapter  to  show  the  efficiency’  and 
t he  generality'  of  DSmT. 


1.2  Foundations  of  DSmT 

The  development  of  DSmT  (Dezert-Smarandache  Theory  of  plausible  and  para- 
doxical reasoning  [9,  32))  arises  from  the  necessity  to  overcome  the  inherent 
limitations  of  DST  (Demp3ter-Shafer  Theory  (25))  which  are  closely  related 
with  the  acceptance  of  Shafer  s model  for  the  fusion  problem  under  consider- 
ation (i.e.  the  frame  of  discernment  0 is  implicitly  defined  as  a finite  set  of 
exhaustive  and  exclusive  hypotheses  0t,  i = since  the  masses  of  be- 

lief are  defined  only  on  the  power  set  of  0 - see  section  1.2.1  for  details),  the 
third  middle  excluded  principle  (i.e.  the  existence  of  the  complement  for  any 
ekments/propo6itions  belonging  to  the  power  set  of  0).  and  the  acceptance  of 
Dempster’s  rule  of  combination  (involving  normalization)  as  the  framework  for 
t he  combination  of  independent  sources  of  evidence.  Discussions  on  limitations 
of  DST  and  presentation  of  some  alternative  rules  to  Dempster’s  rule  of  com- 
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bination  can  be  found  in  (12,  16,  1&-20,  22.  24,  32,  40.  48,  51,  52,  55-58)  and 
therefore  they  will  be  not  reported  in  details  in  this  introduction.  We  argue 
that  these  throe  fundamental  conditions  of  DST  can  be  removed  and  another 
new  mathematical  approach  for  combination  of  evidence  is  possible.  This  is 
the  purpose  of  DSmT. 

The  basis  of  DSmT  is  the  refutation  of  the  principle  of  the  third  excluded 
middle  and  Shafer’s  model,  since  for  a wide  class  of  fusion  problems  the  in- 
trinsic nature  of  hypotheses  can  be  only  vague  and  imprecise  in  such  a way 
that  precise  refinement  is  just  impossible  to  obtain  in  reality  so  that  the  exclu- 
sive elements  0,  cannot  be  properly  identified  and  precisely  separated.  Many 
problems  involving  fuzzy  continuous  and  relative  concepts  described  in  nat- 
ural language  and  having  no  absolute  interpretation  like  tallnesa/smallneas, 
pleasure/pain,  cold/ hot.  Sorites  paradoxes,  etc,  enter  in  this  category.  DSmT 
starts  with  the  notion  of  free  DSm  model,  denoted  .Vf/(8)>  and  considers  0 
only  as  a frame  of  exhaustive  elements  0,.  t = 1, . . . ,n  which  can  potentially 
overlap.  This  model  is  free  because  no  other  assumption  is  done  on  the  hy- 
potheses. but  the  weak  exhaustivity  constraint  which  can  always  be  satisfied 
according  the  closure  principle  explained  in  (32).  No  other  constraint  is  involved 
in  the  free  DSm  model.  When  the  free  DSm  model  holds,  the  commutative  and 
associative  classical  DSm  rule  of  combination,  denoted  DSmC,  corresponding 
to  the  conjunctive  consensus  defined  on  the  free  Dedekind’s  lattice  is  performed. 

Depending  on  the  nature  of  the  elements  of  the  fusion  problem  under  con- 
sideration, it  can  happen  that  the  free  model  does  not  fit  with  the  reality 
because  some  subsets  of  0 can  contain  elements  known  to  be  truly  exclusive 
and  even  possibly  truly  non  existing  at  a given  time  (specially  in  dynamic  fu- 
sion problems  where  the  frame  0 changes  with  time  with  the  revision  of  the 
knowledge  available).  These  integrity  constraints  axe  introduced  in  the  free 
DSm  model  A4'(0)  in  order  to  fit  with  the  reality.  This  allows  to  construct 
a hybrid  DSm  model  A4(0)  on  which  the  combination  will  be  efficiently  per- 
formed. Shafers  model,  denoted  A4°(0).  corresponds  to  a very  specific  hybrid 
DSm  model  including  all  possible  exclusivity  constraints.  DST  has  been  deveh 
oped  for  working  with  A4°(0)  whereas  DSmT  w us  proposed  for  working  with 
any  hybrid  models  (including  Shafer’s  and  free  DSm  models),  to  manage  as 
efficiently  and  precisely  as  possible  imprecise,  uncertain  and  potentially  highly 
conflicting  sources  of  evidence  while  keeping  in  mind  the  possible  dynamicity  of 
the  frame.  The  foundations  of  DSmT  are  therefore  totally  different  from  those 
of  all  existing  approaches  managing  uncertainties,  im precisions  and  conflicts. 
DSmT  provides  a new’  interesting  wray  to  attack  the  information  fusion  prob- 
lematic with  a general  framework  in  order  to  cover  a wide  variety  of  problems. 
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DSmT  refutes  also  the  idea  that  sources  of  evidence  provide  their  beliefs 
with  the  same  absolute  interpretation  of  elements  of  the  some  frame  0 and  the 
conflict  between  sources  arises  not  only  because  of  the  possible  unreliability 
of  sources,  but  also  because  of  passible  different  and  relative  interpretations 
of  0.  e.g.  what  is  considered  as  good  for  somebody  can  be  considered  as  bad 
for  somebody  else.  There  is  some  unavoidable  subjectivity  in  the  belief  assign- 
ments provided  by  the  sources  of  evidence,  otherwise  it  would  mean  that  all 
bodies  of  evidence  have  a same  objective  and  universal  interpretation  (or  mea- 
sure) of  the  phenomena  under  consideration,  which  unfortunately  rarely  occurs 
in  reality,  but  when  basic  belief  assignments  (bba’s)  are  based  on  some  objec- 
tive probabilities  transformations.  But  in  this  last  case,  probability  theory  can 
handle  properly  and  efficiently  the  information,  and  DST,  as  well  as  DSmT, 
becomes  useless.  If  we  now  get  out  of  the  probabilistic  background  argumenta- 
tion for  the  construction  of  bba.  we  claim  that  in  most  of  cases,  the  sources  of 
evidence  provide  their  beliefs  about  elements  of  the  frame  of  the  fusion  problem 
only  based  on  their  own  limited  knowledge  and  experience  without  reference 
to  the  (inaccessible)  absolute  truth  of  the  space  of  possibilities. 


1.2.1  The  power  set,  hyper-power  set  and  super-power  set 

In  DSmT.  we  take  very  care  of  the  model  associated  with  the  set  0 of  hypothe- 
ses where  the  solution  of  the  problem  is  assumed  to  belong  to.  In  particular, 
the  three  main  sets  (power  set.  hyper- power  set  and  super-power  set)  can  be 
used  depending  on  their  ability  to  fit  adequately  with  the  nature  of  hypothe- 
ses. In  the  following,  we  assume  that  0 = {0!,...,0n}  ifi  a finite  set  (called 
flame)  of  n exhaustive  elements1.  If  0 = (0l? . . . , 0n|  is  a priori  not  closed  (0 
is  said  to  be  an  open  world/frame),  one  can  always  include  in  it  a closure  ele- 
ment, say  0ri4>1  in  such  away  that  we  can  work  with  a new  closed  world/frame 
(0lt. . . ,0n.0fl4l}.  So  without  loss  of  generality,  we  will  always  assume  that 
we  work  in  a closed  world  by  considering  the  flame  0 as  a finite  set  of  exhaus- 
tive elements.  Before  introducing  the  power  set.  the  hyper-power  set  and  the 
super-power  set  it  is  necessary  to  recall  that  subsets  are  regarded  as  propo- 
sitions in  Dempster-Shafer  Theory  (see  Chapter  2 of  |25))  and  we  adopt  the 
same  approach  in  DSmT. 


lVfedoaoti 
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• Subsets  as  propositions:  Glenn  Shafer  in  pages  35-37  of  (25]  consid- 
ers the  subsets  as  propositions  in  the  case  we  aie  concerned  with  the 
true  value  of  some  quantity  9 taking  its  possible  values  in  0.  Then  the 
propositions  P*(.4)  of  interest  are  those  of  the  form2: 

Ve{A)  = The  true  value  of  0 is  in  a subset  A of  0. 


Any  proposition  P*(A)  is  thus  in  one-to-one  correspondence  with  the 
subset  .4  of  0.  Such  correspondence  is  very  useful  since  it  translates 
the  logical  notions  of  conjunction  A,  disjunction  V,  implication  =>  and 
negation  -»  into  the  set-theoretic  notions  of  intersection  n,  union  U,  in- 
clusion C and  complementation  c(.).  Indeed,  if  P#(A)  and  P*{B)  are  two 
propositions  corresponding  to  subsets  A and  B of  0.  then  the  conjunction 
P$(A)  AVe(B)  corresponds  to  the  intersection  Ar>B  and  the  disjunction 
P*(.4)  V Vt{B)  corresponds  to  the  union  A U B.  A is  a subset  of  B if 
and  only  if  P*(A)  =>  Pe{B)  and  .4  is  the  set^theoretic  complement  of  B 
with  respect  to  0 (written  .4  = c©(£»  if  and  only  if  P*{A)  = -'Pe(B). 
In  other  words,  the  following  equivalences  are  then  used  between  the 
operations  on  the  subsets  and  on  the  propositions: 


Operations 

Subsets 

Propositions 

Intersoction/conj  unction 
U nion/  disj  unction 
1 Inclusion/impiication 
1 Complementation/ negation 

.4  0 if 
.4  U £ 
.4CB 
yl  = ce(B') 

Ps(.4)  A £»(£) 
P,(A)VP,(B) 
Pt(A)  =■  p,(B) 
PilA)  = —Pt(B) 

Table  1.1:  Correspondence  between  operations  on  subsets  and  on  proportions. 


• Canonical  form  of  a proposition:  In  DSmT  we  consider  all  propo- 
sitions/sets in  a canonical  form.  We  take  the  disjunctive  normal  form, 
which  is  a disjunction  of  conjunctions,  and  it  is  unique  in  Boolean  alge- 
bra and  amplest.  For  example,  X = A n £ n (A  U £ U C)  it  is  not  in 
a canonical  form,  but  we  simplify  the  formula  and  X = A n £ is  in  a 
canonical  form. 

• The  power  set:  2G  = (0.U) 

Aside  Dempster  s rule  of  combination,  the  power  set  is  one  of  the  corner  stones 
of  Dempster-Shafer  Theory  (DST)  since  the  basic  belief  alignments  to  combine 

2\Vc  use  the  symbol  - to  qxaq  cqxuila  6y  d<fituUon ; the  right-hand  side  of  the  equation 
is  the  definition  of  the  left-hand  side. 
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are  defined  on  the  power  set  of  the  frame  0 In  mathematics,  given  a set  0,  the 
power  set  of  0,  written  20,  is  the  set  of  ail  subsets  of  0.  In  Zermelo-Fraenkel 
set  theory  with  the  axiom  of  choice  (ZFC),  the  existence  of  the  power  set  of 
any  set  is  postulated  by  the  axiom  of  power  set.  In  othci  words,  0 generates 
the  power  set  2°  with  the  J (union)  operator  only.  More  precisely,  the  power 
set  2e  is  defined  as  the  set  of  all  composite  propositions/subsets  built  from 
elements  of  0 with  U operator  such  that; 

1.  €2®. 

2.  If  A,  B € 2s,  then  AuBe  2e. 

3.  No  other  elements  belong  to  2B,  except  those  obtained  by  using  rules  1 
and  2. 


Examples  of  power  sets: 

. If  0 = {Oi.02).  then  which  is 

commonly  written  as  2s  = {fl,0i,0a,0i  U02>. 

• Let's  consider  two  frames  0,  = {.1.  B(  and  02  = (AT,  V},  then  their 
power  sets  are  respectively  = {«,  A,  B,  AUB ) and  20*-<xy>  = 

{#,  X,Y,XU  Y).  Let's  consider  a refined  frame  0-/  = {0,.02,03,04}. 
The  granules  0t,  i = 1, ....  4 are  not  necessarily  exhaustive,  nor  exclusive. 
If  A and  B are  expressed  more  precisely  in  function  of  the  granules  0,  by 
example  as  yl  = {01,02,03}  = 0i  U 02  U03  and  B = {02, 0«}  = 02U0« 
then  the  power  sets  can  be  expressed  from  the  granules  0,  as  follows: 

| _ {^  a b.AU  B) 

= {tf,j01.02,03)j,j02,0«},j{01.03,03},{03,0t)}j 
A D >iuB 

= {**,  0i  u 02  u 03.02  u 04,0!  u02  u 0a  u 04) 


If  A*  and  Y arc  expressed  more  precisely  in  function  of  the  finer  granules 
0,  by  example  as  X = {0i}  = 0i  and  Y = (0a.0j.04)  = 0aU0jU04  then; 

2*>~t**)  ={9,XMX\JY} 

= {flt|0i>.(0a.0j.04K((0i}.(02t03.04)^ 

X Y Xu  Y 

= {fl,01.0aU03U04,01U02U03U04) 
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We  see  that  one  has  naturally: 

2el.{4,S)  ^ ^ 


even  if  working  from  0,  with  AuB  = XuY  = (0i.02.03, 0*)  = B"1. 

• The  hyper-power  set:  DB  = (0,U,n) 

One  of  the  cornerstones  of  DSmT  is  the  6ee  Dedekind’s  lattice  [4]  denoted 

as  hyper-power  set  in  DSmT  framework.  Let  0 = (0i, 0„}  be  a finite  set 

(called  frame)  of  n exhaustive  elements.  The  hyper-power  set  DB  is  defined  us 
the  set  of  all  composite  propositions/subsets  built  from  elements  of  0 with  U 
and  H operators  such  that: 

i-  0*  e Z7® 

2.  If  A,  B 6 DB.  then  -1 0 B € DB  and  A U B € DB . 

3.  No  other  elements  belong  to  DB,  except  those  obtained  by  using  rules  1 
and  2. 


Therefore  by  convention,  we  write  DB  = (0.  U,  Cl)  which  means  that  0 gen- 
erates DB  under  operators  U and  fl.  The  dual  (obtained  by  switching  U and 
n in  expressions)  of  DB  ts  itself.  There  are  elements  in  DB  which  are  self-dual 
(dual  to  themselves),  for  example  og  for  the  case  when  n = 3 in  the  following 
example.  The  cardinality  of  DB  is  majored  by  2a"  when  the  cardinality  of  0 
equals  n,  i.e.  |0|  = n.  The  generation  of  hyper-power  set  DB  is  closely  related 
with  the  famous  Dedekind's  problem  |3,  4)  on  enumerating  the  set  of  isotone 
Boolean  functions.  The  generation  of  the  hyper-power  set  is  presented  in  (32). 
Since  for  any  given  finite  set  0,  |De|  > |2e|  we  call  DB  the  hyper-power  set 
of  0. 

Example  of  the  first  hyper-power  sets: 

• For  the  degenerate  case  (n  = 0)  where  0 = {},  one  has  DB  = (oo  = 0) 
and  ID0)  = 1. 

• When  0 = (0,},  one  has  DB  = (a0  = O.o,  ^ 0,|  and  |De|  = 2. 

• When  0 = {0i,02}.  one  has  DB  = (oo.oi,. . . ,o«|  and  |De|  = 5 with 
oo  — ui  — 01  n 9j,  02  — 0i,  or  — 02  and  04  — 0i  U 02 ■ 
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• When  0 = (0i,03,0i),  one  has  De  = (oo.ui..  ...ou|  und  |DS|  = 19 
with 


<n  = 6\  n Bi  n ff  i 

cti  = 0i  r\0i 

a,  = 0X  r\03 

or,  = (ft  u 0a)  n0a 

oo  = (0i  U0j)  n0j 
O7^(«aU03)n0l 


U10  ^ 03 
QU  = 01 

“la  - (0i  n0a)u0, 
Qia  — (0ifl0j)U0j 
flu  = (0jn0j)u0i 


OlB  ^ 01  U03 
“is  — 01  U 0a 
o»  = (01  O0a)  U (01  O 0j)  U (03  n 0i)  017  = 03  u 03 
Oo  = 01  OlB  — 01  U 03  U 03 


The  cardinality  of  hyper-power  set  DB  for  n > 1 follows  the  sequence  of 
Dedekind's  numbers  (27],  i.e.  1,2,5,19.167,  7580.7828353,...  and  anal>tical  ex- 
pression of  Dedekind's  numbers  has  been  obtained  recently  by  Touibak  in  (47] 
(see  (32]  for  details  on  generation  and  ordering  of  De).  Interesting  investiga- 
tions on  the  programming  of  the  generation  of  hyper-power  sets  for  engineering 
applications  have  been  done  in  Chapter  15  of  (36)  and  in  Chapter  7 of  this  vol- 
ume. 


Examples  of  hyper-power  sets: 

Let's  consider  the  frames  0i  = {d.B]  and  02  = (AT.Y'}.  then  their 
corresponding  hyper-power  sets  are  = jU.  A n B,A.B,A  U B} 

and  = ((Un  Y.X.Y,  X U Y).  Let’s  consider  a refined  frame 

0"/  = (0P02.03.0*}  where  the  granules  0„  i = 1, 4 are  now  considered 

as  truly  exhaustive  and  exclusive . If  A and  B are  expressed  more  precisely  in 
function  of  the  granules  0,  by  example  as  d = (0i.02.03>  and  B = (02.04) 
then 

De,-(a.s)  = (fl^nB.  AB.AuB} 

= (0.  (0i,  02.0a}  n (02,  0«},  (01.  02,  0j  },  (02, 0t>. 

4rifl-(#3)  A B 

j(01.02,03},(03,04)}J 

= (U.02.01  U0jU03.02U04.0i  U02U0,U04] 

/ 2e'-M.B) 
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If  X and  Y are  expressed  more  precisely  in  function  of  the  finer  granules 
0,  by  example  as  A = {0,(  and  Y = {0a,03,04}  then  in  assuming  that  0,, 
i = 1, . . . , 4 are  exhaustive  and  exclusive,  one  gets 

De,-<X>')  = (BiXn  yt  x.Y'X  U Y) 

= (B.  {0.)  n {02, 9M,  (0,).  {<>2.  e*'  {02.03.  0*»> 

xn>-»  x y Xu  y 

* 

= {»-{0l),  102.03,  0t>.  {{01>,  <02.03,  0«»)> 

x y xur 

= 2e‘-(xl/> 

Therefore,  we  see  that  De,"^A:•>',  = 2Bi~'X  Y>  because  the  exclusivity  con- 
straint .V  n >'  = 0 bolls  since  one  has  assumed  X = {0i|  and  Y = {02,03, 04  > 
with  exhaustive  and  exclusive  granules  0, . i = 1 . . . . , 4. 

If  the  granules  0, , t = 1, . . . , 4 are  not  assumed  exclusive,  then  of  course  the 
expressions  of  hyper-power  sets  cannot  be  simplified  and  one  would  have: 

De.-(x.fl>  = W'AnB.A.B.AuB) 

= {fl.  (0,  U02  U0a)  n (02  U 04>.  0,  U02  U 03. 0a  U04. 0,  U 02  U03  U 04> 

ji  2e,-(x.s» 

D^-'X’*)  = {Q.X  C\Y,X,Y,X\JY) 

= {O,0in(02  Ufe  U0*). 01,02  U 03  U 04,01  U 02  U0a  U 04 J 
ji  2ea-f X.y) 

Shafer’s  model  of  a frame.  More  generally,  when  all  the  elements  of  a given 
frame  0 are  known  (or  are  assumed  to  be)  truly  exclusive,  then  the  hyper-power 
set  De  reduces  to  the  classical  power  set  2B.  Therefore,  working  on  power  set 
2e  as  Glenn  Shafer  has  proposed  in  his  Mathematical  Theory  of  Evidence  |25]) 
is  equivalent  to  work  on  hyper- power  set  Z>e  with  the  assumption  that  all 
elements  of  the  frame  are  exclusive.  This  is  what  we  call  Shafer’s  model  of  the 
frame  0,  written  .Vf°(0).  even  if  such  model/assumption  has  not  been  clearly 
stated  explicitly  by  Shafer  himself  in  his  milestone  book. 
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• The  super-power  set:  S0  ^ (B.U,n.c(.)) 

The  uotiou  of  super-power  set  has  been  introduced  by  Smarandache  in  the 
Chapter  8 of  [36].  It  corresponds  actually  to  the  theoretical  construction  of 
t he  power  set  of  the  minimal3  refined  frame  Bre^  of  B.  B generates  S0  under 
operators  Uf  O and  complementation  c(.).  S0  = (B,Ufntc(.))  is  a Boolean 
algebra  with  respect  to  the  union,  intersection  and  complementation.  There- 
fore working  with  the  super-power  set  is  equivalent  to  work  with  a minimal 
theoretical  refined  frame  Bre^  satisfying  Shafers  model.  More  precisely,  S 0 is 
defined  as  the  set  of  all  composite  propositions/subsets  built  from  elements  of 
B with  Ut  0 and  c(.)  operators  such  that: 

1.  Mi 

2.  If  .4,  B € S0,  then  A n B € Se,  A U B € S0. 

3.  If  A € SB,  then  c{A)  € S*. 

4.  No  other  elements  belong  to  S0.  except  those  obtained  by  using  rules  1. 

2 and  3. 

As  reported  in  [33].  a similar  generalization  has  been  previously  used  in 
1993  by  Gunn  and  Bell  [15]  for  the  I>emps  ter -Shafer  rule  using  propositions  in 
sequential  logic  and  reintroduced  in  1994  by  Paris  in  his  book  [21].  page  4. 

Example  of  a super-power  set: 

Let's  consider  the  frame  B = {O\.02}  and  let’s  assume  0\  rft  ^ 0,  i.e.  0i 
and  (h  are  not  disjoint  according  to  Fig.  1.1  where  .4  = pi  denotes  the  part  of 
0\  belonging  only  to  0\  (p  stands  here  for  part),  B = pj  denotes  the  part  of  02 
belonging  only  to  02  and  C = pi2  denotes  the  part  of  0\  and  02  belonging  to 
both.  In  this  example.  is  then  given  by 

se  = {».  e 1 n »2, 01 . 02, 01  u o2,  c(6),c{0i  ne2),c{^),  4*  u th ) } 

where  c(.)  is  the  complement  in  B.  Since  c(fl)  = 0\U02  and  c<0i  U0a)  = ®,  the 
super-power  set  is  actually  given  by 

S B = {Minfc,ft.02,fcUfc,c(0in0a),c(fc),c(0j)} 

Let 'a  now  consider  the  minimal  refinement  = (-4,  B,C)  of  0 built  by 
splitting  the  granules  G\  and  62  depicted  on  the  previous  Venn  diagram  into 
disjoint  parts  (i.e.  0,,/  satisfies  the  Shafer's  model)  as  fallows: 


’The  minimality  rcfeis  heir,  to  the  audliulMy  of  the  refined  frame. 
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Figure  1.1:  Venn  diagram  of  a &ee  DSm  model  for  a 2D  frame. 


ffi=AuC,  02  = BuC,  0lD0]  = C 

Then  the  clnaacal  power  set  of  is  given  by 

2e'*'  =t#,AB)CAuBlduaBuC,duBuC| 

We  see  that  w can  define  easily  a one-to-one  correspondence,  written  bo- 
tween  ail  the  elements  of  the  super-power  set  5e  and  the  elements  of  the  power 
set  2*"'  as  follows: 

(0i n9i)~C,  0i  - (AuC),  0i  ~ (BuC),  <0iU0a)  ~ (AuBuC) 
c(0in0j)'v(AuB),  c(0i)  -v  B.  c(02)~A 

Such  one-to-one  correspondence  between  the  elements  of  Se  and  2e"'  can 
be  defined  for  any  cardinality  |0|  > 2 of  the  frame  0 and  thus  one  can  consider 
S0  as  the  mathematical  construction  of  the  power  set  20  of  the  minimal 
refinement  nf  the  frame  0.  Of  course,  when  0 already  satisfies  Shafer’s  model, 
the  hyper-power  set  and  the  suj>er-power  set  coincide  w*ith  the  classical  power 
set  of  0.  It  is  worth  to  note  t hat  even  if  we  have  a mathematical  tool  to  build 
the  mini uud  refined  frame  satisfying  Shafer  s model,  it  doesn’t  mean  necessary 
that  one  must  work  with  this  super-power  set  in  general  in  real  applications 
because  most  of  the  time  t he  elementa/granules  of  S’0  have  no  clear  physical 
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meaning,  not  to  mention  the  drastic  increase  of  the  complexity  since  one  has 

2®  £ D®  S S®  and 

|2B|  = 2'B>  < ID®!  < |5®|  = 21*'"'  = 2J'"1-1  (1.1) 


Typically, 


12*1=2"  |DH|  15®  I = 12®' ■'  I = 


2 

r» 

5 

25  = S 

' 3 

8 

19 

2T=  128 

4 

1 16 

167 

2 14  = 32768 

5 

32 

7580 

2“  = 2147483648 

Table  1.2:  Cardinalities  of  2®.  £>®  and  S®. 

In  summary,  DSmT  oilers  truly  the  possibility  to  build  and  to  work  on  re- 
lined  frames  and  to  deal  with  the  complement  whenever  necessary,  but  in  most 
of  applications  either  the  frame  0 is  already  built/chcxsen  to  satisfy  Shafers 
model  or  the  refined  granules  have  no  clear  physical  meaning  which  finally 
prevent  to  be  considered /assessed  individually  so  that  working  on  the  hyper- 
power set  is  usually  sufficient  for  dealing  with  uncertain  imprecise  (quantitative 
or  qualitative)  and  highly  conflicting  sources  of  evidences.  Working  with  S0 
is  actually  very  similar  to  working  with  2B  in  the  sense  that  in  both  cases  we 
work  with  classical  power  sets;  the  only  difference  is  that  when  working  with 
S®  we  have  implicitly  switched  from  the  original  frame  0 representation  to  a 
minimal  refinement  0T<f  representation.  Therefore,  in  the  sequel  we  focus  our 
discussions  based  mainly  on  hyper-power  set  rather  than  (super-)  power  set 
which  has  already  been  the  basis  for  the  development  of  DST  But  as  already 
mentioned.  DSmT  can  easily  deal  with  belief  functions  defined  on  2°  or  SB 
similarly  as  those  defined  on  De. 

Generic  notation:  In  the  sequel,  we  use  the  generic  notation  G0  for  demoting 
t he  sets  (power  set.  hyper-power  set  and  super-powrer  set)  on  wrhich  the  belief 
functions  are  defined. 

Remark  on  the  logical  refinement  The  refinement  in  logic  theory  pre- 
sented recently  by  Cholvy  in  [2]  was  actually  proposed  in  nineties  by  a Guan 
and  Bell  [15]  and  by  Paris  [21].  This  refinement  is  isomorphic  to  the  refine- 
ment in  set  theory  done  by  many  researchers.  If  0 = [0 1, 02,0a}  is  a language 
where  the  propositional  variables  are  ft,  ft,  03,  Cholvy  considers  all  8 possible 
logical  combinations  of  propositions  ft’s  or  negations  of  ft's  (called  interpreta- 
tions), and  define*  the  8 = 23  disjoint  parts/ propositions  of  the  Venn  tiiagram 
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in  Fig  12  [one  also  considers  as  a part  the  negation  of  the  total  iguorance)  in 
the  set  theory,  so  that : 

«i  = ft  A ft  A ft 
•a  = ft  A ft  A —ft 
U = ft  A -ft  A ft 
U = 01  A Si  A -ft 
it  = -ft  A ft  A Aft 
ia  = -ft  A ft  A -ft 
it  = -ft  A -ft  A ft 
Ifl  = -ft  A -ft  A -ft 

where  -5,  means  the  negation  of  ft. 


B 


Figure  1.2:  Venn  diagram  of  the  free  DSm  model  for  a 3D  frame. 


Because  of  Shafer's  equivalence  of  subsets  and  propositions,  Cholvy's  logical 
refinement  is  strictly  equivalent  to  the  refinement  we  did  already  in  2006  in 
defining  S®  - see  Chap.  8 of  (36)  - but  in  the  set  theory  framework. 
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We  did  it  tiering  Smarandache's  codification  (easy  to  understand  and  read) 
in  the  following  way: 

- each  Venn  diagram  disjoint  part  pM.  or  ptJ^  represents  respectively  the 
intersection  of  p,  and  pj  only,  or  pi  and  py  and  p*  only,  etc;  while  the 
complement  of  the  total  ignorance  is  considered  po  \p  stands  for  part). 

Thus,  we  have  an  easier  and  clearer  representation  in  DSmT  than  in  logical 
representation.  While  the  refinement  in  DST  using  logical  approach  for  n very 
large  is  very  hard,  we  can  simply  consider  in  the  DSmT  the  super-power  set 
S®  = (0.Utn?c(.)).  So.  in  DSmT  representation  the  disjoint  parts  are  noted 
as  follows: 


Pm  = 0i  A 02  A Os  = ii 
Pl2  = 01  A 02  A -#3  = 12 


P2  = -'fll  A 02  A ^03  = io 


po  = A -^h  A = is 

As  seeing,  in  Smarand ache’s  codification  a disjoint  Venn  diagram  part  is 
equal  to  the  intersection  of  singletons  whose  indexes  show  up  as  indexes  of 
the  Venn  part;  for  example  in  pX2  case  indexes  1 and  2,  intersected  with  the 
complement  of  the  missing  indexes,  in  this  case  index  3 is  missing. 

Smarand  ache's  codification  can  easily  transform  any  set  from  S9  into  its  canon- 
ical disjunctive  normal  form.  For  example,  0X  = px  Up12  upi3  U pi23  (i.e.  all 
Venn  diagram  disjoint  parts  that  contain  the  index  *1*  in  their  indexes  , such 
indexes  from  5s  are  1,  12,  13,  123)  can  be  expressed  as 

01  = (01  n c(02)  n c{& a))  u (01  n 03  nc(ft,))(0i  n c<02>  n 0*)  u <0j  n 0*  n 03) 

where  the  set  \alues  of  each  part  was  taken  from  the  above  table. 

0i  A 0a  = pi2  u pi23  (i.e.  all  Venn  diagram  disjoint  parts  that  contain  the 
index  u12"  in  their  indexes)  equals  to  (0i  A 02  A -^3)  V (0i  A 02  A 0j). 
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The  refinement  based  on  Venn  Diagram,  becomes  very  hard  and  almost  im- 
possible when  the  cardinal  of  0,  n,  is  large  and  all  intersections  are  non-empty 
(the  free  model).  Suppose  n = 20,  or  even  bigger,  and  we  have  the  free  model. 
How  can  we  construct  a Venn  Diagram  where  to  show  all  possible  intersections 
of  20  sets?  Its  geometrical  figure  would  be  wry  hard  to  design  and  very  hard 
to  read  (you  don’t  Identify  well  each  disjoint  part  of  a such  Venn  Diagram 
to  what  intersection  of  sets  it  belongs  to).  The  larger  is  n.  the  more  difficult 
is  the  refinement.  Fortunately,  based  on  Smarandache's  codification,  we  can 
algebraically  design  in  an  easy  way  for  ail  such  intersections  (for  example,  if  n 
is  very  big.  we  can  use  computer  programs  to  make  combinations  of  indexes 
{1,2,...,  n)  taken  in  groups  or  lf  of  2 or  of  n elements  each),  so  the  refine- 

ment should  not  be  a big  problem  from  the  programming  point  of  view,  but 
we  must  always  keep  in  mind  if  such  refinement  is  really  necessary  and  if  it  has 
(or  not)  a deep  physical  interpretation  and  justification  for  the  problem  under 
consideration. 

The  assertion  in  [2),  upon  Milan  Darners,  that  hybrid  DSm  rule  is  equivalent 
to  Dubois-Prade  rule  is  untrue,  since  in  dynamic  fusion  they  give  different 
results.  Such  example  has  been  already  given  in  |8]  and  is  reported  in  section 
1. 2.6.3  for  the  sake  of  clarification  for  the  readers.  The  assertion  in  (2|  that 
“from  an  expressivity  point  of  view  DSmT  is  equivalent  to  DST  is  partially 
true  since  this  idra  is  true  when  the  refinement  is  possible  (not  always  it  is 
practically /physically  possible),  and  even  when  the  spaces  we  work  on,  S**  = 
where  the  hypotheses  are  exclusive,  DSmT  offers  the  advantage  that  the 
refinement  is  already  done  (it  is  not  necessary  for  the  user  to  do  (or  implicitly 
presuppose)  it  as  in  DST).  Also,  DSmT  accepts  from  the  very  beginning  the 
possibility  to  deal  with  non-exclusive  hypotheses  and  of  course  it  can  a fortiori 
deal  with  sets  of  exclusive  hypothesis  and  work  either  on  2e  or  2e  whenever 
necessary,  while  DST  first  requires  implicitly  to  work  with  exclusive  hypotheses 
only. 

The  main  distinctions  between  DSmT  and  DST  are  summarized  by  the 
following  points: 

1.  The  refinement  is  not  always  (physically)  possible,  especially  for  elements 
from  the  frame  of  discernment  whose  frontiers  are  not  clear,  such  as: 
colors,  vague  sets,  unclear  hypotheses,  etc  in  the  frame  of  discernment; 
DST  does  not  fit  well  for  working  in  such  casts,  while  DSmT  does; 

2.  Even  in  the  case  when  the  frame  of  discernment  can  be  refined  (Le.  the 
atomic  elements  of  the  frame  have  all  a distinct  physical  meaning),  it 
is  still  easier  to  use  DSmT  than  DST  since  in  DSmT  framework  the 
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refinement  is  done  automatically  by  the  mathematical  construction  of 
the  super-power  set; 

3.  DSmT  offers  better  fusion  rules,  for  example  Proportional  Conflict  re- 
distribution Rule  # 5 (PCR5)  - presented  in  the  sequel  - is  better  than 
Dempster's  rule;  hybrid  DSm  rule  |DSmH)  works  for  the  dynamic  fu- 
sion, while  Dubois-Prade  fusion  rule  dots  not  (DStnH  is  an  extension  of 
Dubois-Prade  rule);  therefore  DSmT  with  its  fusion  rules  cannot  be  con- 
sidered as  a special  case  of  DST,  contrariwise  to  some  authors'  claims  in 
the  literature  (see  |5]  by  example). 

4.  DSmT  offers  the  best  qualitative  operators  (when  working  with  labels) 
giving  the  most  accurate  and  coherent  results; 

5.  DSmT  offers  new  interesting  quantitative  conditioning  rules  (BCRs)  and 
qualitative  conditioning  rules  (QBCRs),  different  from  Shafer's  condi- 
tioning rule  (SCR).  SCR  can  be  seen  simply  as  a combination  of  a prior 
mas  of  belief  with  the  mass  m(A ) = 1 whenever  A is  the  conditioning 
event; 

6.  DSmT  proposes  a new  approach  for  working  with  imprecise  quantita- 
tive or  qualitative  information  and  not  limited  to  interval-valued  belief 
structures  as  proposed  generally  in  the  literature  (6,  7,  49]. 


1.2.2  Notion  of  free  and  hybrid  DSm  models 

Free  DSm  model:  The  elements  0,,  i = 1, . . . , n of  0 constitute  the  finite  set 
of  hypotheses/concepts  characterizing  the  fusion  problem  under  consideration. 
When  there  is  no  constraint  on  t he  elements  of  the  frame,  we  call  this  model  the 
frtt  DSm  model,  written  This  free  DSm  model  allows  to  deal  directly 

with  fuzzy  concepts  which  depict  a continuous  and  relative  intrinsic  nature  and 
which  cannot  be  precisely  refined  into  finer  disjoint  information  granules  hav- 
ing an  absolute  interpretation  because  of  the  unreachable  universal  truth.  In 
such  case,  the  use  of  the  hyper-power  set  De  (without  integrity  constraints)  is 
particularly  well  adapted  for  defining  the  belief  functions  one  wants  to  combine. 


Shafer's  model:  In  some  fusion  problems  involving  discrete  concepts,  all  the 
elements  0,,  i = 1, . . . , n of  0 can  be  truly  exclusive.  In  such  case,  all  the  exclu- 
sivity constraints  on  0,,  i = 1, . . . , n have  to  be  included  in  the  previous  model 
to  characterize  properly  the  true  nature  of  the  fusion  problem  and  to  fit  it  with 
the  reality.  By  doing  this,  the  hyper-power  set  De  as  well  as  the  super-power 
set  S®  reduce  naturally  to  the  classical  power  set  2*  and  this  constitutes  w hat 
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we  have  called  Shafer'*  model,  denoted  A4°(0).  Shafer's  model  corresponds 
actually  to  the  most  restricted  hybrid  DSm  model. 

Hybrid  DSm  models:  Between  the  class  of  fusion  problems  corresponding  to 
the  free  DSm  model  M'{ 0)  and  t he  class  of  fusaou  problems  corresponding  to 
Shafer’s  model  ,M°(0),  there  exists  another  wide  class  of  hybrid  fusion  prob- 
lems involving  in  0 both  fuzzy  continuous  concepts  and  discrete  hypotheses. 
In  such  (hybrid)  class,  some  exclusivity  constraints  and  possibly  some  non- 
existential  constraints  (especially  w hen  working  on  dynamic*  fusion)  have  to  be 
taken  into  account.  Each  hybrid  fusion  problem  of  this  class  will  then  be  char- 
acterized by  a proper  hybrid  DSm  model  denoted  M (0)  with  jVf(0)  £ Mr(Q) 
and  ,Vf(6>  * M°(0). 


In  any  fusion  problems,  we  consider  as  primordial  at  the  very  beginning  and 
before  combining  information  expressed  as  belief  functions  to  define  clearly  the 
proper  frame  0 of  t he  given  problem  and  to  choose  explicitly  its  corresponding 
model  one  wants  to  work  with.  Once  this  is  done,  the  second  important  point 
is  to  select  the  proper  set  2®,  D®  or  S°  on  which  the  belief  functions  will  be 
defined.  The  third  important  point  will  be  the  choice  of  an  efficient  rule  of  com- 
bination of  belief  functions  and  finally  the  criteria  adopted  for  decision-making 

In  the  sequel,  we  focus  our  presentation  mainly  on  hyper-power  set  DB  (un- 
less specified)  since  it  is  the  most  interesting  new  aspect  of  DSrnT  for  readers 
already  familiar  with  DST  framework,  but  a fortiori  we  can  work  similarly  on 
classical  power  set  2®  if  Shafer's  model  holds,  and  even  on  2®  (the  power 
set  of  the  minimal  refined  frame)  whenever  one  wants  to  use  it  and  if  possible. 


Examples  of  models  for  a frame  0: 


• Let's  consider  the  2D  problem  where  0 = {0i,02>  with  D®  = {tf,0i  n 
03,01.03,01  U | and  assume  now  that  0\  and  02  are  truly  exclusive  (i.e. 
Shafer's  model  .Vf"  holds),  then  because  0i  n 02  ^ fl,  one  gets  O®  = {l!,0i  n 
0j  ="  D.0„02.0,U01>=  {tf.0,.02.0,  U0,)  =2®. 


• As  another  simple  example  of  hybrid  DSm  model,  let’s  consider  the  3D  case 
with  the  frame  0 = {0i.0a.0j}  with  the  model  M ^ M*  in  which  we  force 
all  pebble  conjunctions  to  be  empty,  but  0i  n 0a-  This  hybrid  DSm  model 
is  then  represented  with  the  Venn  diagram  on  Fig.  1.3  (where  boundaries  of 


4Lc.  whm  the  frame  9 and/or  the  model  M tt  changing  with  time. 
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intersection  of  0i  and  02  are  not  precisely  defined  if  0i  and  0j  represent  only 
fuzzy  concepts  like  smallness  and  tallness  by  example). 


Figure  1.3:  Venn  diagram  of  a DSm  hybrid  model  for  a 3D  frame. 


1.2.3  Generalized  belief  functions 

From  a general  frame  0,  we  define  a map  m(.)  : Ge  — * [0, 1)  associated  to  a 
given  body  of  evidence  B as 


m(0)  = 0 and  ^ m(A)  = 1 


(1.2) 


ACC* 


The  quantitv  m(j4)  is  called  the  generalized  basic  belief  assignment/mass  (gbba) 
of  A 


The  generalized  belief  and  plausibility  functions  are  defined  in  almost  the  same 
manner  as  within  DST,  ie. 

Bel  [A)  = £ m(fi)  pl<^>  = E m(fl)  0-3) 

BQA 

BtG° 

We  recall  that  Ge  is  the  generic  natation  for  the  set  on  which  the  gbba  is 
defined  ( can  be  2e,  D*  or  even  S*  depending  on  the  model  chosen  for 
0).  These  definitions  are  compatible  with  the  definitions  of  the  classical  belief 
functions  in  DST  framework  when  G®  = 2e  for  fusion  problems  where  Shafers 
model  ,Vf°(0)  holds.  We  still  have  iA  6 G0,  Bel(.4)  < P1(A). 

Note  that  when  working  with  the  tree  DSm  model  one  has  always 

P1(A)  = 1 Y4  ^ fl  € (Ge  = De)  which  is  normal. 
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Example:  Let’s  consider  the  ample  frame  0 = (/l,  B),  then  depending  on 
the  model  we  choree  for  G'e,  one  will  consider  either: 

• G®  as  the  power  set  2®  and  therefore: 

m{A)  + m(fl)  + m(i4  J B)  = 1 

• G®  as  the  hyper- power  set  D®  and  therefore: 

m(«4)  + m(fl)  + m(A  U B)  + m(X  r B)  = 1 

• C®  as  the  super-power  set  5®  and  therefore: 

m(.4)  + m(B)  + m(-4  u B)  + m(X  D B) 

+ tn(c{A))  + m(c(S»  + m(e(i4)  Uc(B))  = 1 


1.2.4  The  classic  DSrn  rule  of  combination 

When  the  free  DSm  model  .Vf^(0)  bolds  for  the  fusion  problem  under  consid- 
eration. the  classic  DSm  rule  of  combination  tn^r^)  = m(.)  = |i»u  tp  mj)(.) 
of  two  independent5  sources  of  evidences  Pi  and  &<  over  the  same  frame  0 
with  belief  functions  Boh(.)  and  Belj(.)  associated  with  gbba  mj(.)  and  mj(.) 
conesponds  to  the  conjunctive  consensus  of  the  sources.  It  is  given  by  [32): 

VCeD®.  m.M,(e)<C)=m(C)=  £ m^A^B)  (1.4) 

AnB-C 

Since  De  is  clewed  under  U and  n set  operators,  this  new  rule  of  com- 
bination guarantees  that  m(.)  is  a proper  generalized  belief  assignment,  i.e. 
m(.)  : D B — ♦ [0t  1],  This  rule  of  combination  is  commutative  and  associative 
and  can  always  be  used  for  the  fusion  of  sources  involving  fuzz)*  concepts  when 
free  DSm  model  holds  for  the  problem  under  consideration.  This  rule  can  be 
directly  and  easily  extended  for  the  combination  of  k > 2 independent  sources 
of  evidence  [32). 

According  to  Table  1.2,  this  classic  DSm  rule  of  combination  looks  very 
expensive  in  terms  of  computations  and  memory  size  due  to  the  huge  number 

1 While  independence  la  u difficult  cocccpt  to  dctinc  in  all  theories  managing  epatenne 
uncertainty.  we  folkiw  here  the  interpretation  of  Smets  in  [39)  and  [40],  p.  2S5  and  cowvdcr 
that  Van  sources  of  evidence  are  independent  (Lc  distinct  and  noninteraction)  if  ear h leaves 
one  totally  ignorant  about  the  particular  value  the  other  »*ill  take. 
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of  elements  in  D0  when  t he  cardinality  of  0 increases.  This  remark  is  however 
valid  only  if  the  cores  (the  set  of  focal  elements  of  gbba)  Mi  (mi)  and  ^(mj) 
coincide  with  De.  i.e.  when  m^A)  > 0 and  m2(A)  > 0 for  all  A ^ 0 € D e. 
Fortunately,  it  is  important  to  note  here  that  in  most  of  the  practical  appli- 
cations the  sizes  of  M|(mi)  and  A -2(m2)  tae  much  smaller  than  |£>°|  because 
bodies  of  evidence  generally  allocate  their  basic  belief  assignments  only  over  a 
sublet  of  the  hyper- power  set.  This  makes  things  easier  for  the  implementation 
of  the  classic  DSm  rule  (1.4).  The  DSm  rule  is  actually  very  easy  to  imple- 
ment. It  suffices  for  each  focal  element  of  Mi  (mi)  to  multiply  it  with  the  focal 
elements  of  M2  (m2)  and  then  to  pool  all  combinations  which  are  equivalent 
under  the  algebra  of  sets.  While  very  costly  in  term  on  memory  storage  in  the 
worst  case  (i.e.  when  all  m(.4)  > 0,  A € DB  or  A € 20r-/),  the  DSm  rule 
however  requires  much  smaller  memory  storage  than  when  working  with  5e, 
i.e.  working  with  a minimal  refined  frame  satisfying  Shafer's  model. 

In  most  fusion  applications  only  a small  subset  of  elements  of  D0  have 
a non  null  basic  belief  mass  because  all  the  commitments  are  just  usually 
impossible  to  obtain  precisely  when  the  dimension  of  the  problem  increases. 
Thus,  it  is  not  necessary  to  generate  and  keep  in  memory  all  elements  of 
(or  eventually  Se)  but  only  thc&e  which  have  a positive  belief  mass.  However 
there  is  a real  technical  challenge  on  how  to  manage  efficiently  all  elements 
of  the  hyper- power  set.  This  problem  is  obviously  much  more  difficult  when 
trying  to  work  on  a refined  frame  of  discernment  0f</  if  one  really  prefers 
to  use  Dempster- Shafer  theory  and  apply  Dempster’s  rule  of  combination.  It 
is  important  to  keep  in  mind  that  the  ultimate  and  minimal  refined  frame 
consisting  in  exhaustive  and  exclusive  finite  set  of  refined  exclusive  hypotheses 
is  just  impassible  to  justify  and  to  define  precisely  for  ail  problems  dealing  with 
fuzzy  and  ill-defined  continuous  concepts.  A discussion  on  refinement  with  an 
example  has  be  included  in  [32). 


1.2.5  The  hybrid  DSm  rule  of  combination 

When  the  free  DSm  model  M*(B)  does  not  hold  due  to  the  true  nature  of  the 
fusion  problem  under  consideration  which  requires  to  take  into  account  some 
known  integrity  constraints,  one  has  to  work  with  a proper  hybrid  DSm  model 
A4(0)  / (0).  In  such  case,  the  hybrid  DSm  rule  (DSrnH)  of  combination 

based  on  the  chosen  hybrid  DSm  model  A4(8)  for  k > 2 independent  sources 
of  information  is  defined  for  all  .4  € D0  as  [32): 

= f/*MiO)(A)  = 4(A)^Si(/t)  + S3(A)  + (1.5) 
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where  all  sets  involved  in  formulas  are  in  the  canonical  form  and  <?(.4)  is  the 
characteristic  non-emptiness  function  of  a set  .4,  i.e.  d(-4)  = 1 if  A $ 0 and 
$(A)  = 0 otherwise,  where  tf  = 0M  is  the  set  of  all  elements  of  De 

which  have  been  forced  to  be  empty  through  the  constraints  of  the  model  M 
and  0 is  the  classical/ universal  empty  set.  5j(.4)  = m.M/(#)(-4),  Sa(.4),  S3(-4) 
are  defined  by 

Si(A)±  X n «"•(*.)  (1.6) 

XiJCj Xkt,D°  ■-* 

Xi  r\X2n..S\Xt~A 

S2{A)±  X d-7) 

x,jc» AT.C#  .-1 

S*(A)±  X n-Nt*)  (1-8) 

XiJC a,..,X4tP°  «-t 

XiuXau.~uXfc-X 

XinXan...aXkc# 

with  W = ti(-Vx)  U u(A2)  U . . . U u{Xh)  where  u(A)  is  the  union  of  all  0,  that 
compose  AT.  It  = 0j  U0a  U . . . U0*  is  the  total  ignorance.  S\(A)  corresponds  to 
the  classic  DSm  rule  for  k independent  sources  based  on  the  free  DSm  model 
S2(A)  represents  the  mass  of  all  relatively  and  absolutely  empty  sets 
which  is  transferred  to  the  total  or  relative  ignorances  associated  with  non  ex- 
istential constraints  (if  any,  like  in  some  dynamic  problems);  <Si(j4)  transfers 
the  sum  of  relatively  empty  sets  directly  onto  the  canonical  disjunctive  form  of 
non-empty  sets. 

The  hybrid  DSm  rule  of  combination  generalizes  the  classic  DSm  rule  of 
combination  and  is  not  equivalent  to  Dempter's  rule.  It  works  for  any  models 
(the  free  DSm  model,  Shafer’s  model  or  any  other  hybrid  models)  when  manip- 
ulating precise  generalized  (or  eventually  classical)  basic  belief  functions.  An 
extension  of  this  rule  for  the  combination  of  imprecise  generalized  (or  eventually 
classical)  basic  belief  functions  is  presented  in  next  section.  As  already  stated, 
in  DSmT  framework  it  is  also  possible  to  deal  directly  with  complements  if 
necessary  depending  on  the  problem  under  consideration  and  the  information 
provided  by  the  sources  of  evidence  themselves. 

The  first  and  simplest  way  is  to  work  with  S®  on  Shafer's  model  when 
a minimal  refinement  is  possible  and  makes  sense  The  second  way  is  to  deal 
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with  partially  known  frame  and  introduce  directly  the  complementary  hypothe- 
ses into  the  frame  itself.  By  example,  if  one  knows  only  two  hypotheses  0lf 
02  attd  their  complements  0*.  02 . then  we  can  choose  to  switch  from  original 
frame  0 = {0j,02}  th*  new  frame  0 = (0i,02,  0i>02}-  In  such  case,  wo 
don’t  necessarily  assume  that  61  = 02  and  02  = 0i  because  0*  and  02  ma>’  in* 
elude  other  unknown  hypotheses  we  have  no  information  about  (case  of  partial 
known  frame).  More  generally,  in  DSmT  framework,  it  is  not  necessary  that  the 
frame  is  built  on  pure/simple  (possibly  vague)  hypotheses  $t  as  usually  done 
in  all  theories  managing  uncertainty.  The  frame  0 can  also  contain  directly  as 
elements  conjunctions  and/or  disjunctions  (or  mixed  propositions)  and  nega- 
tions/complements of  pure  hypotheses  as  well.  The  DSm  rules  also  work  in 
such  non-classic  frames  because  DSmT  works  on  any  distributive  lattice  built 
from  0 anywhere  0 is  defined. 


1.2.6  Examples  of  combination  rules 

Here  are  some  numerical  examples  on  results  obtained  by  DSm  rules  of  com- 
bination. More  examples  can  be  found  in  [32|. 


1.2.6. 1 Example  with  0 = (0i.02t 03,04} 

Lets  consider  the  frame  of  discernment  0 = {0i,  02.03,04},  two  independent 
experts,  and  the  two  following  bbas 


mi(0i)  = O.G  mi (0a)  = 0.4  m2(0a)  = O.2  m2(04)  = O.8 
represented  in  terms  of  mass  matrix 

_ [0.6  0 0.4  0 ] 

1 “ | 0 0.2  0 0.8j 

• Dempster's  rule  cannot  be  applied  because:  VI  < j < 4,  one  gets  m(0j)  = 
0/0  (undefined!). 

• But  the  classic  DSm  rule  works  because  one  obtains:  m(0i)  = rn(02)  = 
m(03)  = m(04)  = 0,  and m(01r02)  = 0.12r  m(0x n04)  = 0.48,  m(02n03)  = 
0.08,  m(03  n 04)  = 0.32  (partial  paradoxes/cunflicts). 

• Suppose  now  one  finds  out  that  all  intersections  are  empty  (Shafer’s 
model),  then  one  applies  the  hybrid  DSm  rule  and  one  gets  (index  h 
stands  here  for  hybrid  rule):  m*(0i  U02)  = 0.12,  m^(0a  U04)  = 0.48, 
m*<0|  U 0| ) = 0.08  and  m*(03  U 04)  = 0.32. 
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1.2. 6. 2 Generalization  of  Zadeh's  example  with  0 = {0i.02.0s} 

Let's  consider  0 < <i,«2  < 1 be  two  very  tiny  positive  numbers  (close  to  zero), 
the  frame  of  discernment  be  0 = {0i,  02,03}.  have  two  experts  (independent 
sources  of  evidence  si  and  *2)  giving  the  belief  masses 


mi(0i)  = l—  <i  on (02)  = 0 mi(0j)  = d 

OI 2 (01 ) = 0 012(02)  = 1 - (2  012(03)=  «2 
FYoin  now  on,  we  prefer  to  use  matrices  to  describe  the  masses,  i.e. 

[1-c,  0 £,1 

l 0 l-e2  e2J 

• Using  Dempster  'a  rule  of  combination,  one  gets 

v (<i<a)  . 

(1  — <i  ) • 0 + U ■ I i — *2)  + «,(2  ~ 

which  is  absurd  (or  at  least  counter-intuitive).  Note  that  whatever  posi- 
tive values  for  «i,  12  are.  Dempster's  rule  of  combination  provides  always 
the  same  result  (one)  which  is  abnormal.  The  only  acceptable  and  correct 
result  obtained  by  Dempster's  rule  is  really  obtained  only  in  the  trivial 
case  when  (1  = (2  = 1,  i.e.  when  both  sources  agree  in  03  with  certainty 
which  is  obvious. 

• Using  the  DSm  rule  of  combination  based  on  free-DSm  model,  one  gets 

m(03)  = d<2,  m(0i  n03)  = (1  - «i)(l  - <2),  m(0i  n 0i)  = (1  - n)o, 

m(02  H03)  = (1  — <2)0  and  the  others  are  zero  which  appears  more 
reliable/ unstable. 

• Going  back  to  Shafer's  model  and  using  the  hybrid  DSm  rule  of  combi- 
nation, one  gets  m(0j)  = <i<2,  m(0i  U02)  = (1  — <i)(l  — £2),  m(0i  U03)  = 
(1  — £i)£2,  m(0 2 U03>  = (1  — * 2 ) < 1 and  the  others  are  zero. 

Note  that  in  the  special  case  when  '1  = £2  = 1/2,  one  has 

mi  (0i ) = 1/2  mi(0a)  = 0 mi(03)  = 1/2 
»i2(0i)  = 0 ni2<02)  = 1/2  >113(03)  = 1/2 

Dempster's  rule  of  combinations  still  yields  m(0j)  = 1 while  the  hybrid  DSm 
rule  based  on  the  same  Shafer's  model  yields  now  rn(03)  = 1/4,  m(0i  U 0j)  = 
1/4,  m(0i  U0i)  = 1/4,  m(02  U 03 ) = 1/4  which  is  normal. 
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1.2.6. 3 Comparison  with  Smets.  Yager  and  Dubois  Ic  Prade  rules 


We  compare  the  results  provided  by  DSmT  rules  and  the  main  common  rules 
of  combination  on  the  following  very  simple  numerical  example  where  only 
2 independent  sources  (a  priori  assumed  equally  reliable)  are  involved  and 
providing  their  belief  initially  on  the  3D  frame  0 = {01,02, 03 1-  It  is  assumed 
in  this  example  that  Shafer's  model  holds  and  thus  the  belief  assignments  mi(.) 
and  ma(.)  do  not  commit  belief  to  internal  conflicting  infonnatiou.  mi(.)  and 
m2(.)  are  chosen  as  follows: 

m1(6i)  = 0.1  mi(0a)=O.4  m!(63)  = 0.2  mi(0,  U02)  = 0.3 

m2(0i)  = 0.5  m2(02)  = 0.1  m2(03)  = 0.3  m2(0j  U02)  = 0.1 


M 


10.1  0.4  0.2  0.3] 
0.5  0.1  0.3  O.lJ 


(I-®) 


These  belief  masses  are  usually  represented  in  the  form  of  a belief  mass  matrix 
M given  by 

0.4  0.2 
0.1  0.3 

where  index  t for  the  rows  corresponds  to  the  index  of  the  source  no.  i and 
the  indexes  j for  columns  of  M correspond  to  a given  choice  for  enumerating 
the  focal  elements  of  all  sources.  In  this  particular  example,  index  j = 1 cor- 
responds to  0i,  j = 2 corresponds  to  02,  j = 3 corresponds  to  03  and  j = 4 
corresponds  to  0i  U02. 


Now  let’s  imagine  that  one  finds  out  that  03  is  actually  truly  empty  because 
some  extra  and  certain  knowledge  on  03  is  received  by  the  fusion  center.  As 
example,  0i.  02  and  03  may  correspond  to  three  suspects  (potential  murders)  in 
a police  investigation,  nt|(.)  and  m-2(.)  corresponds  to  two  reports  of  indepen- 
dent witnesses,  but  it  turns  out  that  finally  03  has  provided  a strong  alibi  to 
t he  criminal  police  investigator  once  arrested  by  the  policemen.  This  situation 
corresponds  to  set  up  a hybrid  model  M with  the  constraint  03  *=  0. 


Let’s  examine  the  result  of  the  fusion  in  such  situation  obtained  by  the 
Smets’,  Yager’s,  Dubois  & Prade's  and  hybrid  DSm  rules  of  combinations. 
First  note  that,  based  on  the  free  DSm  model,  one  would  get  by  applying  the 
classic  DSm  rule  (denoted  here  by  index  DSmC ) the  following  fusion  result 


mDSmc(0i)  = O.2i 
mzwmcto)  = 006 
"*DSmc(01  n0a)  = 0.21 

mDSmc(01  n 63)  = 0.14 


"•DSmc(0 2)  = OH 
mDSmc(&l  U 01>  = 0 03 
°*Dsmc(0 1 n 0a)  = 0.13 
'nDsmc(03n(0,U02))  = O.ll 
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But  because  of  the  exclusivity  constraints  (imposed  here  by  the  use  of 
Shafer's  model  and  by  the  non-cxistential  constraint  '=  0).  the  total  con- 
flicting mass  is  actually  given  by  ku  = 0.06  + 0.21  + 0.13 4-0. 14+  0.11  = 0.65. 


• If  one  uppbee  Dempster’s  rule  [25]  (denoted  here  by  index  DS),  one 
gets. 


mos(O)  = 0 

nios(fii)  = 0 21/(1  - fc13)  = 0 21/(1  - 0.65]  = 0.21/0.35  = 0.600000 
mos(ft)  = 0.11/[1  - Aria]  = 0.11/(1  - 0.65]  = 0.11/0.35  = 0.314286 
rnos(0 1 U»i)  = 0 03/(1  - fcn)  = 0 03/(1  - 0 66]  = 0.03/0.35  = 0.085714 


• If  one  applies  Smets'  rule  [41,  42]  (i.e.  the  non  normalized  version  of 
Dempster’s  rule  with  the  conflicting  mass  transferred  onto  the  empty  set ), 
one  gets: 


rns(fl)  = m(0)  = 0 65  (conflicting  mass) 
ms{0  i)  = 0.21 
ms(^>  = 0.11 
ms($i  U02>  = 0.03 


• If  one  applies  Yager’s  rule  (50-52],  one  gets: 


”>,-(#)  =0 

my  (fl,)  = 0.21 

mr(fia)  =0.11 

my(0,  U 03)  = 0.03  + fc, 2 = 0 03  + 0.65  = 0.68 
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• If  one  applies  Dubois  k Prade's  rule  (13)t  one  gels  because  9 * = 


= 0 (by  definition  of  Dubois  k Prados  rule) 
"<dp<0  l)  = I"',(tfI)ma(0I)  + mI(6»,)ma«tf1  Utf,) 

+ ma(01)m,(01U0J)| 

+ |mi(tf,)»nB(fla)  + 

= [0.1  • 0.5  + 0.1  • 0.1  + 0.5  • 0.3|  + [0.1  • 0.3  + 0.5  • 0.2] 


mDp(0i)  = [0.1  • 0.1  + 0.1  • 0.1  + 0.1  • 0.3|  + [0.4  • 0.3  + 0.1  • 0.2] 

= 0.11  + 0.14  = 0.25 
mnp(fiU«])  = [mi (0i  U02.)m2(0i  U0j)| 

+ [mi (0i  U 0a (m2 (0a)  + ma(0i  U 0j)mi(0j)] 

+ |mi(0i)m2(02)  + «*2(0i)mi(0a>] 

= [0.30.1]  + [0.3  • 0.3  + 0.1  0.2]  + [0.1  ■ 0.1  + 0.5  • 0.4] 

= [0.03]  + [0.09  + 0.02]  + [0.01  + 0.20] 

= 0.03  + 0.11  + 0.21  = 0.35 

Now  if  one  adds  up  the  masses,  one  gels  0+  0 31+0.25  +0.35  = 0.91  which 
is  loss  than  1 . Therefore  Dubois  Ar  Prade’s  rule  of  combination  does  not 
work  when  a singleton,  or  an  union  of  singletons,  becomes  empty  (in  a 
dynamic  fusion  problem).  The  products  of  such  empty-eleineut  columns 
of  the  mass  matrix  M are  lost;  this  problem  is  fixed  in  DSmT  by  the 
sum  Sa(.)  in  (1.5)  which  transfers  these  products  to  the  total  or  partial 
ignorances. 

• Finally,  if  une  applies  DSinH  rule,  one  gets  because  0j  = ti  : 
mDSmn(O)  = 0 (by  definition  of  DSmll) 
mosmw(0i>  = 0.34  (same  as  mz>;>(0i)) 
mosf.«(0r)  = 0.25  (same  as  mof>(<h)) 
mosmHifi 1 U02)  = [mi(0i  U02)m2(01  U02)| 

+ [mi(0i  U 02)m2(0s)  + m2<0i  U0j)mi(0j)| 

+ [m,(0,)mJ(0a)  + m2(0,)m,(03)]  + |m,(0j)m2(0j)] 
= 0.03  + 0.11  + 0.21+0.06  = 0.35  + 0.06  = 0.41 
/ mDP(0,U02) 

We  can  easily  verify  that  rnosmH  (0i ) + "iDSmH  (02 ) + oiDS.n«(0i  U02)  = 
1.  In  this  example,  using  the  hybrid  DSm  rule,  one  transfers  the  product 
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of  the  empty-element  03  column.  = 0 2 0.3  = 0.06.  to 

mDSnH(0 1 U02)t  Which  becomes  equal  to  0.35  +■  0.06  = 0.41.  Clearly, 
DSrnH  rule  doesn't  provide  the  same  result  as  Dubois  and  Prade’s  rule, 
but  only  when  working  on  static  frames  of  discernment  (restricted  cases). 


1.2.7  Fusion  of  imprecise  beliefs 

In  many  fusion  problems,  it  seems  very  difficult  (if  not  impossible)  to  have  pre- 
cise sources  of  evidence  generating  precise  basic  belief  assignments  (especially 
when  belief  functions  are  provided  by  human  experts),  and  a more  flexible 
plausible  and  paradoxical  theory  supporting  imprecise  information  becomes 
necessary.  In  the  previous  sections,  we  presented  the  fusion  of  precise  uncer- 
tain and  conflicting/paradoxical  generalized  basic  belief  assignments  (gbbn) 
in  DSmT  framework.  We  mean  here  by  precise  gbba.  basic  belief  functiou- 
8/masses  »n(.)  defined  precisely  on  the  hyper-power  set  De  wheie  each  mass 
m(AT).  where  X belongs  to  De,  is  represented  by  only  one  real  number  be- 
longing to  [0. 1]  such  that  ^ ro(JC)  = 1.  In  this  section,  we  present  the 
DSm  fusion  mle  for  dealing  with  admissible  imprecise  generalized  basic  belief 
assignments  m*(.)  defined  as  real  subunitaiy  intervals  of  |0, 1],  or  even  more 
general  as  real  subunitary  sets  [i.e.  sets,  not  necessarily  intervals]. 

An  imprecise  belief  assignment  m*(.)  over  De  is  said  admissible  if  and  only 
if  there  exists  for  every  X € Ds  at  least  one  real  number  tn(AT)  € m^X)  such 
that  m(X)  = 1.  The  idea  to  work  with  imprecise  belief  structures 

represented  by  real  subset  intervals  of  (0. 1]  is  not  new  and  has  been  inves- 
tigated in  [6,  7t  17)  and  references  therein.  The  proposed  works  available  in 
the  literature,  upon  our  knowledge  were  limited  only  to  sub-unitary  interval 
combination  in  the  framework  of  Transferable  Belief  Model  (TBM)  developed 
by  Smets  [41.  42].  We  extend  the  approach  of  Lamata  & Moral  and  Denceux 
based  on  subunitary  interval- valued  masses  to  subunitary  sc4- valued  masses; 
therefore  the  closed  intervals  used  by  Denceux  to  denote  imprecise  masses  are 
generalized  to  any  sets  included  in  [0.1],  i.e.  in  our  case  these  sets  can  be  unions 
of  (closed,  open,  or  half-open /half-closed)  intervals  and/or  scalars  all  in  [0, 1]. 
Here,  the  proposed  extension  is  done  in  the  context  of  DSmT  framework,  al- 
though it  can  also  apply  directly  to  fusion  of  imprecise  belief  structures  within 
TBM  as  well  if  the  user  prefers  to  adopt  TBM  rather  than  DSmT 

Before  presenting  the  general  formula  for  the  combination  of  generalized 
imprecise  bebef  structures,  we  remind  the  following  set  operators  involved  in 
the  DSm  fusion  formulas.  Several  numerical  examples  are  given  in  the  chapter 
6 of  [32]. 
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• Addition  of  sets 

ft  ffiSa  = SaBft  = {x  | x = si  + aa.si  € ft,«a  6 ft} 


• Subtraction  of  sets 

Si  B ft  = { 1 1 x = 81  — *2,  «1  € Si.sa  € ft} 

• Multiplication  of  sets 

ft  0ft  - {*l*  = *f  «a,ai  € ft.aa  6 ft) 


• Division  of  sets:  If  0 doesn't  belong  to  S2, 


ft  0 ft  - {*  I * = «i/*a.*i  € S,.*a  € ft} 


1.2.7. 1 DSm  rule  of  combination  for  imprecise  beliefs 

We  present  the  generalisation  of  the  DSm  rules  to  combine  any  type  of  imprecise 
belief  assignment  which  may  be  represented  by  the  union  of  several  sub-unitary 
(half-)  open  intervals,  (half- (closed  intervals  and/or  sets  of  points  belonging  to 
[0,1).  Several  numerical  examples  are  also  given.  In  the  sequel,  one  uses  the 
notation  (0.6)  for  an  open  interval,  |o,6]  for  a closed  interval,  and  (a.  6]  or  (a.  6) 
for  a half  open  and  half  closed  interval.  FYom  the  previous  operators  on  sets, 
one  can  generalize  the  DSm  rules  (classic  and  hybrid)  from  scalars  to  sets  in 
the  following  way  [32|  (chap.  6):  iA  ^ fl  € De. 

m'M)  = [£]  Jl]  "..'(A',)  (MO) 


represent  the  summation,  and  respectively  pioduct,  of 

eets. 


where 


Similarly,  one  can  generalize  the  hybrid  DSm  rule  from  scalars  to  sets  in 
the  following  way: 

= <ne) W = HA) 0 [ft'W  3 5'(A) B^(A)]  (1.11) 


where  all  sets  involved  in  formulas  are  in  the  canonical  form  and  $(A)  is  the 
characteristic  non  emptiness  function  of  the  set  A and  S{(A ),  Si(A) 
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are  defined  by 


sHa)  *■ 

[HI  «•.'<*> 
1 1 

{1-12) 

XxJC§^fXk£Dmt 

XjMXjO  ,t\XkmA 

-l A 

Sl(A)  4 

3 

Xi.Xa.—.X.iO 

[n] 

(1.13) 

|UaA|V(0«et>MAafl: 

) 

•SiM)  * 

[3 

[Til  m!(X.) 

(I'll) 

XiJCa 

m It  4 % 1 1 & ■ A 

AfUAjM  uA>  • A 

X|nX^O.  AX|^0 

In  the  case  when  all  sets  are  reduced  to  points  (numbers),  the  set  operations  be- 
come normal  operations  with  numbers;  the  sets  operations  are  generalizations 
of  numerical  opeiations.  When  imprecise  belief  structures  reduce  to  precise 
belief  structure,  DSm  rules  (1.10)  and  (1.11)  reduce  to  their  precise  version 
(1.4)  and  (1.5)  respectively. 


1. 2.7.2  Example 

Here  is  a simple  example  of  fusion  with  multiple-interval  masses.  For  simplicity, 
this  example  is  a particular  case  when  the  theorem  of  admissibility  (see  |32] 
p.  138  for  details)  is  verified  by  a few  points,  which  happen  to  be  just  on  the 
bounders.  It  is  an  extreme  example,  because  we  tried  to  comprise  all  kinds 
of  possibilities  which  may  occur  in  the  imprecise  or  very  imprecise  fusion.  So. 
let’s  consider  a fusion  problem  over  0 = (0i.0a}»  two  independent  sources  of 
information  with  the  following  imprecise  admissible  belief  assignments 


i 

e, 

10.1.0.2]  U {0.3} 

10.4,0.5]  | 

ft 

(0.4, 0.8)  U |0.7, 0.8] 

[0. 0.4]  U {0.5. 0.6]  i 

Table  1.3. 

Inputs  uf  the  fusion  with  imprecise  bbas. 

Using  the  DSm  classic  (DSmC)  rule  for  sets,  one  gets 

m'(ffi)  = ([0.1, 0.2]  U {0.3})  0 [0.4, 0,5) 

= (|0. 1,0.2)  0 [0.4, 0.5))  U ({0.3)  0 |0.4, 0.5]) 
= [0.04,0.10]  U [0.12, 0.15| 
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m'(fc)  = ((0.4, 0.6)  U [07,0.8])  0 ((0. 0.4]  U (0.5,0  6)) 


= ((0.4,0  6)0  [0,0.4])  U ((0.4,0  6)0  (0  5,0.0)) 

U ([07,0.8]  0 [0,0.4])  U <[07,0.8]  0 (0.5, 0.6]) 

= (0,0.24)  U (0.20,0.30)  U (0.24, 0.36)  U [0,0.32] 

U [0.35, 0.40]  U [0.42. 0.48]  = [0, 0.40]  U [0.42, 0.48] 

m'(0i  n ft,)  = |( [0.1. 0.2]  U (0.3))  0 ([0.0.4]  U (0.5. 0.6))]  S [[0.4.0.5] 


0 ((0.4,0  6)  U [07,0.8])] 

= |([0.1, 0.2]  0[O,O.4])U  (|O.1.O.2]0(O.5, 0.6}) 

U ((0.3)  0 [0,0.4])  U ({0.3}  0 (0.5,0  6})] 

S [([0.4. 0.5]  0 (0.4, 0.6))  U ([0.4, 0.5]  0 [07,0.8])] 

= [[0,0.08]  U [0.05,0.10]  U [0.06,0.12]  U [0,0.12] 

U (0.15,0.18)]  81  [(0.16, 0.30)  U [078,0.40]] 

= [[0,0.12]  U (0.15.0.18)]  ffl  (0.16, 0.40) 

= (0. 16, 0 52)  U (0.31,0  55]  U (0.34, 0.58]  = (0.16,0.58) 


Hence  finally  the  fusion  udruissible  result  with  DSinC  rule  is  given  by 


deal  with),  then  one  uses  the  hybrid  DSm  rule  (1.11)  for  sets,  C02)  = 0 

and  uft,)  = (0.16, 0.58],  the  others  imprecise  masses  are  not  changed. 

With  the  hybrid  DSm  rule  (DSmH)  applied  to  imprecise  beliefs,  one  gets 
now  the  results  given  in  Table  1.5. 


TTd * 

~~UT~ 


">*  (-4)  = (rn{  $m/<1M) 


i<)  M.l)  Ul]  j|tU!».0.1.'i) 


02 

0in(h 
01  U02 


[0,0.40]  U [0.42, 0.48] 
(0.16. 0.58] 

0 


Table  1.4:  Fusion  result  with  the  DSmC  rule 
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»n^,(A)  = |mj  0mJ((A) 

01 

(0.0-4,0.10)  VJ  (0.12.0.15) 

0r 

[0,0.40]  U [0.-12, 0.-18] 

01002  = 0 

0 

0,U0a 

(0.16,0.58) 

Table  1.5:  Fusion  result  with  DSmH  rule  for  M. 


Let's  check  now  the  admissibility  condition.  For  the  source  I.  there  exist 
the  precise  masses  <mi(0i)  = 0.3)  € ((0.1, 0.2)  U {0.3»  and  (mi(fij)  = 0.7)  € 
((0.4, 0.6)  U (07,0.8))  such  that  0.3  + 0.7  = 1.  For  the  source  2.  there  exist 
the  piedse  masses  (mj(0i)  =0.4)  € ([0.4,0  5])  and  (n»a(fti)  = 0 6)  € ([0,0.4|U 
(0.5,0  6))  such  that  0.44-0.6=  1.  Therefore  both  sources  associated  with  m{(.) 
and  m}(.)  are  admissible  imprecise  sources  of  information.  It  can  be  verified 
that  DSmC  fusion  of  nii(.)  and  mj(.)  yielils  the  paradoxical  bba  m(0j)  = 
(mi  0 ma)(0i)  = 0.12.  m(0 2)  = jmi  0 m2]  (02)  = 0.42  and  m(0i  n 0j)  = (mi  0 
rni](fli  n O2)  = 0.4G  One  sees  that  the  admissibility  condition  is  satisfied 
since  (m(»i)  = 0.12)  6 (m'(ft)  = (0.0-1,0.10)  U (0.12,0.15)),  (m(02)  = 0.42)  € 
(m'(0a)  = (0,0  40]  U [0.42. 0.48])  and  (m(0i  C02)  = 0.46)  € <m'(0i  0 02)  = 
(0.16,0  58])  such  that  0.12  + 0.-12  + 0.46  = 1.  Similarly  if  one  finds  out  that 
01  O 02  = 0,  then  one  uses  DSmH  rule  and  one  gets:  m(0[  n 02)  = 0 and 
in (0i  U 0j)  = 0.46;  the  others  remain  unchanged.  The  admissibility'  condition 
still  holds,  because  one  can  pick  at  least  one  number  in  each  subset  m,(.)  such 
that  the  sum  of  these  numbers  is  1. 


1.3  Proportional  Conflict  Redistribution  rule 

Instead  of  applying  a direct  transfer  of  partial  conflicts  onto  partial  uncertain- 
ties as  with  DSmH,  the  idea  behind  the  Proportional  Conflict  Redistribution 
(PCR)  rule  [34.  36)  is  to  transfer  (total  or  partial)  conflicting  masses  to  non- 
empty sets  involved  in  the  conflicts  proportionally  with  respect  to  the  masses 
assigned  to  them  by  sources  as  follows: 

1.  calculation  the  conjunctive  rule  of  the  belief  masses  of  sources; 

2.  calculation  the  total  or  partial  conflicting  masses; 

3.  redistribution  of  the  (total  or  partial)  conflicting  masses  to  the  non-empty 
sets  involved  in  the  conflicts  proportionally  with  respect  to  their  mas«s 
assigned  by  the  sources. 
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The  way  the  conflicting  mass  is  redistributed  yields  actually  several  versions 
of  PCR  rules.  These  PCR  fusion  rules  work  for  any  degree  of  conflict,  for  any 
DSm  models  (Shafers  model,  free  DSm  model  or  any  hybrid  DSm  model)  and 
both  in  DST  and  DSmT  frameworks  for  static  or  dynamical  fusion  situations. 
We  present  below  only  the  most  sophisticated  proportional  conflict  redistri- 
bution rule  denoted  PCR5  in  (34,  36].  PCR5  rule  is  what  we  feel  the  mo6t 
efficient  PCR  fusion  rule  developed  so  far.  This  rule  redistributes  the  partial 
conflicting  mass  to  the  elements  involved  in  the  partial  conflict,  considering 
the  conjunctive  normal  form  of  the  partial  conflict.  PCJRS  is  what  we  think 
the  most  mathematically  exact  redistribution  of  conflicting  mass  to  non-empty 
sets  following  the  logic  of  the  conjunctive  rule.  It  does  a better  redistribution 
of  the  conflicting  mass  than  Dempster’s  rule  since  PCR5  goes  backwards  on 
the  tracks  of  the  conjunctive  rule  and  redistributes  the  conflicting  mass  only 
to  the  sets  involved  in  the  conflict  and  proportionally  to  their  masses  put  in 
the  conflict.  PCR5  rule  is  quasi-associative  and  preserves  the  neutral  impact 
of  the  vacuous  belief  assignment  because  in  any  partial  conflict,  as  well  in  the 
total  conflict  (which  is  a sum  of  all  partial  conflicts),  the  conjunctive  normal 
form  of  each  partial  conflict  does  not  include  0 since  0 is  a neutral  element  for 
intersection  (conflict),  therefore  0 gets  no  mass  after  the  redistribution  of  the 
conflicting  mass.  We  have  proved  in  (36]  the  continuity  property  of  the  fusion 
result  with  continuous  variations  of  bba's  to  combine. 


1.3.1  PCR  formulas 


The  PCR5  formula  for  the  combination  of  two  sources  (s  = 2)  is  given  by: 
mpcRs(O)  = 0 and  V X € G®  \ {0} 


tnpcits(X)  = mia(X)  + [ 


mi(AT)ama(K)  . maWWK) 


mi(AT)  + »na(K)  ma(AT)  + mi(Y) 


Y(C*\(X) 

XnV-# 

(1.15) 

where  all  sets  involved  in  formulas  are  in  canonical  form  and  where  cor- 
responds to  classical  power  set  2*  if  Shafer’s  model  is  used,  or  to  a con- 
strained hyper-power  set  if  any  other  hybrid  DSm  model  is  used  instead, 
or  to  the  super-power  set  S°  if  the  minimal  refinement  0f*^  of  0 is  used; 
mi2(X)  = ttin(AT)  corresponds  to  the  conjunctive  consensus  on  X between  the 
s = 2 sources  and  where  all  denominators  are  different  hum  zero.  If  a denom- 
inator is  zero,  that  fraction  is  discarded. 


A general  formula  of  PCR5  for  the  fusion  of  a > 2 sources  has  bt<en  proposed 
in  (36),  but  a more  intuitive  PCR  formula  (denoted  PCR6)  which  provides  good 
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results  In  practice  has  been  proposed  by  Martin  and  Osswald  in  (36)  (pages  69- 
88)  and  is  given  by:  mrcm( 0)  = 0 and  VA'  € G®  \ (0) 


"•pcKdlA')  = mix.j(AT)+ 


«-i  .-i 

nr.,lklox-t 

I^.tu ‘ 


»~1 

TI  m:(J)(Y:U)) 



+ 1 

">,{XHYmaiUI{Yaib)) 

>-> 


(1.16) 


where  a,  counts  &om  1 to  s avoiding  i; 


o,U)  = i 

*.0)=J  + 1 i fj>i, 


(1-17) 


A-l 

Since  Yt  is  a focal  element  of  expert /source  iy  m%(X)+  ^ 0: 

J-i 

the  belief  mass  assignment  mix..*(-V)  = mn(X ) corresponds  to  the  conjunctive 
consensus  on  X between  the  a > 2 sour  os.  For  two  sources  (s  = 2)t  PCRJj 
and  PCRG  formulas  coincide. 


1.3.2  Examples 

• Example  1:  Let’s  take  0 = \A.B\  of  exclusive  elements  (Shafers 
model),  and  the  following  bba: 


A 

AuB 

1 mil.) 

o 

0.4 

ma(.) 

0 

(1.3 

0.7 

"Vil-J 

0.42 

0.12 

0.2S 

The  conflicting  moss  is  fria  = mn(A  n B ) and  equals  mi(A)m2(B)  -f 
mi(R)Tfi3(i4)  = 0.18.  Therefore  A and  B are  the  only  focal  elements 
involved  in  the  conflict  . Hence  according  to  the  PCR5  hypothesis  only  .4 
and  B deserve  a part  of  the  conflicting  mass  and  A U B do  not  deserve. 
With  PCR5,  one  redistributes  the  conflicting  mass  *12  = 0.18  to  A and 
B proportionally  with  the  masses  mi(A)  and  ni2{B)  assigned  to  ^4  and 
B respectively. 
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Here  are  the  results  obtained  from  Dempster's  rule,  DSmH  and  PCR5: 


A 

B 

Aufl 

mas 

0.512 

0.146 

0.542 

m DSmH 

0.420 

0.120 

0.460 

| mpc/tti  | 

0.540 

0.180 

0.280 

• Example  2:  Let's  modify  example  1 and  consider 


A ufl 

m,(.) 

I U.G 

0 

0.4 

ma(.) 

0.2 

0.3 

0.5 

mn(.) 

0.50 

0.12 

0.20 

The  conflicting  mass  kl2  = nv,(.4  fl  B)  as  well  os  the  distribution  coef- 
ficients for  the  PCR5  remains  the  same  as  in  the  previous  example  but 
one  gets  now 


B 

AjB 

mos 

0.609 

0.146 

0.231 

"‘OSn.H 

0.500 

0.120 

0.380 

mpcm 

0.620 

0.180 

0.200 

• Example  3:  Let's  modify'  example  2 and  consider 


| A 

B 

AUB 

mj(.) 

0.6 

0.3 

0.1 

m2(.) 

0.2 

0.3 

0.5 

"*>.(•) 

pnr 

7117" 

”0715” 

The  conflicting  mass  kj3  = 0.24  = m1(A)ma(fl)  + m1(B)ma(A)  = 0.24 
is  now  different  from  previous  examples,  which  means  that  m2  (A)  = 0.2 
and  mi(fl)  = 0.3  did  make  an  impact  on  the  conflict.  Therefore  A and 
B are  the  only  focal  elements  involved  in  the  conflict  and  thus  only  A 
and  B deserve  a part  of  the  conflicting  mass.  PCR5  redistributes  the 
partial  conflicting  mass  0.18  to  A and  B proportionally  with  the  masses 
rni(A)  and  m-i{B)  and  also  the  partial  conflicting  mass  0.06  to  A and  B 
proportionally  with  the  masses  m2  (A)  and  mr(ff).  After  all  derivations 
(see  [14]  for  details),  one  finally  gets: 
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^ r 

AuB 

mos 

0.579 

0.355 

0.066 

inDStnH 

0.440 

0.270 

0.290 

inpcnz 

0.58-1 

0.366 

0.050 

One  dearly  sees  that  roos(A  U B)  gets  some  mass  from  the  conflicting 
mass  although  Au  B does  not  deserve  any  part  of  the  conflicting  mass 
(according  to  PCR5  hypothesis)  since  AuB  is  not  involved  in  the  conflict 
(only  -4  and  B are  involved  in  the  conflicting  mass).  Dempster's  rule 
appears  to  us  less  exact  than  PCR5  and  Inagaki’s  rules  (16].  It  can  be 
showed  [14]  that  Inagaki’s  fusion  rule  (with  an  optimal  choice  of  tuning 
parameters)  can  become  in  some  cases  very  close  to  PCR5  but  upon  our 
opinion  PCR5  result  is  more  exact  (at  least  less  ad-hoc  than  Inagaki’s 
one). 

• Example  4 (A  more  concrete  example):  Three  people,  John  (J), 
George  (G)t  and  David  (D)  are  suspects  to  a murder.  So  the  frame  of 
discernment  is  0 = Two  sources  mj(.)  and  ma(.)  (witnesses) 

provide  the  following  information: 


J G D 

m, 

ma 

0.9  0 0.1 

0 0.8  0.2  | 

We  know  that  John  and  George  are  friends,  but  John  and  David  hate 
each  other,  and  similarly  George  and  David. 

a)  FYee  model,  i.  e.  all  intersections  are  nonempty:  JnG  ^ J C\D  ^ 
l'.  G r D ^ 0.  J n G n D ^ 0.  Using  the  DSm  classic  rule  one  gets: 


r 

CJ 

JrC 

JnD 

o n D 

JndnD 

"‘DSmC  | <» 

0 

0.02“ 

0.72 

0.18 

0.08 

0 

So  we  can  aee  that  John  and  George  together  (JOG)  are  most  likely 
to  have  committed  the  crime,  since  the  mass  n\DSmc{J  HG)  = 0.72 
is  the  biggest  resulting  mass  after  the  fusion  of  the  two  sources.  In 
Shafer’s  model,  only  one  suspect  could  commit  the  crime,  but  the 
free  and  hybrid  models  allow  two  or  more  people  to  have  committed 
the  same  crime  - which  happens  in  reality. 
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b)  Let's  consider  the  hybrid  model,  i.  e.  some  intersections  are  empty, 
and  others  are  not.  According  to  the  above  statement  about  the 
relationships  between  the  three  suspects,  we  can  deduce  that  JC\G 
fl.  while  Jn  D = GrD  = JnGr  D = ti.  Then  we  first  apply  the 
DSm  Classic  rule,  and  then  the  transfer  of  the  conflicting  masses  is 
done  with  PCR5: 


1 

j 

G 

b 

J nG  Job 

Gnb  Jrdnb 

mi 

0.9 

0 

0.1 

mj 

0 

0.8 

0.2 

mosmc 

0 

0 

0.02 

0.72  0.18 

0.0K  0 

Using  PCR5  now  we  transfer  m(J  n D)  = 0.18,  since  J n D = ft,  to 
J and  D projioitioually  with  0.0  ami  0.2  respectively,  so  J gets  0.15 
and  D gets  0.03  since: 


jJ/0.9  = rlD/0.2  = 0.1S/(0.9  + 0-2)  = 0.18/1.1 

whence  iJ  = 0.9(0.18/1.1)  = 0.15  and  z\D  = 0.2(0.18/1.1)  = 0.03. 
Again  using  PCR5.  we  transfer  m(GnD)=  0.08,  since  GrD  = </>, 
to  G and  D proportionally  with  0.8  and  0.1  respectively,  so  G gets 
0.07  and  D gets  0.01  since: 


yG/ 0.8  = i2D/0.1  = 0 08/(0.8  + 0.1)  = 0.08/0.9 

whence  yG  = 0.8(0.08/0.9)  = 0.07  and  :D  = 0.1(0.08/0.9)  = 0.01. 
Adding  we  get  finally: 


1 II  J 

G 

b 

JnG 

Job  Gob 

JoGob 

•n  PC  lift  ||  0.15 

0.07 

0.05 

0.72 

0 

0 

So  one  has  a high  belief  that  the  criminals  are  John  and  George 
(both  of  them  committed  the  crime)  since  m(J  (1  D)  = 0.72  and  it 
is  by  far  the  greatest  fusion  mass. 


In  Shafer’s  model,  if  we  try  to  refine  we  get  the  disjoint  parts:  D.  Jn G, 
J\(JnG).  and  G \ ( J n G),  but  the  last  two  are  ridiculous  (what  is  the 
real/physical  nature  of  J \ (Jfl  G)  or  G \ (J  n G)  ? Half  of  a person(!) 
7),  so  the  refining  does  not  work  here  in  reality.  That's  why  the  hybrid 
and  free  models  are  needed. 

• Example  5 (Imprecise  PCR5):  The  PCR5  formula  can  naturally 
work  also  for  the  combination  of  imprecise  bba's.  This  has  been  already 
presented  in  section  1.11.8  page  >19  of  [36)  with  a numerical  example  to 
show  how  to  apply  it.  This  example  will  therefore  not  be  reincluded  here. 
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1.3.3  Zadeh's  example 

We  compare  here  llie  solutions  for  well-known  Zadeh’s  example  (55,  58]  pro- 
vided by  several  fusion  rules.  A detailed  presentation  with  more  comparisons 
can  be  found  in  (32. 36] . Lets  consider  O = < M,  C,  T}  as  the  frame  of  three  po- 
tential origins  about  possible  diseases  of  a patient  (Al  standing  for  meningitis. 
C for  concussion  and  T for  tumor),  the  Shafers  model  and  the  two  following 
belief  assignments  provided  by  two  independent  doctors  after  examination  of 
the  same  patient. 

mi  (A/)  = 0.9  mi(C)  = 0 mi  (T)  = 0.1 

ma(Af)  = 0 ma(C)  = 0.9  ma(T)  = 0.1 

The  total  conflicting  mass  is  high  since  it  is 

rni(A/)m2(C)  + mi(A/>m2(r)  + ma(C)mi(r)  = 0.99 

• with  Dempster’s  rule  and  Shafer's  model  (DS),  one  gets  the  counter- 
intuitive result  (see  justifications  in  |12,  32,  48,  52,  55]):  mos(T)  = 1 

• with  Yager's  rule  [52]  and  Shafer's  model:  my  (A/  uCuT)  = 0.99  and 

my(T)  = 0.01 

• with  DSmll  and  Shafer’s  model: 

mDSmH( M U C)  = 0.81  mDSmll(T)  = 0.01 


uT)  = mDSmH(Cur)  = 0.09 

• The  Dubois  & Prado’s  rule  (DP)  jl2|  based  on  Shafer's  model  provides 
in  Zadeh’s  example  the  same  result  as  DSxnH,  because  DP  and  DSmH 
coincide  in  ail  static  fusion  problems7. 


• with  PCR5  and  Shafers  model:  mpcrnl A/)  = mpcto(C)  = 0.48G  and 
mpcR^T)  = 0.028. 

One  sees  that  when  the  total  conflict  between  sources  becomes  high,  DSmT 
is  able  (upon  authors  opinion)  to  manage  more  adequately  through  DSmH  or 
PCR5  rules  the  combination  of  information  than  Dempster’s  rule,  own  when 
working  with  Shafer's  model  - which  is  only  a specific  hybrid  model.  DSmH  rule 
is  in  agreement  with  DP  rule  for  the  static  fusion,  but  DSmH  and  DP  rules 

"indeed  DP  rule  U-an  b«n  developed  for  static  fusion  only  while  DSmH  has  developed 
to  take  into  account  the  pcaubie  dynamicity  of  the  frame  itoelf  and  also  1U  associated  model. 
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differ  in  general  (for  non  degenerate  cases)  for  dynamic  fusion  while  PCR5 
rule  is  the  most  exact  proportional  conflict  redistribution  rule.  Besides  this 
particular  example,  we  showed  in  [32]  that  there  exist  several  infinite  classes  of 
counter-examples  to  Dempster’s  rule  which  can  be  solved  by  DSmT. 


In  summary.  DST  based  on  Dempster’s  rule  provides  counter-intuitive  re- 
sults in  Zadeh’s  example,  or  in  non- Bayesian  examples  similar  to  Zadeh’s  and 
no  result  when  the  conflict  is  1.  Only  ad-hoc  discounting  techniques  allow  to 
circumvent  troubles  of  Dempster  s rule  or  wre  need  to  switch  to  another  model 
of  representation/frame,  in  the  later  case  the  solution  obtained  doesn’t  fit  with 
the  Shafer’s  model  one  originally  wanted  to  work  with.  We  want  also  to  em- 
phasize that  in  dynamic  fusion  when  the  conflict  becomes  high,  both  DST  [25] 
and  Smet s’  Transferable  Belief  Model  (TBM)  (41]  approaches  fail  to  respond 
to  new  information  provided  by  new  sources.  This  can  be  easily  showed  by  the 
very  simple  following  example. 


Example  (where  TBM  doesn’t  respond  to  new  information): 


Let  0 = with  the  (precise)  bba's  mi(A)  = 0.4.  mi(C)  = 0.6  and 

mi(A)  = 0.7,  mj(£)  = 0.3.  Then  one  gets8  with  Dempster's  rule.  Smets’ 
TBM  (Le.  the  non-normalued  version  of  Dempster's  combination).  DSmll  and 
PCRG:  m#s{A)  = 1,  m&.wM)  = 0.28.  m&i,!#)  = 0.72, 


= 0.28 

”*&„.«<'»I-'B)  = 0.12 

™DSmn(A  U 0=0.42 


= 0-&74725 

m1P3cm(B)  = 0.UU29 
= 0.313846 

Now  let’s  consider  a temporal  fusion  problem  and  introduce  a third  source 
mj(.)  with  mj(£)  = 0.8  and  m5(C)  = 0.2.  Then  one  sequentially  combines 
the  results  obtained  by  tn%Smii(.)  and  with  the 

new  evidence  mj(.)  and  one  sees  that  m^}*/3  becomes  not  defined  (division  by 
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mo)  and  "<rBv<A)  = 1 while  (DSmH)  and  (PCRfi)  provide 


= 0.240 
= 0-120 
U B)  = 0.224 
">d£(/>UC)  = 0.0M 
mDSmH(A  U Bu  C)  = 0.360 


= 0.277490 
m'pci*(B)  = 0.546010 
mPC*s(C)  = 0.177600 

When  the  mass  committed  to  empty  set  becomes  one  at  a previous  temporal 
fusion  step,  then  both  DST  and  TBM  do  not  respond  to  new  information9. 
Let’s  continue  the  example  and  consider  a fourth  source  m*).)  with  tm{A)  = 
0.5.  nu(B»  = 0.3  and  m4(C)  = 0.2.  Then  it  is  easy  to  see  that 
is  not  defined  since  at  previous  step  m ds'3(-)  was  already  not  defined,  and 
that  = 1 whatever  m4(.)  is  because  at  the  previous  fusion  step 

one  had  = 1 Therefore  for  a number  of  sources  n > 2t  DST  and 

TBM  approaches  do  not  respond  to  new  information  incoming  in  the  fusion 
process  while  both  (DSmH)  and  (PCR5)  rules  respond  to  new*  information. 
To  make  DST  and/or  TBM  working  properly  in  such  cases,  it  is  necessary  to 
introduce  ad-hoc  temporal  discounting  techniques  which  are  not  necessary  to 
introduce  if  DSmT  is  adopted.  If  there  are  good  reasons  to  introduce  temporal 
discounting,  there  is  obviously  no  difficulty  to  apply  the  DSm  fusion  of  these 
discounted  sources.  An  analysis  of  this  behavior  for  target  type  t radring  is 
presented  in  |10.  36], 


1.4  Uniform  and  partially  uniform  redistribution  rules 

The  principles  of  Uniform  Redistribution  Rule  (URR)  and  Partially  Uniform 
Redistribution  Rule  (PURR)  have  been  proposed  in  2006  with  examples  in  [35|. 


9 Actually  Dempster's  rule  doesn't  respond  olio  to  new  compatible  information /bba  as 
soon  as  u tut  a]  mass  of  belief  is  already  committed  by  a source  to  only  one  focal  oknxnt.  Foe 
example,  if  une  considers  © » [A.  D)  with  Shafer's  model  [AnD  — •)  and  with  mi  (A)  ~ L 
mj(A)  ■ 0.3  and  mj(B)  * 0.8.  then  Dempster 'a  role  always  prmidm  mDS{A)  m 1 whatever 
ore  the  values  taken  b>*  ma(A)  > 0 aid  ma(£?)  > 0. 
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The  Uniform  Redistribution  Ruk  consists  in  redistributing  the  total  con- 
flicting mass  ki2  to  all  focal  elements  of  G'e  generated  by  the  consensus  op- 
erator. Tfris  way  of  redistributing  mass  is  very  simple  and  UR R is  different 
from  Dempster’s  rule  of  combination,  because  Dempster’s  rule  redistributes 
the  total  conflict  proportionally  with  respect  to  the  masses  resulted  from  the 
conjunctive  rule  of  non-empty  sets.  PCR5  rule  presented  in  section  1.3  does 
proportional  redistributions  of  partial  conflicting  masses  to  the  sets  involved  in 
the  conflict.  The  URR  formula  for  two  sources  is  given  by:  V.4  ^ 0 

mntrju«(j4)  = mia(4)  + — Y]  nn{Xi)m2(X2)  (1.18) 

ma  ^ a 

Xt.X2<,a° 

Xi  riXa-0 

where  mu(yl)  is  the  result  of  the  conjunctive  rule  applied  to  belief  assignments 
Tf*i(-)  wa(  )t  aud  ^la  = Card{Z  € Ge,ml(Z)  =£  0 or  m.a(Z)  0}. 


For  * >2  sources  to  combine:  VA  ^ 0,  one  has 

1 


nia_j 


e n-tw  (ii9) 


Xiroci(\..r\X.~* 


where  is  the  result  of  the  conjunctive  rule  applied  to  m,(),  for  all 

i € {1,2,...,#}  and 

nix. ^ = Card{Z  € G e, nij(Z)  ^ 0 or  ma(Z)  ^ 0 or  ...  or  mA(Z)  # 0} 

As  alternative  (modified  version  of  URR),  we  can  also  consider  the  cardinal 
of  the  ensemble  of  sets  whose  masses  resulted  from  the  conjunctive  rule  are 
non-null,  Le.  the  cardinality  of  the  core  of  conjunctive  consensus: 


It  is  also  possible  to  do  a uniformly  partial  redistribution,  i,e.  to  uniformly 
redistribute  the  conflicting  maas  only  to  the  sets  involved  in  the  conflict.  For 
example,  if  ml2{AnB)  = 0.08  and  AnB  = 0.  then  0.08  is  equally  redistributed 
to  /I  and  B only,  supposing  /I  and  B are  both  non-empty,  so  0.01  assigned  to 
A and  0.01  to  B. 

The  Partially  Uniform  Redistribution  Rule  (PURR)  for  two  sources  is  defined 
us  follows:  VA  ?S  9 
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= «iuM)  + ^ E mi(*i)™a(Aa)  (120) 

Xi.X«CO* 

X.nit-t 

X,~A  at  X,~A 

where  m13(.4)  is  the  result  of  the  conjunctive  rule  applied  to  belief  assignments 
m,(.)  and  m2(.). 


For  8 > 2 sources  to  combine:  Y.4  U.  one  has 
»nu...«/’URj?(-4)  = mu  _.(A) 

+ 7 E Carda({A', X.})  (1.21) 

XiJC*  ,-xtc°  *-x 

ftibia  ouu  Xj-Ajc(l •) 

where  Carded  A'i AT#})ie  the  number  of  .4 *s  occurring  in  {AT*,  A'2, . . . , A".}. 


These  rules  have  a low  computation  cost  with  respect  to  Proportional 
Conflict  Redistribution  (PCR)  rules  developed  in  the  DSmT  framework  and 
they  preserve  the  neutrality  of  the  vacuous  belief  assignment  (VBA)  since  any 
bba  mi(.)  combined  with  VBA  defined  on  any  frame  0 = {0i by 
tnvBA0i  U. . .U 8*)  = 1,  using  the  conjunctive  rule,  gives  mi(.),  so  no  conflict- 
ing mass  is  needed  to  transfer.  Of  course  these  rules  are  very  easy  to  implement 
but  from  a theoretical  point  of  view  they  remain  less  precise  in  their  transfer  of 
conflicting  beliefs  since  they  do  not  take  into  account  the  proportional  redistri- 
bution with  respect  to  the  mass  of  each  set  involved  in  the  conflict.  Reasonably. 
URR  or  PURR  cannot  outperform  PCR5  but  they  may  hopefully  could  appear 
as  good  enough  in  some  specific  fusion  problems  w hen  the  level  of  total  conflict 
is  not  important.  PURR  does  a more  refined  redistribution  that  URR  and 
MURR  but  it  requires  a little  more  calculation. 


1.5  RSC  Fusion  rules 

In  this  section,  we  briefly10  recall  a new  class  of  fusion  rules  based  on  the 
belief  redistribution  to  subsets  or  complements  and  denoted  CRSC  (standing 
for  Class  of  Redistribution  rules  to  Subsets  or  Complements)  for  short. 


loThis  class  a presented  in  details  m chapter  & of  this  volume  with  several  examples. 
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Let  mi(.)  and  W2(.)  lx?  two  normalized  basic  belief  assignments  (bba's) 
defined11  from  S0  to  [0,  1).  We  use  the  conjunctive  rule  to  first  combine  mj(.) 
with  rna(.)  to  get  m^(.)  and  then  the  mass  of  conflict  say  mr>(A*nV')  = 0,  when 
X n Y = U or  even  when  X C\Y  is  different  from  the  empty  set  is  redistributed 
to  subsets  or  complements  in  many  ways  (see  chapter  5 for  details).  The  new 
class  of  fusion  rule  (denoted  CHSCc)  for  transferring  the  conflicting  masses 
only  is  defined  for  A €SB\  {fl,  /*}  by: 


mcRScAA)  = Mn(A)  + [<*  • mnM)  + 0 • C<iri/(A)  + 7 * /Mil* 

. y wipQnutr) (I22) 

x.rts*  E I c,mr,(Z)+fl‘  Cord(Z)  + y - f(Z)] 

x’n y - if  zis°.z;m 
aim 

where  It  = #iU02U. . .L1#*  represents  the  total  ignorance  when  0 = {0i , . . . , 0n  }. 
M can  be  c(A  U V)  (the  complement  of  X U K),  or  a subset  of  c(A  U Y),  or 
A"  uK.ota  subset  of  A"  U Y\  a.p,  y € (0, 1)  but  o + d + 'r?^0;ina  weighted 
way  we  can  take  a,0,y  6 [0, 1]  also  with  a+£  + -r^0;/(A)isa  function  of 
A",  i.e.  another  parameter  that  the  mass  of  X ts  directly  proportionally  with 
respect  to;  Card(A)  is  the  cardinal  of  A'. 

The  mass  of  belief  »Icrscs(A)  committed  to  the  total  ignorance  is  given  by: 

mcRScAh)  = «ir(/i)  + E mi(X)mt(Y)  (1.23) 

(X  n Y - « will  M - •) 
ui  .11(1  Dtn|2)  - 0) 

where  Dcu(Z)  * EZ(S.  zgM[a  • " m(Z)  + P • Card[Z)  + y ■ f{Z)\. 

A more  general  formula  for  the  redistribution  of  conflict  and  non-conflict 
to  subsets  or  complements  class  of  rules  for  the  fusion  of  masses  of  belief  for 
two  sources  of  evidence  is  defined  A € ( SB  \ Sj;0"* ) v.  (6. 0}  by: 


Wc/tsc(-4)  = mn(A)  + 


£ 

xr«s# 
irnj-tMinj.r)) 

« ix  n y « sx*,a  ( rix.  n) 


f{A)mi(X)m(Y)  (124) 

E 


1U 


th* 


» operator  tL),  thr y apply  ooly  with 
the  underlying  model  choir. n for  the  frame 
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and  fur  A = /«: 

"tense  (It)  = mn(/t)  + mi(X)mj(y)  (1-25) 

X.Y(  S° 

jnr-t. 

(T(X.n-*  or  E /(Z)-0) 

*»r<*.y| 

»h«e  5n  = {AT  € 5®|X  = YnZ.  where  y.ZgS®\  (0)},  all  propositions  are 
expresed  in  their  canonical  form  and  where  AT contain s at  least  an  n symbol  in 
its  expression:  Sfx  be  the  set  of  all  empty  intersections  from  Sn  (i.e.  the  set  of 
exclusivity’  constraints),  and  S7ivn*  th*  set  of  all  non-empty  intersections  from 
Sr i.  is  the  set  of  all  non-empty  intersections  from  .Sft0"1  whose  masses  are 

redistributed  to  other  sets/propositions.  The  set  S™%*  highly  depends  on  the 
model  for  the  frame  of  the  application  under  consideration.  /(.)  is  a mapping 
from  S®  to  R4.  For  example,  we  can  choose  /(A*)  = mn(A)r  /(A)  = |A|? 
fT(X)  = or  /(x)  = WiiX)  + \X\>  *tc.  The  function  T specifies  a 

subset  of  S®.  for  example  T(A,  Y)  = {c(A  U Y))t  or  T(A. F)  = (A  UK}  or 
can  specify  a set  of  subsets  of  S®.  For  example.  T(A\  F)  = {-4  C c<A  U Y)\ , 
or  T(Af  F)  = {-4  C A U V'}.  The  function  7'  is  a subset  of  S®,  for  example 
r<A,  F)  = (A  U F },  or  r is  a subset  of  A U F,  etc. 

It  is  important  to  highlight  that  in  formulas  (1.22)-(1.23)  one  transfers  only 
the  conflicting  masses,  w’hereas  the  formulas  (1.24)-(1.25)  are  more  general 
since  one  transfers  the  conflicting  masses  or  the  non-conflicting  masses  as  well 
depending  on  the  preferences  of  the  fusion  system  designer.  The  previous 
formulas  have  been  directly  extended  for  any  & > 2 sources  of  evidence  in 
chapter  5.  All  denominators  in  these  CRSC  formulas  are  naturally  supposed 
different  from  xero.  It  is  worth  to  note  also  that  the  extensions  of  these  rules 
for  including  the  reliabilities  of  the  sources  are  also  presented  in  chapter  5 of 
this  volume. 


1.6  The  generalized  pignistic  transformation  (GPT) 


1.6.1  The  classical  pignistic  transformation 


We  follow*  here  Philippe  Smets7  vision  w hich  considers  the  management  of  infor- 
mation as  a two  2-levels  process:  cretin]  (for  combination  of  evidences)  and  pig- 
nistic12  (for  decision-making) , i.e  "when  someone  must  take  a decision,  he/she 


lJPlgai*tk  terminology  boo 
Latin. 


coined  by  Phibppe 


from  ptgon&.  a bet 
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must  then  construct  a probability  function  derived  ftcuu  the  belie!  function  that 
describes  his/her  credal  state.  This  probability  function  is  then  used  to  make 
decisions"  [10|  (p.  284).  One  obvious  way  to  build  this  probability  function 
corresponds  to  the  so-called  Classical  Pignistie  Transformation  (CPT)  defined 
in  DST  framework  (Le.  based  on  the  Shafer's  model  assumption)  as  |42): 

BelP(A)  = £ (1*26) 

Xu  20  1 1 

where  \A\  denotes  the  cardinality  of  the  set  A (with  convention  |0|/|fl|  = 1,  to 
define  flrtP(B)).  Decisions  are  achieved  by  computing  the  expected  utilities 
of  the  acts  using  the  subjective/pignistic  BetP{.}  as  the  probability  function 
needed  to  compute  expectations.  Usually,  one  uses  the  maximum  of  the  pignis- 
tic  probability  as  decision  criterion.  The  maximum  of  BetP{.)  is  often  consid- 
ered as  a prudent  betting  decision  criterion  between  the  two  other  alternatives 
(max  of  plausibility  or  max  of  credibility  which  appears  to  be  respectively 
too  optimistic  or  too  pessimistic).  It  is  easy  to  show  that  BctP{.)  is  indeed  a 
probability  function  (see  (41)). 


1.6.2  Notion  of  DSm  cardinality 

One  important  notion  involved  in  the  definition  of  the  Generalized  Pignistie 
TYansformation  (GPT)  is  the  DSm  cardinality.  The  DSm  cardinality  of  any 
element  A of  hyper-power  set  De,  denoted  CM{A)^  corresponds  to  the  number 
of  parts  of  A in  the  corresponding  fuzzy/vague  Venn  diagram  of  the  problem 
(model  M)  taking  into  account  the  set  of  integrity  constraints  (if  any),  i.e.  all 
the  possible  intersections  due  to  the  nature  of  the  elements  This  intrinsic 
cardinality  depends  on  the  model  M (free,  hybrid  or  Shafer's  model).  M is 
the  model  that  contains  A.  which  depends  both  on  the  dimension  n = |0|  and 
on  the  number  of  non-empty  intersections  present  in  its  associated  Venn  dia- 
gram (see  (32)  for  details  ).  The  DSm  cardinality  depends  on  the  cardinal  of 

0 = {*i.02 0*}  and  on  the  model  of  De  (i.e.f  the  number  of  intersections 

and  between  what  elements  of  0 - in  a word  the  structure)  at  the  same  time; 
it  is  not  necessarily  that  every  singleton,  say  0if  has  the  same  DSm  cardinal, 
because  each  singleton  has  a different  structure;  if  its  structure  is  the  sim- 
plest (no  intersection  of  this  elements  with  other  elements)  then  C.m(0*)  = 1,  if 
the  structure  is  more  complicated  (many  intersections)  then  Cm{0 *)  > 1;  lot’s 
consider  a singleton  0,:  if  it  has  1 intersection  only  then  C.m(0,)  = 2.  for  2 
intersections  only  C.m(0»)  is  3 or  *1  depending  on  the  model  M.  for  m inter- 
sections it  is  between  m + 1 and  2m  depending  on  the  model;  the  maximum 
DSm  cardinality  is  2n~l  and  occurs  for  0\  U 02  U .. . U 0,  in  the  free  model 
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M* \ similarly  for  any  set  from  DB:  the  moie  complicated  structure  it  has,  the 
bigger  is  the  DSm  cardinal;  thus  the  DSm  cardinality  measures  the  complexity 
of  an  element  from  DB,  which  is  a nice  characterization  in  our  opinion;  we  may 
say  that  for  the  singleton  0,  not  even  |0|  counts,  but  only  its  structure  <=  how 
many  other  singletons  intersect  0,).  Simple  illustrative  examples  are  given  in 
Chapter  3 and  7 of  [32].  One  has  1 < CM{A)  < 2"  - 1.  CM(A)  must  not  be 
confused  with  the  classical  cardinality  |-4|  of  a given  set  .4  (i.e.  the  number  of 
its  distinct  elements)  - that’s  why  a new  notation  is  necessary  here.  Cm[A)  is 
very  easy  to  compute  by  programming  from  the  algorithm  of  generation  of  De 
given  explicated  in  [32]. 

Example:  let’s  take  back  the  example  of  the  simple  hybrid  DSm  model  de- 
scribed in  section  1.2.2,  then  one  gets  the  following  list  of  elements  (with  their 
DSm  cardinal)  for  the  restricted  DB  taking  into  account  the  integrity  con- 
straints of  this  hybrid  model: 


-4  6 P9 Cm(A) 

o~ 

oi  = 0i  n 0a  l 

*a  = 03  1 

oi^0  i 2 

Q4  = 03  2 

Os  = 0X  U 0a  3 

*6  - #i  U *3  3 

07  = 0a  J 03  3 

Os  = 01  U 02  U 03  4 


Etutnple  of  DSm  cardinals:  C\i(A)  for  hybrid  model  M. 


1.6.3  The  Generalized  Pignistic  Transformation 

To  take  a rational  decision  within  DSmT  framework,  it  is  necessary  to  gener- 
alize the  Classical  Pignistic  Transformation  in  order  to  construct  a pignistic 
probability  function  from  any  generalized  basic  belief  assignment  m(.)  drawn 
from  the  DSm  rules  of  combination.  Here  is  the  simplest  and  direct  extension 
of  the  CPT  to  define  the  Generalized  Pignistic  TVansformation 

b»pw  - £ 

no  AH*  } 


va  e De 


(1.27) 
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where  C.m(.V)  denotes  the  DSm  cardinal  of  proposition  X for  the  DSm  model 
M of  the  problem  under  consideration. 

The  decision  about  the  solution  of  the  problem  is  usually  taken  by  the 
maximum  of  pignistic  probability  function  BetP{.}.  Let’s  remark  the  close 
rease  mb  lance  of  the  two  pignistic  transformations  (1.26)  and  (1.27).  It  can  be 
shown  that  (1.27)  reduces  to  (1.26)  when  the  hyper -power  set  De  reduces  to 
classical  power  set  2°  if  we  adopt  Shafer’s  model.  But  (1.27)  is  a generalization 
of  (1.26)  since  it  can  be  used  for  computing  pignistic  probabilities  for  any 
models  (including  Shafer’s  model).  It  has  been  proved  in  [32]  (Chap.  7)  that 
BetP{.\  defined  in  (1.27)  is  indeed  a probability  distribution.  In  the  following 
section,  wre  introduce  a new  alternative  to  BetP  which  is  presented  in  details 
in  the  chapter  3 of  this  volume. 


1.7  The  DSuiP  transformation 

In  the  theories  of  belief  functions,  the  mapping  from  the  belief  to  the  proba- 
bility domain  is  a controversial  issue.  The  original  purpose  of  such  mappings 
was  to  make  (hard)  decision,  but  contrariwise  to  erroneous  widespread  idea/- 
claim.  tliis  is  not  the  only  interest  for  using  such  mappings  nowadays.  Actually 
the  probabilistic  transformations  of  belief  mass  assignments  (as  the  pignistic 
transformation  mentioned  previously)  are  for  example  very  useful  in  modern 
multitaiget  multisensor  tracking  systems  (or  in  any  other  systems)  where  one 
deals  with  soft  decisions  <i.e.  where  all  possible  solutions  are  kept  for  state  esti- 
mation with  their  likelihoods).  For  example,  in  a Multiple  Hypotheses  TYacker 
using  both  kinematical  and  attribute  data,  one  needs  to  compute  all  probabili- 
ties values  for  deriving  the  likelihoods  of  data  association  hypotheses  and  then 
mixing  them  altogether  to  estimate  states  of  targets.  Therefore,  it  is  very  rele- 
vant to  use  a mapping  which  provides  a high  probabilistic  information  content 
(PIC)  for  expecting  better  performances. 

In  this  section,  we  briefly  recall  a new  probabilistic  transformation,  denoted 
DSmP  and  introduced  in  [11]  which  will  be  explained  in  details  in  Chapter  3 
of  this  volume.  DStnP  is  straight  and  different  from  other  transformations. 
The  basic  idea  of  DSmP  consists  in  a new'  way  of  proportionalizatious  of 
the  mass  of  each  partial  ignorance  such  as  A\  U A2  or  .4i  U (A3  n A3)  or 
(.4i  n.42)U(A3n  A4),  etc.  and  the  mass  of  the  total  ignorance  A1UA2U. . .U  Ani 
to  the  element a involved  in  the  ignorances.  This  new  transformation  takes  into 
account  both  the  values  of  the  masses  and  the  cardinality  of  elements  in  the 
proportional  redistribution  process.  We  first  remind  what  PIC  criteria  is  ami 
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then  shortly  present  the  general  formula  for  DSinP  transformation  with  few 
numerical  examples.  More  examples  and  comparisons  with  respect  to  other 
transformations  are  given  in  the  chapter  3. 

1.7.1  The  Probabilistic  Information  Content  (PIC) 

Following  Sudano  s approach  [43,  44,  46  j,  we  adopt  the  Probabilistic  Informa- 
tion Content  (PIC)  criterion  as  a metric  depicting  the  strength  of  a critical 
decision  by  a specific  probability  distribution.  It  is  an  essential  measure  in 
any  threshold-driven  automated  decision  system.  The  PIC  is  the  dual  of  the 
normalized  Shannon  entropy.  A PIC  value  of  one  indicates  the  total  knowledge 
to  make  a correct  decision  (one  hypothesis  has  a probability  value  of  one  and 
the  rest  of  zero).  A PIC  value  of  zero  indicates  that  the  knowledge  to  make 
a correct  decision  does  not  exist  (all  the  hypotheses  have  an  equal  probability 
value),  i.e.  one  has  the  maximal  entropy.  The  PIC  is  used  in  our  analysis  to 
sort  the  performances  of  the  different  pignistic  transformations  through  several 
numerical  examples  We  first  recall  what  Shannon  entropy  and  PIC  measure 
are  and  their  tight  relationship. 

• Shannon  entropy 

Shannon  entropy,  usually  expressed  in  bits  (binary  digits),  of  a probability 
measure  P{.}  over  a discrete  finite  set  0 = {0i, . . . , 0*)  is  defined  byu  [26): 

tf(P)*-£P{*}log1(P{f',})  (1.28) 

i-i 

II (P)  is  maximal  for  the  uniform  probability  distribution  over  0,  i.e.  when 
P(0,}  = 1/n  for  t = l,2,...,n.  In  that  case,  one  gets  H(P)  = Hm*.  = 
- £,_(  ± logj(i)  = log2(n).  //(P)  is  minimal  for  a totally  deterministic  pro- 
bability, i.e.  for  any  P{.}  such  that  Pit',}  = 1 for  some  i 6 {l,2,...,n}  and 
P{0;\  = 0 for  j ^ i.  H(P)  measures  the  randomness  carried  by  any  discrete 
probability  P{.}. 

• The  PIC  metric 

The  Probabilistic  Information  Content  (PIC)  of  a probability  measure  P{.) 
associated  with  a probabilistic  source  over  a discrete  finite  set  0 = {t?i, 
is  defined  by  [44|: 

P/C(P)  = 1 + J-  £m}ioea(m>)  <1 29) 


with 


0lo£a0  — ft 
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The  PIC  is  nothing  but  t he  dual  of  the  normalized  Shannon  entropy  and  thus 
is  actually  unit  less.  PIC(P)  takes  its  values  in  [0, 1].  PIC(P)  is  maximum, 
Le.  PICa„  = 1 with  any  deterministic  probability  and  it  is  minimum,  i.e. 
PICmla  = 0.  with  the  uniform  probability  over  the  frame  0.  The  simple 
relationships  between  H(P)  and  PIC(P)  are  PIC(P)  = 1 - 
and  H(P)  = HmAX  { 1 - PIC(P)). 

1.7.2  The  DSmP  formula 

Let’s  consider  a discrete  frame  0 with  a given  model  (free  DSm  model,  hybrid 
DSm  model  or  Shafer's  model),  the  DSmP  mapping  is  defined  by  DSmP,(t)  = 
0 and  VA  e Ge  \ (0)  by 

E m(Z)  + e.C(ATiy) 

zcxnY 

DSmPAX )=  V — 1-i m(Y)  (1.30) 

rtZ*  E MZ)  + fC(Y) 

zcr 
C{Z)m  I 

where  £ > 0 is  a tuning  parameter  and  Ge  corresponds  to  the  generic  set  (2e, 
5®  or  £>e  including  eventually  all  the  integrity  constraints  (if  any)  of  the  model 
M);  C{X  n Y)  and  C(Y ) denote  the  DSm  cardinals14  of  the  sets  X <0  Y and  Y 
respectively.  £ allows  to  reach  the  maximum  PIC  value  of  the  approximation 
of  m(.)  into  a subjective  probability  measure.  The  smaller  £.  the  better/ bigger 
PIC  value.  In  some  particular  degenerate  cases  however,  the  DSmP,-o  values 
cannot  be  derived,  but  the  DSmP€> o values  can  however  always  be  derived  by 
chocking  < as  a very  small  positive  number,  say  £ = 1/1000  for  example  in  order 
to  be  as  close  as  we  want  to  the  maximum  of  the  PIC.  When  t = 1 and  when  the 
masses  of  all  elements  Z having  C(Z)  = 1 are  zero,  (1.30)  reduces  to  (1.27).  i.e. 
DSmPi-i  = BetP.  The  passage  from  a free  DSm  model  to  a Shafer’s  model 
involves  the  passage  from  a structure  to  another  one.  and  the  cardinals  change 
as  well  in  the  formula  (1.30).  DSmP  works  for  ail  models  (free,  hybrid  and 
Shafer's).  In  order  to  apply  classical  transformation  (Pignistic,  Cuzzolin's  one, 
Sudano’s  ones,  etc  - see  Chapter  3 in  this  volume),  wo  need  at  first  to  refine  the 
frame  (on  the  cases  when  it  is  possible!)  in  order  to  work  with  Shafer’s  model, 
and  then  apply  their  formulas.  In  the  case  where  refinement  makes  sense,  then 
one  can  apply  the  other  subjective  probabilities  on  the  refined  frame.  DSmP 
works  on  the  refined  frame  as  well  and  gives  the  same  result  as  it  does  on  the 
non- refined  frame.  Thus  DSmP  with  t*  > 0 works  on  any  models  and  so  is  very 


14  We  have  omitted  the  index  of  the  model  M for  the  notation  convenience 
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general  and  appealing.  DSmP  does  a redistribution  of  the  ignorance  mass  with 
respect  to  both  the  singleton  masses  and  the  singletons'  cardinals  in  the  same 
time.  Now,  if  all  masses  of  singletons  involved  in  all  ignorances  are  different 
from  zero.  then  we  can  take  e = 0,  and  DSmP  gives  the  best  result,  i.e.  the 
best  PIC  value.  In  summary,  DSmP  does  an  ’improvement’  over  previous 
known  probabilistic  transformations  in  the  sense  that  DSmP  mathematically 
makes  a more  accurate  redistribution  of  the  ignorance  masses  to  the  singletons 
involved  in  ignorances.  DSmP  and  BetP  work  in  both  theories:  DST  (= 
Shafer's  model)  and  DSmT  (=  free  or  hybrid  models)  as  well. 


1.7.3  Examples  for  DSmP  and  BetP 

The  examples  briefly  presented  here  are  detailed  in  Chapter  3 including  addi- 
tional results  based  on  Cuzzolin’s  and  Sudano’s  transformations. 


• With  Shafer's  model  and  a non-Bayesian  mass 

Let’s  consider  the  frame  0 = {/l,  B]  and  let’s  assume  Shafer's  model  and 
the  non-Bayesian  mass  (more  precisely  the  simple  support  mass)  given  in  Table 
1.6.  We  summarize  in  Table  1.7,  the  results  obtained  with  DSmP  and  BetP 
One  sees  that  PIC(DSmP,~. o)  in  maximum  among  all  PIC  values. 


A 

IT 

AjB 

m(.)  0.4  | 

LiL 

b.fi 

Table  1.6:  Quantitative  inputs  tor  example  1 in  Chapter  3. 


i a r 

B 

PIC(.) 

DSmP,.  0„,(.)  0.9035 
DSmP,.0(.)  1 

0.0015 

0 

0.9838 

1 

Thble  1.7:  Results  for  example  l in  Chapter  3. 


The  best  result  is  an  adequate  probability,  not  the  biggest  PIC  in  this  case. 
This  is  because  P{B)  deserves  to  receive  some  mass  from  rn(AuB),  so  the  most 
correct  result  is  done  by  DSmP.-otm  in  Table  1.7  (of  course  we  can  choo* 
any  other  very  small  positive  value  for  * if  we  want).  Always  when  a singleton 
whose  mass  is  zero,  but  it  is  involved  in  an  ignorance  whose  mass  is  not  zero, 
then  e (in  DSmP  formula  (1.30))  should  be  taken  different  from  zero. 
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• With  a hybrid  DSm  model 

Let's  consider  the  name  0 = { A,  B,C}  and  let's  consider  the  hybrid  DSm 
model  in  which  all  intersections  of  elements  of  0 are  empty,  but  A n B cor- 
responding to  figure  1.4.  In  this  case.  G'e  reduces  to  9 elements  {0,  A D 
B,  A,  B.  C,  Aufl,  A U C.  BuC,  AuBuC}.  The  input  masses  of  focal  elements 
are  given  by  rn(A  nfl)  = 0.20,  m(.4)  = 0.10,  m(C)  = 0.20,  m(A  U B)  = 0.30, 
m(A  UC)  = 0.10,  and  m(A  U B U C)  = 0.10  and  given  in  the  Table  1.8. 


TP 

A' u D 

r 

0.2 

0.1 

0.2 

A’UB'UD1 

A'UC'UD' 

A1  UB,UC,LIDI 

A 1 

0.3 

0.1 

0.1 

Table  1.8.  Quantitative  inputs  for  example  8 in  Chapter  3. 


Figure  1.4:  Hybrid  model  for  0 = { A,B,C }. 


Applying  BetP  and  DSmP  transformations,  one  gets: 


A' 

B 

C 

Dr 

1 BetF(.) 
DSmfi-o.ooiM 

6 i'OHt 
00025 

0 1250 
00017 

0.2583 
0.299G  ' 

(I  1083 
0.0902 

OiWW)" 

0 5390 

Table  19:  Results  for  example  8 in  Chapter  3. 
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• With  n free  DSm  model 

Let's  consider  the  frame  0 = {A,B,C } and  let's  consider  the  free  DSm 
model  depicted  on  Figure  1.5  with  the  input  masses  given  in  Table  1.10. 
To  apply  Sudano's  and  Cu2zolin's  mappings,  one  works  on  the  refined  frame 
0,rf  = {A’.  B\  C\  iy,  E1,  F\  G’}  where  the  elements  of  0""  are  exclusive  (as- 
suming such  refinement  has  a physical  meaning)  according  to  Figure  1.5.  This 
refinement  step  is  not  necessary  when  using  DSmP  since  it  works  directly  on 
DSm  free  model.  The  PIC  values  obtained  with  DSmP  and  BetP  are  given  in 
Table  1.11.  One  sees  that  DSmP,^0  protides  here  again  the  best  results  in 
term  of  PIC. 


Figure  1.5:  Free  DSm  model  for  a 3D  frame  for  example  9 in  Chapter  3. 


AnBnC 

.4  n fl 

.4ufl 

.4 1 flud' 

m(.)  0.1 

6.2 

6.3 

6.1 

6.3 

Table  1.10:  Quantitative  inputs  for  example  9 in  Chapter  3. 


TYansforinatious 

PIC(.) 

DSmP , —ooii  (-) 

o.iifiT 

0.898G 

Table  1.11:  Results  for  example  9 in  Chapter  3 

An  extension  of  DSmP  (denoted  qDSmP  > for  working  with  qualitative  labels 
instead  of  numbers  is  possible  and  has  been  proposed  and  presented  in  2008 
in  (1 1]  using  approximate  operators  on  labels.  A simple  example  for  qDSmP 
based  on  precise  operators  on  refined  labels  is  presented  in  the  next  section. 
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1.8  Fusion  of  qualitative  beliefs 

We  recall  here  the  notion  of  qualitative  belief  assignment  to  model  beliefs  of 
human  experts  expressed  in  natural  language  (with  linguistic  labels).  We  show 
how  qualitative  beliefs  can  be  efficiently  combined  using  an  extension  of  DSmT 
to  qualitative  reasoning.  A more  detailed  presentation  can  be  found  in  (36] . The 
derivations  are  based  on  a new  arithmetic  on  linguistic  labels  which  allows  a 
direct  extension  of  all  quantitative  rules  of  combination  and  conditioning.  The 
qualitative  version  of  PCR5  rule  and  DSmP  is  also  presented  in  the  sequel. 


1.8.1  Qualitative  Operators 

Computing  with  words  (CW)  and  qualitative  information  is  more  vague,  less 
precise  than  computing  with  numbers,  but  it  offers  the  advantage  of  robustness 
if  done  correctly.  Here  is  a general  arithmetic  we  propose  for  computing  with 
words  (i.e.  with  linguistic  labels).  Let's  consider  a finite  frame  0 = {0,, . . . , 0n} 
of  n (exhaustive)  elements  0,,  i = l,2....,n,  with  an  associated  model  M(O) 
on  0 (either  Shafer's  model  .VfD(0),  free-DSm  model  M> (0).  or  more  gen- 
eral any  Hvbrid-DSm  model  [32]).  A model  ,M(0)  is  defined  by  the  set  of 
integrity  constraints  on  elements  of  0 (if  any);  Shafer's  model  jVf°(0)  assumes 
all  elements  of  0 truly  exclusive,  while  free-DSm  model  M* (0)  assumes  no 
exclusivity  constraints  between  elements  of  the  frame  0.  Let's  define  a finite 
set  of  linguistic  labels  L = ...,Im}  where  m > 2 is  an  integer  L 

is  endowed  with  a total  older  relationship  -<,  so  that  Lj  -<  L2  -<  ...  < Lm. 
Tb  work  on  a close  linguistic  set  under  linguistic  addition  and  multiplication 
operators,  we  extends  L with  two  extreme  values  Lo  and  Lm.  i where  Lo  corre- 
sponds to  the  minimal  qualitative  value  and  Lm  1 1 corresponds  to  the  maximal 
qualitative  value,  in  such  a way  that 

Lo  -<  L\  ■<  Lj  Lm  -<  Lin+i 

where  -<  means  inferior  to,  or  Ices  (in  quality)  than,  or  smaller  (in  quality) 
than,  etc.  hence  a relation  of  order  from  a qualitative  point  of  view.  But  if 
we  make  a correspondence  between  qualitative  labels  and  quantitative  values 
on  the  scale  (0. 1],  then  Lmin  = Lo  would  correspond  to  the  numerical  value  0, 
while  Lie  = Lm+1  would  correspond  to  the  numerical  value  1.  and  each  L, 
would  belong  to  (0, 1],  i.  e. 

Lain  = Lo  < Ll  < L2  < ...  < Lm  < Lm,l  = Lm*. 

Frcuu  now  on.  we  work  on  extended  ordered  set  L of  qualitative  values 
L = {Lo.L,  Lm.i}  = (to-Li.Lj L,„,Lm.i) 
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In  our  previous  works.  we  did  propose  approximate  qualitative  operators, 
but  in  this  book  we  propose  to  use  better  and  accurate  operators  for  quali- 
tative labels.  Since  these  new  operators  are  defined  in  details  in  Chapter  2 
devoted  on  the  DSm  Field  and  Linear  Algebra  of  Refined  Labels  (FLARL),  we 
just  briefly  introduce  here  only  the  the  main  ones  (i.e.  the  accurate  label  addi- 
tion, multiplication  and  division).  In  FLARL,  we  can  replace  the  "qualitative 
quasi-normalization"  of  qualitative  operators  we  used  in  our  previous  papers 
by  ” qualitative  normalization'1  since  in  FLARL  we  have  exact  qualitative  cal- 
culations and  exact  normalization. 


• Label  addition  : 


sinoe  mTT  mTT  — ^TT- 
• Label  multiplication  : 


La  + Lh=  La 


L.  x 1+  = 1) 


since 


Tim  »n  > i 


b <d*l/(.n.l» 

TT  = — =TT— • 


• Label  division  (when  Lb  ? L0): 

La  + LS  = L(  0/6>(m+l) 

u . t>  d (a/»«ra»lt 

!ano9  5TTT  - "TTT  t » 'IK I 


(1.31) 


(1.32) 


(133) 


More  accurate  qualitative  operations  (subeUaction,  scalar  multiplication, 
scalar  root,  scalar  powder,  etc)  can  be  found  in  Chapter  2.  Of  course,  if  one 
really  needs  to  stay  within  the  original  set  of  labels,  an  approximation  will  be 
necessary  at  the  very  end  of  the  calculations. 


1.8.2  Qualitative  Belief  Assignment 

A qualitative  belief  assignment1*  (qba)  is  a mapping  function  gm(.) : Ge  L 
where  G ® corresponds  either  to  2®.  to  or  even  to  5e  depending  on  the 
model  of  the  frame  0 we  choose  to  work  with.  In  the  case  w hen  the  labels  are 
equidistant,  i.e.  the  qualitative  distance  between  any  two  consecutive  labels  is 
the  same,  we  get  an  exact  qualitative  result,  and  a qualitative  basic  belief  as- 
signment (bba)  is  considered  normalized  if  the  sum  of  all  its  qualitative  masses 
is  equal  to  Lt...  = Z.m4i.  If  the  labels  are  not  equidistant,  we  still  can  use 


11  We  cull  it  also  qualitative  befacf 


or  q*m*is  for  abort. 
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all  qualitative  operators  defined  in  tfie  PLARL,  but  the  qualitative  result  is 
approximate,  and  a qualitative  bba  is  considered  quasi-normalized  if  the  sum 
of  all  its  masses  is  equal  to  LliXAX.  Using  the  qualitative  operator  of  FLARL,  we 
can  easily  extend  all  the  combination  and  conditioning  rules  from  quantitative 
to  qualitative.  In  the  sequel  we  will  consider  5^2  qualitative  belief  assign- 
ments . . . , defined  over  the  same  space  G'e  and  provided  by  s 

independent  sources  5|,. . . >SM  of  evidence. 

Note  The  addition  and  multiplication  operators  used  in  all  qualitative  fusion 
formulas  in  next  sections  correspond  to  qualitative  addition  and  qualitative 
multiplication  operators  and  must  not  be  confused  with  classical  addition  and 
multiplication  operators  for  numbers. 


1.8.3  Qualitative  Conjunctive  Rule 

The  qualitative  Conjunctive  Rule  (qCR)  of  s > 2 purees  is  defined  similarly 
to  the  quantitative  conjunctive  consensus  rule,  i.e. 


* 

i"‘9cb{x)  = 53  (1*3*) 

Xt.-.JC.fC*  *-> 

Jtift_.nx.-A: 


The  total  qualitative  conflicting  mass  is  given  by 


X, X.tO*  ■“* 

Xin_nx.-» 


1.8.4  Qualitative  DSm  Classic  rule 

The  qualitative  DSm  Classic  rule  (q-DSuiC)  for  a > 2 is  defined  similarly  to 
DSm  Classic  fusion  rule  (DSmC)  as  follows  : qm9DSmc$)  = L0  and  for  all 
Areo«\{0>, 


M 

qn\iDSmc{X)=  5Z  I!*-™  (135) 

Xi x.cd°*-> 

XxiX.SxXsmX 
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1.8.5  Qualitative  hybrid  DSm  rule 

The  qualitative  hyluid  DSm  rule  (q-DSmH)  is  defined  similarly  to  quantitative 
hybrid  DSm  rule  [32]  a6  fallows: 


= La 


(130) 


and  for  all  AT  € C®  \ {»} 

qmqosmH(X)  4 $(X)  ■ [flSi(X)  + qS2{X)  + gSa(*)]  (1.37) 

where  all  set s involved  in  formulas  are  in  the  canonical  form  and  4(X)  is  the 
characteristic  non-emptiness  function  of  a set  AT,  i.e.  $(AT)  = Lm+\  if  X $ 0 
and  <{>{X)  = L0  otherwise,  where  8 = 9 m is  the  set  of  all  elements 

of  De  which  have  been  forced  to  be  empty  through  the  constraints  of  the 
model  M and  8 is  the  classical/universal  empty  set.  qS\{X)  = qin^nsmciX). 
qS2(X),  qSz(X)  are  defined  by 


MX)*  £ <‘-38> 

X1.X2 X.CDd  •-! 


xxt  \X2/i...nxs-x 

* 

qS 2{X)  = 51  II  <7111,  (*<) 

X,.X, X.C0  •-> 

(U-X|vl(U«*)A(X-l,H 

(1.39) 

^53(x)=  5^  n<^-(^-) 

XlrX,,-.JCttD°  <- 1 
XlUXx U...UX,-X 

(1-40) 

with  U = u(A:,)U  . ..U  u(XJ  where  u(AT)  is  the  union  of  all  0,  that  compose 
X,  h = 01 U . . .U0«  is  the  total  ignorance.  qS\(X)  is  nothing  but  the  qDSmC 
rule  for  s independent  sources  based  on  A4^(0);  qS2{X)  is  the  qualitative 
mass  of  all  relatively  and  absolutely  empty  sets  which  is  transferred  to  the 
total  or  relative  ignorances  associated  with  non  existential  constraints  (if  any, 
like  in  some  dynamic  problems);  qSs (X ) transfers  the  sum  of  relatively  empty 
sets  directly  onto  the  canonical  disjunctive  form  of  non-empty  sets.  qDSmH 
generalizes  qDSmC  works  for  any  models  (free  DSm  model.  Shafer’s  model  or 
any  hybrid  models)  when  manipulating  qualitative  belief  assignments. 
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1.8.0  Qualitative  PCR5  rule  (qPCR5) 

In  classical  (i.e.  quantitative)  DSiuT  framework,  the  Proportional  Conflict 
Redistribution  rule  no.  5 (PCRL)  defined  in  |3Gj  has  been  proven  to  pro- 
vide very  good  and  coherent  results  for  combining  (quantitative)  belief  masses, 
see  (10.  34].  When  dealing  with  qualitative  beliefs  within  the  DSm  Field  and 
Linear  Algebra  of  Refined  Labels  (see  Chapter  2 in  this  book)  we  get  an  ex- 
act qualitative  result  no  matter  w’hat  fusion  rule  is  used  (DSm  fusion  rules, 
Dempster's  rule.  Smeta's  rule,  Dubois-Prade's  rule.  etc.).  The  exact  qualita- 
tive result  will  be  a refined  label  (but  the  user  can  round  it  up  or  down  to  the 
closest  integer  index  label). 

1.8.7  A simple  example  of  qualitative  fusion  of  qba's 
Let's  consider  the  following  set  of  ordered  linguistic  labels 

L = {Lo,  Li.La.La,  L«,Ls) 

(for  example,  Lj,  L2,  L3  and  L,  may  represent  the  values:  L(  = very  poor, 
L2  — poor,  L3  = good  and  Lt  = very  good,  where  = symbol  means  by  defini- 
tion). 

Let's  consider  now  a simple  two-source  case  with  a 2D  frame  0 = {0i,0:}, 
Shafer's  model  for  0,  and  qba's  expressed  as  follows. 

ftni(0i)  = Li,  qmi(lh)  = Lm,  ?mi(ffiUft)  = Li 

ipnj(tfi)  = Lj,  qiDiiSj)  = Li,  qma(8iU8a)  = Li 
The  two  qualitative  masses  <pni(.)  and  qmj(.)  are  normalized  since: 

gm,(0,)  + $m,  (02)  + 4»«i(^t  Uff2)  = L,  + L3  + L,  = L,*3>,  = LD 

and 

flma(»t)  + «n*a(«a)  + W*i  Uft,)  = £*  + L,  + Lj  = L2,U2  = L„ 

We  first  derive  the  result  of  the  conjunctive  consensus.  This  yields: 

Pu(#i)  = qmi(0i)gma(0i)  + qmi(Oi)gma(0i  Ufc)  + qm i(0i  U0u|qma(tfi) 
= Li  x Lj  + Li  x L2  + Li  x I2 
= + L^  = L^,^, ^ = L^  = Lu 
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<pnia(0j)  = (/mi(02)gtn2(f*2)  + qmifffitgmiWi  Uffi ) + U 0a)tfma(0a) 

= L,  x L,  + 1^  x L2  + L,  x L, 

= Lm  + Lia  + ill  = il  ,«,l  = Liu  = Lj 


U tfj)  = U9])fnt](0i  U03)  = iixLj-iu  = Li  = LH4 


V"‘ia(®i  n»j)  = + <iini(03)(/"‘i(t>i) 

= Li  x Li  + La  x La  = L««  + Ly 
= Lj.j  = Lj  = Li.« 

Therefore  we  get: 

• far  the  fusion  with  qDSmC,  when  assuming  0i  n ft  ^ 

^lyDSmC(^l)  = Ll.2  tfWyDSmC^a)  = L2 
</mv0SmC*(01  U 02)  = lo  4 ^vWrnC^l  H ft)  = £*.« 

• for  the  fusion  with  qDSmll,  when  assuming  = ti.  The  muss  of 

ntf3  is  transferred  to  0X  U ft.  Hence: 

^qDSmH^l)  = ^1.2  W'vDSmH  (*a)  = ^2 
W'lDSmHWl  H ft)  = miDSmttWl  U ft)  = ^0.4  + &1A  = ^1.8 

• for  the  fusion  with  qPCRS.  when  assuming  ft  n ft  = B-  The  mass 
$m12(ft  n ft)  = I»i.4  is  transferred  to  ft  and  to  02  in  the  following  way: 


9mia(^i  n 02)  = qtni(ei)<jm2{02)  +«tU2(^i)^ml(tf2) 


Then,  $7m(ft)?m2(ft)  = Iixli  = I»i  = Li  = L02  is  redistributed 
0i  and  02  proportionally  with  respect  "to  their  qualitative  masses  put 
the  conflict  L\  and  respectively  Lit 


Jv i _ ye*  _ Lj\.2  _ L02 

Li  Li  Li  -4-  Li  Li  + i 


f .e*  * > 


= Li  = Los 


whence  tgt  = yfl  = Lt  x L0 6 = L io»  = Ln*  = L0 j. 

Actually,  we  could  easier  see  that  </mi(0i)</nia(0a)  = Lo.a  had  in  this 
case  to  be  equally  split  between  0j  and  Hi  since  the  mass  put  in  the 


S -9 


60 


Chapter  1:  An  introduction  to  DSmT 


conflict  by  ffi  und  #2  wan  the  same  for  each  of  therm  L\.  Therefore 


Similarly,  9mi(0i)f>ni(02)  = La  x L&  = = L%.  = Lia  has  to  be 


<fmvpcm(fh)  = ?niu(fc|  4-  ye,  + y»,  = L2  + Lo.  1 + Lon  = £2*0.1.0.72  = Li  aa 
9"',PCRs(®l  UP2)  = <P»12<^1  U»2>  = Lo  t 
qm^pemifit  nfli)  = La 

The  qualitative  mass  results  using  all  fusion  rules  (qDStnC.qDSmH.qPCRS) 
remain  normalised  in  FLARL 

Naturally,  if  one  prefers  to  express  the  final  results  with  qualitative  labels 
belonging  in  the  original  discrete  set  of  labels  L = {Lo,  Li,  La,  Li,  Li,  La],  some 
approximations  will  be  necessary  to  round  continuous  indexed  labels  to  their 
closest  integer/discrete  index  \alue;  by  example.  fm,pcffi(0i)  = £i.?s  » £2, 
<P'ivPCfls(02)  = L2. 82  'a  Li  and  tfm,pcff s<0i  U Oi)  = Lot  * La. 

1.8,8  A simple  example  for  the  qDSmP  transformation 


We  first  recall  that  the  qualitative  extension  of  (1.30),  denoted  qDSmP,{.)  is 
given  by  9DSmP.«J)  = L0  and  VX  e G0  \ (0)  by 


L2  Li  L2  + L3  L 2,3  La 


J2  qm(Z)  + 1 ■ C(X  r\Y ) 


qDSmP.(X)  = £ 

vec" 


ZCXnV 

CIZl-I 


Z|-l 


Vn(Y)  (1.41) 


where  all  operations  in  (1  11)  are  referred  to  labels,  that  is  (^-operators  on  Lin- 
guistic labels  and  not  classical  operators  on  numbers. 
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Lets  consider  the  simple  frame  0 = {fli.te}  (here  n = |0|  = 2)  with 
Shafer’s  model  (i.e.  0X  n 02  = *)  and  the  following  se<  of  linguikic  labels  L = 
(L0'£i>£2t£ai  £*?£&}>  with  L0  = L ^ and  L*  = Lttltx  = Lm4l  (here  m = 1) 
and  the  following  qualitative  belief  assignment:  qm(0 x)  = Llt  <jw(02)  = La 
and  0m(#i  U02)  = Lx-  13  quasi-normalized  since  £Xc ^ gm(.Ar)  = L$  = 
Lt..^%.  In  this  example  and  with  DStnP  transformation,  $m(0x  U#2)  = Lx 
is  redistributed  to  0X  and  02  proportionally  with  respect  to  their  qualitative 
masses  Lx  and  L3  respectively.  Since  both  Lx  and  L3  are  different  from  L0t  we 
can  take  the  tuning  parameter  e = 0 for  the  best  transfer,  c is  taken  different 
from  zero  when  a mass  of  a set  involved  in  a partial  or  total  ignorance  is  zero 
(for  qualitative  masses,  it  means  Lo). 

Therefore  using  (1.33).  one  has 


_ ***  _ Li 

L,  ~ L3  ~ L,  + L3  ~ Lt~  « 


= Li: 


and  thus  using  (1.32).  one  gets 


X0x  = L\  x Li.ss  = Li  {i  it)  = = Lo. as 

= Lj  X Lx  is  = L>  (^agj  = L>^tt  = Lq  -6 


Therefore. 


i/D5mR-o(tfi  O = ^DSrnPt-o)#)  = Lo 
t/DSioP«-o(0x)  = Li  +1^  = Li  4*  Lo»  = Li  as 
t]DSmPi-o(th)  = La  4-x#a  = La  -f  Lots  = L3.7& 
Naturally  in  our  example,  one  has  also 


gDSmP*-o(tfi  U0a)  = ^D5mP4-o(ft)  4-  gDSmP,- 0(^2)  - </DSmP,-o(Pi  ntfa) 
= Li  zs  4-  L3.7S  — Lo  = Lc  = Lm** 

Since  = log2  n = log22  = 1,  using  the  qualitative  extension  of  PIC 
formula  (1.29).  one  obtains  the  following  qualitative  PIC  value: 

PIC=  1 + J • [qDSmP.„0(Ol)loft2{qDSmP.^Ol)) 

+ qDSmP.M)  k^K/DS./^.nl^))) 

= 1 + ^1.25  log2(Lx  2B)  + ^a.7S  ^62(^1  tb)  ** 

since  we  considered  the  isomorphic  transformation  L,  = */<m  4*  I)  (in  our 
particular  example  m = 4 interior  labels). 
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1.9  Belief  Conditioning  Rules 
1.9.1  Shafer's  Conditioning  Rule  (SCR) 

Until  very  recently,  the  most  commonly  used  conditioning  rule  for  belief  revision 
was  the  one  proposed  by  Shafer  (25)  ami  referred  here  as  Shafer’s  Conditioning 
Rule  (SCR).  The  SCR  cousists  in  combining  the  prior  bba  m(.)  with  a specific 
bba  focused  on  A with  Dempster’s  rule  of  combination  for  transferring  the 
conflicting  mass  to  non-empty  sets  in  order  to  provide  the  revised  bba.  In  other 
words,  the  conditioning  by  a proposition  A,  is  obtained  by  SCR  as  follows 


msc*(.|A)  = [m  © ms](.)  (1.42) 

where  rn(.)  is  the  prior  bba  to  update.  A is  the  conditioning  event,  ms(.)  is  the 
bba  focused  on  A defined  by  ms(A)  = 1 and  ms(AT)  = 0 for  all  X ^ A and  © 
denotes  Dempster’s  rule  of  combination  |25). 


The  SCR  approach  based  on  Dempster  s rule  of  combination  of  the  prior 
bba  with  the  bba  focused  on  the  conditioning  event  remains  subjective  since 
actually  in  such  belief  revision  process  both  sources  are  subjective  and  in  our 
opinions  SCR  doesn't  manage  satisfactorily  the  objective  nature/absolute  truth 
carried  by  the  conditioning  term.  Indeed,  when  conditioning  a prior  mass 
m(.),  knowing  (or  assuming)  that  the  truth  is  in  A.  means  that  we  have  in 
hands  an  absolute  (not  subjective)  knowledge,  i.e.  the  truth  in  A has  occurred 
(or  is  assumed  to  have  occurred),  thus  A is  realized  (or  is  assumed  to  be 
realized)  and  this  is  (or  at  least  must  be  interpreted  as)  an  absolute  truth. 
The  conditioning  term  "Given  A”  must  therefore  be  considered  as  an  absolute 
truth,  while  m5(/l)  = 1 introduced  in  SCR  cannot  refer  to  an  absolute  truth 
actually,  but  only  to  a subjective  certainty  on  the  possible  occurrence  of  A 
from  a virtual  second  source  of  evidence.  The  advantage  of  SCR  remains 
undoubtedly  in  its  simplicity  and  the  main  argument  in  its  favor  is  its  coherence 
with  conditional  probability  when  manipulating  Bayesian  belief  assignment. 
But  in  our  opinion,  SCR  should  better  be  interpreted  as  the  fusion  of  m(.) 
with  a particular  subjective  bba  ms(A)  = 1 rather  than  an  objective  belief 
conditioning  rule.  This  fumiamental  remark  motivated  us  to  develop  a new 
family  of  BCR  (36)  based  on  hyper-pow’er  set  decomposition  (HPSD)  explained 
briefly  in  the  next  section.  It  turns  out  that  many  BCR  are  possible  because 
the  redistribution  of  masses  of  elements  outside  of  A (the  conditioning  event) 
to  those  inside  A can  be  done  in  o-ways.  This  will  be  briefly  presented  right 
after  the  next  sectiou. 
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1.0.2  Hyper-Power  Set  Decomposition  (IIPSD) 

Let  0 = (ffi.fti, n > 2,  a model  .M(0)  usc-ociatcd  for  0 (free  DSw 
model,  hybrid  or  Shafer's  model)  and  its  corresponding  hyper-power  set  DB. 
Let's  consider  a (quantitative)  basic  belief  assignment  (bba)  m(.) : DB  ~ (0. 1) 
such  that  yZxtD"  '"(^O  = 1-  Suppose  one  finds  out  that  the  truth  is  in  the  set 
A € De  \ {tf}.  Let  Pp(A)  =2*nD8\  (ft),  i.e.  all  nou-empty  parts  (subsets) 
of  A which  are  included  in  DB.  Let's  consider  the  normal  cases  when  A ^ W 
snd  ppoi)  "*(1*)  > 0-  For  the  degenerate  case  when  the  truth  is  in  A = fl, 
we  consider  Smets'  open-world,  which  means  that  there  are  other  hypotheses 
0'  = {&.♦!,  - ft.*-},  m > 1,  and  the  truth  is  in  A € D*'  \{0}.  if  A = « 

and  we  consider  a close-world,  then  it  means  that  the  problem  is  impossible.  Fbr 
another  degenerate  case,  when  ni(V')  = 0.  i.e.  when  the  source  gave 

us  a totally  (100%)  wrong  information  m(.),  then,  we  define:  m(A(A)  = 1 and. 
as  a consequence.  m(*|A)  = 0 for  any  X ± A.  Let  s(A)  = 

1 < p < n,  be  the  singletons/atoms  that  compose  A (for  example,  if  A = 
0,  J (03  n 04)  then  a(A)  = {0i.03l04})-  The  Hvper-Power  Set  Decomposition 
(HPSD)  of  De\0  consists  in  its  decomposition  into  the  three  following  subsets 
generated  by  A: 

• Di  = Pd  (A),  the  parts  of  A which  are  included  in  the  hyper-power  set, 
except  the  empty  set; 

• Di  = <(0  \ *(A)),U,n}  \ {#},  i.e.  the  sub-hyper-power  set  generated  by 
0 \ a(A)  under  U and  n,  without  the  empty  set. 

• Da  = (De\{fl))\(DiUDa);  eadiset  from  D3  has  in  its  formula  singletons 
from  both  s(A)  and  0 \ s(A)  in  the  case  when  0 \ s(A)  is  different  from 
empty  set. 

D,.  D2  and  D3  have  no  element  in  common  two  by  two  and  their  union  is 
D«\<0}. 

Simple  example  of  HPSD:  Let's  consider  0 = {0i,02.03}  with  Shafer's  model 
(i.e.  all  elements  of  0 are  exclusive)  and  let's  assume  that  the  truth  is  in 
0aU03,  i.e.  the  conditioning  term  is  02  U03.  Then  one  has  the  following  HPSD: 
D,  = <0a,03.0aU03),  Dj  = {0,}  and  D3  = (0,U0a,0,U03,0,U02U03>.  More 
complex  and  detailed  examples  can  be  found  in  (36). 


1.9.3  Quantitative  belief  conditioning  rules  (BCR) 

Since  there  exists  actually  many  ways  for  redistributing  the  masses  of  elements 
outside  of  A (the  conditioning  event)  to  those  inside  A,  several  BCR’s  have 
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boon  proposed  in  (36).  In  this  introduction,  we  will  not  browse  all  the  possi- 
bilities for  doing  those  redistributions  and  all  BCR’s  formulas  but  only  one, 
the  BCR  number  17  (Le.  BCR17)  which  does  in  our  opinion  the  most  refined 
redistribution  since: 

- the  mass  m(W)  of  each  element  W in  D2'jDs  is  transferred  to  those  .V  € D, 
elements  which  are  included  in  W if  any  proportionally  with  respect  to  their 
non-empty  masses; 

- if  no  such  A’  exists,  the  mass  m(H')  is  transferred  in  a pessimistic/ prudent 
way  to  the  /.‘-largest  element  from  D i which  are  included  in  W (in  equal  parts) 
if  any; 

- if  neither  this  way  is  possible,  then  m|lV)  is  indiscriminately  distributed  to 
all  X € Di  proportionally  with  respect  to  their  nonzero  masses. 

BCR17  is  defined  by  the  following  formula  (see  (36),  Chap.  9 for  detailed 
explanations  and  examples): 

™BCitn(X\A)  = m(A')  • |s0,  + ^ 5^TT7 

L WcD,yjD, 

xcw 

S[W)*o 

+ £ m(\Z)/k  (1.43) 

t*«D,uD, 

xcw.Xis  /-largest 
S(W>-0 

where  ~X  is  /-largest"  means  that  X is  the  /.'-largest  (with  respect  to  inclusion) 
set  included  in  W and 


s(w)  ± 

Y*Di,YCW 

m(Z) 

W>i. 

A c*  ZcDa  I &Y^Di  Willi  YCZ 

s° — 

Note:  The  authors  mentioned  in  an  Erratum  to  the  printed  version  of  the  sec- 
ond volume  of  DSrnT  book  series  (http : III  a .gal  lup.umt.edu/ /Err  aunt.  pdf ) 
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anil  they  also  corrected  the  online  version  of  the  aforementioned  book  (see  page 
240  in  http://r8.gallup.urua.edU//DSaT-book2. pdf  that  all  denominators 
of  the  BCR’s  formulas  are  naturally  supposed  to  be  different  from  zero.  Of 
course,  Shafer's  conditioning  rule  as  stated  in  Theorem  3.6,  page  67  of  [25] 
docs  not  work  when  the  denominator  is  zero  and  that's  why  Shafer  has  intro- 
duced the  condition  Bel(B)  < 1 (or  equivalently  Pt(B)  > 0)  in  his  theorem 
when  the  conditioning  term  is  B. 

A simple  example  for  BCR17:  Let’s  consider  0 = {0,.03l0j}  with  Shafer's 
model  (i.e.  all  elements  of  0 are  exclusive)  and  let's  assume  that  the  truth  is 
in  02  U03,  i.e.  the  conditioning  term  is  .4  = 02 u 03 . Then  one  has  the  following 
HPSD: 

Dl  = [e2.03,e 2u03},  d2  = {o1) 

£>3  = (01  u 02,  01  U 03.  01  u 02  u 03}. 

Let's  consider  the  following  prior  bba:  m(0,)  = 0.2.  m(02)  = 0.1,  m(03)  = 0.2, 
m(0,  U0j)  = 0.1,  »n(02  U03)  = 0.1  and  m(0,  U03U03)  = 0.3. 

With  BCR17,  for  D2.  m(0,)  = 0 2 is  transferred  proportionally  to  all  ele- 
ments of  D|,  i.e.  = 0.5  whence  the  parts  of  m(0, ) 

redistributed  to  02.  0S  “"I  0z  U 0S  are  respectively  r9i  = 0.05,  yt,  = 0.10.  and 
= 0.06.  For  Dit  there  is  actually  no  need  to  transfer  tn(0,  U03)  because 
m(0,  U 0a)  = 0 in  this  example,  whereas  m(0,  U 02)  = 0.1  is  transferred  to  02 
(no  case  of  1-elements  herein):  m(0,  U 02  U 03)  = 0 3 is  transferred  to  02.  03 
and  0j  U 0i  proportionally  to  their  corresponding  masses. 

Xg./O.l  = y#,/0.2  = jgjO,,/0.1  = 0.3/0. 4 = 0.75 

whence  = 0 075,  yr,  = 0.15,  and  = 0.075.  Finally,  one  gets 

m ac  hi  7 (02  |0a  u 03)  = 0.10  + 0.05  + 0.10+  0 075  = 0 325 
”«aCHi7(03|02  tJ03)  = 0.20  + 0.10  + 0.15  = 0.450 
mflCBi7(02  U03|02  U 03)  = 0.10  + 0.05  + 0.075  = 0.225 

which  is  different  from  the  result  obtained  with  SCR,  since  one  gets  in  this 
example: 


msca(02|02  C03)  = msca(03|02  U03)  = 0.25 
«iscs(02  U 03 1 02  U 03)  = 0.50 


More  complex  and  detailed  examples  can  be  found  in  [30] . 
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1.9.4  Qualitative  belief  conditioning  rules 

In  this  section  we  jiresent  only  the  qualitative  belief  conditioning  rule  no  17 
which  exteuds  the  principle*  of  the  previous  quantitative  rule  BCR17  in  the 
qualitative  domain  using  the  operators  on  linguistic  labels  defined  previously. 
We  consider  from  now’  on  a general  frame  0 = {0i,#2, ...  »0»»h  a given  model 
A4(0)  with  its  hyper-power  set  De  and  a given  extended  ordered  set  L of 
qualitative  value*  L = {Lo.  Li,  L2, . . . , Lm,  Lm  ♦ 1 }•  The  prior  qualitative  basic 
belief  assignment  (qbba)  taking  its  values  in  L is  denoted  We  assume  in 

t he  sequel  that  the  conditioning  event  is  A £ 0.  A € i.e.  the  absolute  truth 
is  in  A.  The  approach  we  present  here  is  a direct  extension  of  BCR  17  using 
PLARL  operators.  Such  extension  can  be  done  with  all  quantitative  BCR’s 
rules  proposed  in  [36).  but  only  qBCR17  is  presented  here  for  the  sake  of  space 
limitations. 

1.9.4. 1 Qualitative  Belief  Conditioning  Rule  no  17  <qBCR17) 
Similarly  to  BCR  17.  qBCR17  is  defined  by  the  following  formula: 

gm«BCfli7(A'|j4)  = gm(A')  • |<j5d,  + Y ls(\V)  1 

*•  IV*OjU0j  J 

XCW 

+ £ qm(W)/k  (1.44) 

Wf.DauD, 

XCK'.Xis  A;- largest 
„sov)-o 

where  "A  is  fc-larg<st"  means  that  X is  the  A-largost  (with  respert  to  inclusion) 
set  included  in  W and 


So,  = 


qS(W)  ± Y. 

Y4Di,YCW 

E 

Z*Dtr 

Of  2*  D2  I € Dx  with  Y C z 
Y.y<d.  9m{Y) 


qm(Z) 


Naturally,  all  operators  (summation,  product,  division,  etc)  involved  in  the 
formula  ( 1 14)  are  the  operators  defined  in  PLARL  working  on  linguistic  labels. 
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It  ia  wort  h to  note  that  the  formula  (1.44)  requires  also  the  division  of  the  label 
i/m (IV’)  by  a scalar  k.  This  division  is  defined  as  follows: 

Let  r € R.  r 0.  Then  the  label  division  by  a scalar  is  defined  by 

£ = L-/r  0-<5) 

1.9.4. 2 A simple  example  for  qBCR17 

Lot’s  consider  L = {L0?  L4.  £*}  a se*  of  ordered  linguistic  labels. 

For  example,  £lf  La.  Lj,  £4  and  L~  may  represent  the  values:  Lx  = very  poor. 
La  = poor,  L]  = medium.  LA  = good  and  £$  = very  good.  Let’s  consider  also 
the  frame  0 = (.4,  B.C,  DJ  with  the  hybrid  model  corresponding  to  the  Venn 
diagram  on  Figure  1.6. 


Figure  1.6:  Venn  Diagram  for  the  hybrid  model  fur  t his  example. 


We  assume  that  the  prior  qualitative  bba  qm(.)  is  given  by: 

qm(A)  = Lj,  qtn(C)  = Lx,  qm(D)  = L* 

and  the  qualitative  masses  of  all  other  elements  of  G0  take  the  minimal/aero 
value  L0.  This  mass  is  normalized  since  + Lt  + Lt  = = L 

If  we  assume  that  the  conditioning  event  is  the  proposition  A U B,  i.e.  the 
absolute  truth  is  in  A U B,  the  hyper- power  set  decomposition  (HPSD)  is  ob- 
tained as  follows:  Di  is  formed  by  all  parts  of  A U B.  Dh  is  the  set  generated 
by  {(C,D),U,n)  \#  = {C,D.C\J  D,CC\  D).  and  D3  = {AUC.AUD.BU 
C,flUD,/luBuCAU(CnD),...). 

Because  the  truth  is  in  A U B,  qtn(D)  = Lt  is  transferred  in  a prudent  way  to 
(A  U B)  n D = BrD  according  to  our  hybrid  model,  became  B O D is  the 
1- largest  element  from  AU  B which  is  included  in  D.  While  qm(C)  = Li  is 
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tiansfcrrod  to  A only,  sauce  it  is  the  only  element  in  A U B whose  qualitative 
mass  £m(<4)  ks  different  &om  Lq  (zero),  hence: 

<tmiBcmM\A  UB)  = qm(A)  + ?m(C)  = Ll  + Ll  = Lu,  = L7. 

Therefore,  one  finally  gels: 

V"<»scri7(>1!-4  u B)  = La,  q<iiVBCHn(C\A  U B)  = L0 

qm^BcnMDlA  U B)  = La.  qm9Bcnn{B  n D\A  U B)  = Lt 

which  is  a normalized  qualitative  bba. 

More  complicated  examples  based  on  other  qBCR’s  can  be  found  in  [37], 


1.10  Conclusion 

A general  presentation  of  the  foundations  of  DSmT  has  been  proposed  in  this 
introduction.  DSmT  proposes  new  quantitative  and  qualitative  rules  of  com- 
bination for  uncertain,  imprecise  and  highly  conflicting  sources  of  information. 
Several  applications  of  DSmT  have  been  proposed  recently  in  the  literature  and 
show  the  potential  and  the  efficiency  of  this  new  theory.  DSmT  offers  the  possi- 
bility to  work  in  different  fusion  spaces  depending  on  the  nature  of  problem  un- 
der consideration.  Thus,  one  can  work  either  in  2B  = (0,  U)  (i.e.  in  the  classical 
power  set  as  in  DST  framework),  in  = (0,U,n)  (the  hyper-power  set  - 
also  known  as  Dedekind's  lattice)  or  in  the  super-power  set  S'*  = (0,  U,  n,  c(.)), 
which  includes  2e  and  DH  and  which  represents  t he  power  set  of  the  minimal 
refinement  of  the  frame  0 when  t he  refinement  is  possible  (because  for  vague 
elements  whose  frontiers  are  not  well  known  the  refinement  is  not  possible). 
We  have  enriched  the  DSmT  with  a subjective  probability  (DSmP.)  that  gets 
the  best  Probabilistic  Information  Content  (PIC)  in  comparison  with  other  ex- 
isting subjective  probabilities.  Also,  we  have  defined  and  developed  the  DSm 
Field  and  Linear  Algebra  of  Refined  Labels  that  permit  the  transformation  of 
any  fusion  rule  to  a corresponding  qualitative  fusion  rule  which  gives  an  exact 
qualitative  result  (i.e.  a refined  label),  so  far  the  best  in  literature. 

1.11  References 

[1]  J Bohinos,  L.M.  De  Curnpos,  S.  Moral.  Propagation  of  linguistic  lal/eL*  in 
causa/  network*.  Ptoc.  of  2nd  IEEE  lnt.  Cout  on  Fuzzy  Systems,  VoL  2. 
pp  863-870,  28  Maich-1  April  1993 


Chapter  1.  An  introduction  to  DSmT 


69 


[2j  L.  Cholvy  Using  logic  to  understand  relations  between  DSmT  and 
Dempster-Shafer  Theory,  in  pp.  312-317  of  the  Proceedings  of  the  Ren- 
contres francophones  sur  la  Logique  Floue  et  s«s  Applications  (LFA  2008), 
Lens.  France.  October  16-17,  2008. 

(3]  L.  Cointet,  Sperner  Systems . Sec.7.2  in  Advanced  Combinatorics:  The  Art 
of  Finite  and  Infinite  Expansions.  D Reidel  Publ.  Co.,  pp.  271-273.  1974. 

[I]  R.  Dedekind,  Uber  Zeriegungen  eon  Zahlen  dutch  thre  grossten  gemein- 
sammen  Teller.  In  Gesammelte  Werke,  Bd.  1.  pp.  103-148. 1897. 

(5]  M.  Daniel,  The  DSm  approach  as  a special  case  o/  the  Dempster-Shafer 
theory,  in  Symbolic  and  quantitative  approaches  to  reasoning  with  uncer- 
tainty’ (Mellouli  Ed.),  Lecture  Notes  in  Computer  Science  4724  (Lecture 
Notes  in  Artificial  Intelligence),  pp.  381-392  (2007);  9th  European  con- 
ference. ECSQARU  2007.  Hammamet,  Tunisia.  October  31-November  2. 
2007. 

(6]  T.  Deuenux,  Reasoning  with  imprecise  belief  structures,  Technical  Report 
Heudiasvs  97/44.  available  at  http://vvv.hda.utc.fr/-tdenoeux/. 

[7|  T.  Denceux,  Reasoning  with  imprecise  6c/ic/  structures,  International  Jour- 
nal of  Approximate  Reasoning.  20,  pp.  79-111, 1999. 

(6)  J.  Desert  J..  F.  Smarandache,  Panel  Discussion  on  DSmT.  Fusion  2004 
International  Conference,  Stockholm,  Sweden  (and  also  in  Tutorials  on 
DSmT  given  in  Rision  2005-2008  Conferences). 

[9]  J.  Deaert  J.,  F.  Smarandache,  DSmT:  A New  Paiadigm  Shift  for  Informa- 
tion Fusion,  in  Proceedings  of  Cogis  ' 0G  Conference.  Paris,  March  2006. 

(10]  J.  Derert,  A.  Tchamova.  F.  Smarandache.  P Konstantinova,  Target  Type 
Tracking  with  PCR5  and  Dempster’s  rules:  A Comparative  Analysis,  in 
Proceedings  of  Fusion  2006  International  conference  on  Information  Fu- 
sion. Fusion  2006,  Firenze.  Italy,  July  10-13,  2006. 

[II]  J.  Dezert,  F.  Smarandache,  A new  probabilistic  transformation  of  belief 
mass  assignment,  in  Proceedings  of  Fusion  2008  Conference,  Cologne.  Ger- 
many, July  2008. 

[12]  D Dubois,  H.  Prade,  On  the  unicity  of  Dempster  rule  of  catnbmalion. 
International  Journal  of  Intelligent  Systems,  Vol.  1,  pp  133-142,  1980 


70 


Chapter  1:  An  introduction  to  DSmT 


[13)  D.  Dubois.  H.  Prado.  Representation  and  combination  o/  uncertainty  with 
belief  functions  and  possibility  measures,  Computational  Intelligence.  4, 
pp.  244-264.  1983. 

[14]  M.C.  Florea,  Combination  d'informaUons  Mttrogtnes  dans  le  cadre  urn* 
ficateur  des  ensembles  aUatoires  : Approximations  et  robustesse,  Ph  D. 
Thesis,  Laval  University.  Canada.  July  2007. 

1 15)  J.W.  Guan,  D.A.  Bell,  Generalizing  the  Dempster- Shafer  rule  of  combi- 
nation to  Boolean  algebras.  Proc.  of  IEEE/ACM  Int.  Conf.  on  Developing 
and  Managing  Projects,  Washington,  March,  pp.  229-236,  1993. 

[16]  T.  Inagald,  Interdependence  between  safety -control  policy  and  multiple- 
sensor schemes  via  Dempster-Shafer  theory , IEEE  Trans,  on  reliability. 
VoL  40,  no.  2,  pp.  132-188.  1991. 

1 17]  M.  Lamata,  S.  Moral,  Calculus  with  linguistic  probabilities  ond  beliefs , In 
R.  R.  Yager,  M.  Fedrizzi,  and  J.  Kacprzyk,  editors,  Advances  in  Dempster- 
Shafer  Theory  of  Evidence,  pp.  133-152.  Wiley. 

[18]  E.  Lefevre,  O.  Colot.  P.  Vannoorenberghe.  Belief  functions  combination 
and  conflict  management , Information  Fusion  Journal.  Elsevier  Publisher. 
VoL  3,  No.  2.  pp.  149-162, 2002. 

[19]  E.  Lefevre.  O Colot,  P.  Vannoorenberghe,  Reply  to  the  Comments  of  R. 
Haenni  on  the  piaper  " Belief  functions  combination  and  conflict  manage- 
ment",  Information  F\ision  Journal.  Elsevier  Publisher,  Vol.  4.  pp.  63-65. 
2003. 

[20]  C.K.  Murphy,  Combining  belief  functions  uhen  evidence  conflicts . Decision 
Support  Systems,  Elsevier  Publisher.  Vol.  29,  pp  1-9,  2000. 

[21]  JB  Paris,  The  uncertain  rtasontr's  companion,  a mathematical  perspec- 
tive, Cambridge  University'  Press,  1994. 

[22]  J Pearl.  Probabilistic  reasoning  tri  Intelligent  Systems:  Networks  of  Plau- 
sible Inference , Morgan  Kaufmann  Publishers,  Son  Mateo,  CA.  1988 

[23]  A.  Robinson,  Non-Standard  Analysis , North- Holland  PubL  Co.,  I960 

[24]  K.  Sentz.  S.  Ferson,  Combination  of  evidence  in  Dempster-Shafer  Theory, 
SANDIA  Tech.  Report,  SAND2002-0835.  9G  pages.  April  2002 

[25]  G.  Shafer.  A Mathematical  Theory  of  Evidence , Princeton  Univ.  Press. 
Princeton.  NJ.  197G. 


Chapter  1.  An  introduction  to  DSmT 


71 


[26]  C.E  Shannon,  A Mathematical  Theory  of  Communication,  BellSyst.  TVch. 
J.(  27,  pp.  379-123  and  623-656,  1918. 

[27]  NJ.A  S Inane,  The  On-hne  Encyclopedia  of  Integer  Sequences  SW3,  (Se- 
quence No.  A014466), 

http://wuu.research.atc .com/'njae /sequences/ 

[28]  F.  Smariuiduche,  A Unifying  Field  tn  Logic*:  Neutrmoptuc  Logic.  Neu- 
tivsophy,  Neutrasophic  Set,  Probability,  and  Statistics,  (4th  Ed.),  Arner. 
Research  Press,  RehobotJi,  2005. 

[29]  F.  Smurandache,  A Unifying  Field  in  Logics:  Neutrosophic  Logic, 
Multiple- valued  logic,  An  international  journal,  Vol.  8,  No.  3,  pp.  365- 
438,  2002. 

[30]  F.  Sinarandaehe.  Ncutrosophy.  A new  branch  of  philosophy.  Multiple- 
valued logic.  An  international  journal.  Vol.  8.  No.  3,  pp.  297-384.  2002. 

[31]  F.  Sinarandaehe  (Editor).  Proceedings  of  the  First  International  Con- 
ference on  Neutmsophics,  Univ.  of  New  Mexico,  Gallup  Campus,  NM, 
USA.,  1-3  Dec.  2001.  Xiquan,  Phoenix,  2002 

[32]  F.  Sinarandaehe,  J.  Dezert  (Editors),  Applications  and  Advances  of  DSmT 
for  Information  Fusion.  Am.  Res.  Press,  Rehoboth,  2004. 

http: //vuu .gallup. una .edu/'eamrandache/DSmT-bookl . pdf 

[33]  F.  Sinarandaehe.  Unification  of  Fusion  Theories  fUFTJ,  Presented  at 
NATO  Advanced  Study  Institute,  Albena,  Bulgaria,  16-27  May  2005  also 
in  International  Journal  of  Applied  Mathematics  it  Statistics.  Vol.  2, 1-11, 
2004  and  on  http://arxiv.org/abs/cs/0409040. 

[34]  F.  Smar  and  ache,  J.  Dezert,  Information  Fusion  Based  on  New  Propor- 
tional Conflict  Redistribution  Rules,  Proceedings  of  Fusion  2005  Conf., 
Philadelphia.  July  26-29,  2005. 

[35]  F.  Sinarandaehe,  J.  Dezert,  Uniform  and  Partially  Uniform  Redistribu- 
tion Rules,  published  in  "Advances  and  Applications  of  DSmT  for  Plau- 
sible and  Paradoxical  Reasoning  for  Information  Fusion",  International 
Workshop  organized  by  the  Bulgarian  1ST  Centre  of  Competence  in  21st 
Century,  December  14.  2006.  Bulg.  Acad,  of  Sciences,  Sofia,  Bulgaria, 
http: //xxx . lanl . gov/abs/cs/070202 


72 


Chapter  l:  An  Introduction  to  DSmT 


[36)  F.  Smarandache.  J.  Dozen  (Editors).  Application*  and  Advances  of  DSmT 
for  Information  Fusion,  Vol.  2.  American  Research  Press,  Rehoboth,  Au- 
gust 2006. 

http : //wwv . gallup . unit . ecWsitar  andache/DSnT-boak2 . pdf 

[37)  F.  Smarandache.  J.  Dezert.  C/uafifafue  Belief  Conditioning  Rules.  Pro- 
ceedings of  Fusion  2007  Cant,  Quebec,  Canada.  July  2007. 

[38)  F.  Smarandache,  DSmT  web  page.  http:/f b. gallup. una.edu//D5nT.hta 

[39)  Ph.  Smets,  Combining  non  distinct  evidence,  Proc.  North  American  Fuzzy 
Information  Processing  (NAFIP  1986),  New  Orleans.  LA,  1966. 

[10]  Ph.  Smets,  E.H.  Mamdani.  D.  Dubois.  H.  Prade  (Editors),  Non-Standard 
Logics  for  Automated  Reasoning,  Academic  Press,  1988 

[41)  Smets  Ph..  Kennes  R.,  The  transferable  belief  model.  Artif.  InteL.  66(2), 
pp.  191-234.  1994. 

[12]  Ph.  Smets.  Data  Fusion  in  the  Transferable  Belief  Model  Proceedings 
of  the  3rd  International  Conference  on  Information  Fusion.  Fusion  2000, 
Paris,  July  10-13,  2000,  pp  PS21-PS33. 

[43)  J Sudano,  Pignistic  Probability  Thmsforms  for  Mires  of  Lou ~ and  High- 
Pivbabihty  Events,  Proc.  of  Fusion  2001,  Montreal.  August  2001. 

[14]  J.  Sudano,  The  system  probability  information  content  (PIC)  . ...  Proc, 
of  Fusion  2002,  Annapolis,  July  2002. 

[4fij  J Sudano,  Equivalence  Bclueen  Behef  Theories  and  S 'an<e  Bayesian  Fu- 
sion fur  Systems  with  Independent  Exndential  Data  - Part  I,  The  Theory, 
Proc.  of  Fusion  2003,  Cairns.  July  2003. 

[46]  J.  Sudano,  Vet  Another  Paradigm  Illustrating  Evidence  Fusion  (YAPIEF), 
Proc.  of  Fusion  2006,  Florence,  July  2006. 

[47]  M.  Timibalt,  A Letamm.  T.  Tam  me.  On  logical  method  for  counting 
Duh  had  numbers,  Lect.  Notes  on  Comp.Sci.,  2138,  p.  424-127,  Springer- 
V’erlag,  2001  (wwv.cs.ut.ee/people/B_tonbak/publ.htal) 

[48]  F.  Voorbraak,  On  the  justification  of  Dempster's  rule  of  combination,  Ar- 
tificial Intelligence.  48.  pp.  171-197,  1991. 

http  ://turlng.  wins.  uva.nl/Transv/tpub 


Chapter  1:  Ai i iarroductioa  ro  DSmT 


73 


[49]  Y.-M.  Wang,  J -B.  Yang.  D.-L.  Xu.  K.-S.  Chin,  On  the  combination  and 
normalization  of  intervaUvalued  belief  structure*,  Information  Sciences 
177,  pp.  1230-1247,  2007. 

[50]  R.  R.  Yager.  Hedging  in  the  combination  of  evidence.  Journal  of  Informa- 
tion and  Optimization  Science,  VoL  4,  No.  1,  pp.  73-81,  1983. 

[51]  R.  R.  Yager.  On  the  relationships  of  methods  of  aggregation  of  evidence  in 
expert  systems . Cybernetics  and  Systems,  VoL  16,  pp.  1-21.  1985. 

(52j  R.  R.  Yager,  On  the  Dempster- Shafer  framework  and  neti*  combination 
rules.  Information  Sciences.  VoL  41,  pp.  93-138.  1987. 

[53]  L.  Zadeh,  Fuzzy  sets , Inform,  and  Control  8,  pp.  338-353,  1965. 

[54]  L.  Zadeh.  Fiizzy  Logie  and  Approximate  Reasoning , Synthese,  30,  107-128, 
1975. 

[55]  L.  Zadeh,  On  the  lalidity  of  Dempster’s  rule  of  combination.  Memo  M 
79/24,  Univ.  of  California.  Berkeley,  1979. 

[56]  L.  Zadeh.  Review  of  Mathematical  theory  of  evidence,  by  Glenn  Shafer , AI 
Magazine,  VoL  5,  No.  3.  pp.  81-83.  1984. 

[57]  L.  Zadeh.  .4  simple  view  of  the  Dempster-Shafer  theory  of  evidence  and 
it*  implications  for  the  rule  of  combination*  Berkeley  Cognitive  Science 
Report  No.  33.  University  of  California,  Berkeley.  CA,  1985. 

[58]  L.  Zadeh.  A simple  rieii  of  the  Dempster-Shafer  theory  of  evidence  and  its 
implication  for  the  rule  of  combination*  AI  Magazine  7.  No.2.  pp.  85-90, 
1986. 

[59]  L.  Zhang,  Representation,  independence,  and  combination  of  evidence  in 
the  Dempster-Shafer  Theory,  Advances  in  the  Dempster-Shafer  Theory  of 
Evidence,  R.R  Yager.  J Kacpizyk  and  M.  Fedrizzi.  Eds.,  John  Wiley  and 
Sons,  Inc.,  New  York,  pp.  51-69, 1994. 


Chapter  2 


DSm  field  and  linear  algebra  of 
refined  labels 


Florentin  Smaiandache 
Chair  of  Math.  & Sciences  Dept., 
University  of  New  Mexico, 

200  College  Road. 

Gallup,  NM  87301,  U.S.A. 
mniiT'nj  0 unm.edu 


Jean  Desert 

The  French  Aerospace  Lab., 
ONERA/DTIM/SIF. 

29  Av.  Division  Leclere, 
92320  Chatillon,  France. 


XindeLi 

Key  Lab.  of  Meas.  and  Control  of  CSE, 
School  of  Automation,  Southeast  Univ., 
Nanjing.  China.  210096. 
xindeb  <Oseu.edu.cn 


Abstract  : This  chapter  presents  the  DSm  Field  and  Linear  Alge- 
bra o/  Refined  Labels  ( FLARL ) in  DSmT  frameuort  m order  to  uo rfc 
precisely  tcith  qualitative  labels  far  information  fusion.  We  present 
and  justify  the  basic  operators  on  qualitative  labels  (addition.  sub- 
traction. rmitlip/i<afliin.  root,  power,  etc). 
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Chapter  2:  DSm  field  and  linear  ajgebra  of  refined  labels 


2.1  Introduction 

Definitions  of  group,  field,  algebra,  vector  apace,  and  linear  algebra  used  in  this 
paper  can  be  found  in  [1.  2.  4).  Let  Lj,  L2,  . . . , Lm  be  labels,  where  m > 1 is 
an  integer.  We  consider  a relation  of  order  defined  on  these  labels  which  can  be 
* smaller* . "less  in  quality*,  * lower*,  etc.,  < L2  Lm.  Lets  extend 

this  set  of  labels  with  a minimum  label  LQ , and  a maximum  label  Lm  4 j.  In 
the  case  w'hen  the  labels  are  equidistant,  i.e.  the  qualitative  distance  between 
any  two  consecutive  labels  is  the  same,  we  get  an  exact  qualitative  result,  and 
a qualitative  basic  belief  assignment  (bba)  is  considered  normalized  if  the  sum 
of  all  its  qualitative  masses  is  equal  to  Lmx*  = Lmfi.  If  the  labels  are  not 
equidistant,  we  still  can  use  all  qualitative  operators  defined  in  the  FLARL, 
but  the  qualitative  result  is  approximate,  and  a qualitative  bba  is  considered 
quasi-normali2ed  if  the  sum  of  all  its  masses  is  equal  to  Ltn*x.  Connecting  them 
to  the  classical  interval  [0, 1],  we  have: 


L0LI 
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— oc 


I I I 


0. 


i 

in.  I 


• Lf n » i 

1,  j +oo 


Figure  2.1:  Ordered  set  of  labels  in  [0, 1|. 


So,  0 = Lo  < L\  < Lz  < . . . < Lt  < . . . < Lm  < Lm  ♦ i = 1,  and  L,  = — ^ 
for  t € {0,  1}. 

1.  Ordinary  labels.  The  set  of  labels  L = {Lo.  L\,  ...Lm.  Lmu} 

whose  indexes  are  positive  integers  between  0 and  m + 1,  is  called  the  set 
of  1 -Tuple  label*.  We  call  a set  of  labels  to  be  equidistant  label*,  if  the 
geometric  distance  between  any  two  consecutive  labels  is  the  same,  i.e. 
1,44  — Lt  = Constant  for  any  i. 

And.  the  opposite  definition:  a set  of  labels  is  of  non- equidistant  labels  if 
the  distances  between  consecutive  labels  is  not  the  same.  i.e.  there  exists 
t ^ j such  that  Li+\  — I,  / Lj+i  — Lj. 

For  simplicity  and  symmetry  of  the  calculations,  we  further  consider  the 
case  of  equidistant  labels.  But  the  same  procedures  can  apjfronmatfly 
work  for  non-equidistant  Labels. 

This  set  of  1-Tuple  labels  is  isomorphic  with  the  numerical  set  { —77. 1 = 

0, 1,... , m + 1}  through  the  isomorphism  Ji{Lt)  = 
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2 Refined  labels;  We  theoretically  extend  the  set  of  labels  L to  the  left 
and  right  sides  of  the  interval  (0, 1]  towards  — oo  and  respectively  +oo. 
So,  we  define: 

where  Z is  the  set  of  all  positive  and  negative  integers  (zero  included). 
Thus: 


Lz  = {..., Lj ,...}  = {L3.j  G Z), 


i.e.  the  set  of  extended  labels  with  positive  and  negative  indexes. 
Similarly,  one  defines  L q = {1^.  q € Q}  as  the  set  of  labels  whose  indexes 
are  fractions  Lq  is  isomorphic  with  Q through  the  isomorphism  /q(£/^)  = 

srh-  far  <“y  1 6 Q 

Even  mure  general,  we  can  define: 


m + 1 


.r€RJ 


where  R is  the  set  of  all  real  numbers.  Lg  is  isomorphic  with  R through 
the  isomorphism  fg (L, ) = -ly-  for  any  rf  R. 


2.2  DSm  field  and  linear  algebra  of  refined  labels 

We  will  prove  that  (Lr,  +,  x)  is  a field,  where  + is  the  vector  addition  of  la- 
bels. and  x is  the  vector  multiplication  of  labels  which  is  called  the  DSm  field 
of  refined  labels.  Therefore,  for  the  first  time  we  introduce  decimal  or  refined 
labels,  i.e.  labels  whose  index  is  decimal.  For  example:  L j which  is  Li.s  means 
a label  in  the  middle  of  the  label  interval  |L,,tj|.  We  also  theoretically  in- 
troduce negative  labels,  L_t  which  is  equal  to  — L„  that  occur  in  qualitative 
calculations. 

Even  more,  (Z-B,  +,  x.-),  where  • means  scalar  product,  is  a commutative 
linear  algebra  over  the  field  of  real  numbers  R,  with  unit  element,  and  whose 
each  non-null  element  is  invertible  with  respect  to  the  multiplication  of  labels. 
This  is  called  the  DSm  Linear  Algebra  of  Refined  labels  (DSm-LARL  for  short). 


2.2.1  Qualitative  operators  on  DSm-LARL 

Let's  define  the  ijualitative  operators  on  this  linear  algebru.  Let  a.  b,  c in  R, 
and  the  labels  L*  = L\,  = and  Lc  = Let  the  scalars  a,  fi  in  R. 


7" 
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• Vector  Addition  (addition  of  labels); 

La  + L\  = La*  t 

6'nce  STT  + mTT  = &TT- 

• Vector  Subtraction  (subtraction  of  labels) 

La-L*= 

,lnce  mTT  - mTT  = mTT* 

• Vector  Multiplication  (multiplication  of  labels): 


since 


o * I»*)/(m+l) 

rrrr  * sn  - — zm — 


Scalar  Multiplication  (number  times  label): 

Q * Lm  = La  * Q = laa 


(2.1) 


(2.2) 


(2.3) 


(2.4) 


* STTT  = iETT' 

As  a particular  case,  for  a = —1.  we  get:  — L0  = L_0. 
Also,  ^ = La-r0= 

• Vector  Division  (division  of  labels): 


La  + Lb  = L(,/tW„,l) 


(2.5) 


since 


_ • = [‘/Ulm  t n 
r m ♦ 1 ' 


• Scalar  Power: 


{La)P  = La. 


(2.6) 


since  (?^)>=JJ-^-.VpgR 
• Scalar  Root: 

t/n  = (£a)'  = («) 

which  results  from  replacing  p = J in  the  power  formula  (2.6),  Vfc  integer 
> 2. 
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2.2.2  The  DSm  field  of  refined  labels 

Since  (tg,  +,  x)  is  isomorphic  with  the  set  of  real  numbers  (R,  +,  x),  it  re- 
sults that  (Lk,+,  x)  is  a field,  called  DSm  field  of  refinal  labels.  The  field 
isomorphism  fa  La  — R.  fa{Lr)  = — ^ satisfies  the  axioms: 

Axiom  Al: 

fa(L„  + Lk)  = /.(LJ  + fa(Lh)  (2.8) 

since  /■(!„+£*)  = /■(£•-.*)  = and  /r(Lb)+/k(L»)  = ,^-Vr  = 

Axiom  A2: 

/B(L.xLg)  = /H(L.)/B(L4)  (2.9) 

since  /B(L„  x L*)  = /a(I(as,/(mf  „)  = ^ and  /B(LJ  ■ fu(Lh)  = ^ 
■*i  4 

(La,  +-,  •)  is  a vector  space  of  refined  labels  over  the  field  of  real  numbers  R. 
since  (LB.  +)  is  a commutative  group,  and  the  scalar  multiplication  (which  is 
an  external  operation)  verifies  the  axioms; 

Axiom  Bl; 

1 • U = L,  « = U (2.10) 

Axiom  B2: 

(<,■?)■  La  = <>-(fiL.)  (2.11) 

since  both,  left  and  right  sides,  are  equal  to  La3a 
Axiom  B3 

<*•  (U  + Lt)  = a-  L„  + a-  I*  (2.12) 

since  a • (£.  + Ly)  = a • L„4*  = L„<.+i)  = i,«,d  = L*a  + L„»  = 
o • La  + a • L*. 

Axiom  B4 

(a+d)-  L„  = a L.  + fi-  La  (2.13) 

since  (o+d)-  Lu  = L,a,3)a  = L^.a*  = L„a  4-  = a ■ L„  + d-  La. 

(La,*-,  x.-)  is  a a Linear  Algebra  of  Refined  Labels  over  the  field  R of 
real  numbers,  culled  DSm  Linear  Algebra  of  Refined  Labels  (DSm-LARL  fur 
short),  which  is  commutative,  with  identity  element  (which  is  Lm.i)  for  vector 
multiphcation,  and  whose  non-null  elements  (labels)  are  invertible  with  respect 
to  the  vector  multiplication.  This  occurs  since  (LB,+.-)  is  a vector  spate. 
(Lr,  x)  is  a commutative  group,  the  set  of  scalars  R is  well-known  as  a field, 
and  also  one  has; 


so 
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• The  vector  multiplication  ia  associative: 

Axiom  Cl  (Associativity  of  vector  multiplication): 

L.  x ( Lh  x Lc)  = (L„  x Lb)  x Lt  (2.14) 

while 

• The  vector  multiplication  is  distributive  with  respect  to  addition: 

Axiom  C2: 


since  La  - (£,  x Lc)  = L„  x 


= L 


<“  *•)/(«♦»* 


(I„  x Lb)  x Lc  = x Lc  = as  well. 


L.  x(I6  + Lc)  = U x U + Lu  xl,  (2.15) 

doceI«x(L»+Le)  = LaxL*+t  = £<«.(i+c)»/lm*i)  and  LmxLy+LmX 

L*  = + i{ac|/(n.4l>  = 

Axiom  C3: 


(La  + Lb)  x Le  = Lax  Le  + L^  x Le  (2.10) 

since  (L«+£*)xI1  = L,.k»Le  = Lu.+b  w,/(m,i>  = I(«4*«>/(-+i)  = 
i(«*)/(m+l)+(l«)/<n.4l>  = ^(«.)/(m.l|  + ^|*r)/(«4ll  = UxLc  + L%X 

Le* 

Axiom  C4: 


u • (La  x Lb)  = (a  • L.)  x Lb  = L„  x (a  • Lb)  (2.17) 

since  a(L.x£b)  = Q-£(ob)/(ra,1)  = L(aab)/<m,i,  = i<(o.)S)/(«4i)  = 
Lm  x Lt  = (a  L„)  x Ln  but  also  L|aab)/(f.+I,  = L(a(ob))/(m,i,  = 
La  X L„(,  = La  X (u  • ti). 

• The  {fotfary  Element  for  vector  multiplication  is  Lm , i , since 

Axiom  Dl: 

La  * ^m+i  = ^m.1  X Lu  = f'(„<m»i))/(m+i)  = ^B,Va  € R.  (2.18) 

• Ail  L_  ^ Lo  are  uiwrtiMe  with  respect  to  vector  multiplication  and  the 
inverse  of  L,  is  (I«)_l  with: 

Axiom  El: 

(La)-1  = L{m+Wm  = ^ (2.19) 

since  La  * (Lm)~l  = La  x 
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Therefore  the  DSm  linear  algebra  is  a Division  Algtbm.  DSin  Linear  Alge- 
bra is  also  a trivial  Lie  Algebra  since  we  can  define  a law: 


<£ot  L4)  — (£.,  Ly]  = Lax  Lh-  Lft  x L0  = L0 

such  that 

[£«,  Lm)  = I0  (2.20) 

and  Jacobi  identity  is  satisfied: 

| la.  lift,  Ic]I  + (I*.  (£c.  Loll  + l^c.  |Io?  Lb  II  = lo  (2.21) 

Actually  (Lr,  +,x,*)  is  a field,  and  therefore  in  particular  a ring,  and  any 
ring  with  the  law  [r,  y]  = xy  — yx  is  a Lie  Algebra. 

We  can  extend  the  field  isomorphism  /1  toa  linear  algebra  isomorphism  by 
defining1:  /i : R Lr  -*  R R with  /r(o  • Ln ) = 0 • /b(Ira ) since  /r(o  Lfl ) = 
=a  ^/(m4'1)==a  * 53  * /k(Lnh  Since  *)  is  a trivial 

linear  algebra  over  the  field  of  reals  R,  and  because  (Lr.  + , •)  is  isomorphic  with 
it  through  the  above  /r  linear  algebra  isomorphism,  it  results  that  (Lr.  +,  *)  is 
also  a linear  algebra  w'hich  is  associative  and  commutative. 


2.3  New  operators 

Let’s  now  define  new  operators,  such  as  scalar- vector  (mixed)  addition,  scalar- 
vector  (mixed)  subtraction,  scalar- vector  (mixed)  division,  vector  power,  and 
vector  root. 


They  might  be  surprizing  since  such  “strange*  operators  have  not  been 
defined  in  science,  but  for  DSm  linear  Algebra  they  make  perfect  sense  since 
(Lr,  +,  x ) is  isomorphic  to  (R.  4-,  x ) and  a label  is  equivalent  to  a real  number, 
since  for  a fixed  m > 1 we  have 


VL,  G 3!r  € R,  r = 


such  that  La  = r 


and  iecipiocally 


Vr  G R.3L.  such  that  r = L, 

lu  consequence,  w cun  substitute  a ieal  number  by  a label,  and  iecipiocally. 


derates  the  scalar  multipbcAtinn. 
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• Scalar- vector  (mixed ) addition: 

Lu  + a = o + Lu  = £0.„(m4l)  (2.22) 

aince  Lu  + a = In  + = I„  + La(».„  = Lata(mtl). 

• Scalar-vector  (mixed)  subtractions: 

L.-o  = La.a{mtli  (253) 

since  L„-o  = La  - jrrrrr  = ~ ^a(».i)  = £>-a(m+i)- 

I*  - L*  = h„<m.l)-a  (2-34) 

since  a - L„  = ^^TIT  ~ L»=  ^<ri«»)  — 

• Scalar-vector  (mixed)  divisions: 

La  + a=  ^ = ^-La  = L:,  lor  a f 0.  (255) 

which  b equivalent  to  the  scalar  multiplication  (i.)  • La  where  i € R. 


4-  La  = 


(2*26) 


since  a + Lm  = ■¥  L„  = La(m*l)  rt.  = (m*I)  = 


• Vector  power: 


/<«»!)' 


(2.27) 


(La)1'  = (La)"^  = L - , - = L » 14 

* aWTT/(mn)-irrr, 


wheie  we  replaced  /?  = — ^ in  the  scalar  product,  formula. 
• Vector  root 

t/ = L m«l  m -**-1 


(2.28) 


since  VC  = (h.)^  = (Z.u) • = (£..)“*“  = = 

L t»fl  tt  M-Ml  . 
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La  endowed  with  all  these  scalar  and  vector  (adilition,  subtraction,  multipli- 
cation, division,  power,  and  root)  operators  becomes  a powerful  mathematical 
tool  in  the  DSm  field  and  simultaneously  linear  algebra  of  refined  labels. 

Therefore,  if  we  want  to  work  with  only  1-T\iple  labels  (ordinary  labels),  in 
all  these  operators  we  set  the  restrictions  that  indexes  are  integers  belonging 
to  (0. 1, 2, . . . , m,  m + 1};  if  an  index  is  le»  than  0 then  we  force  it  to  be  0,  and 
if  greater  than  m *f  1 we  force  it  to  m + 1. 

2.4  Working  with  2-tuple  labels 

For  2-rI\iple  labels  defined  by  Herrera  and  Martinez  (3),  that  have  the  form 
<L,.<rf)  where  i is  an  integer  and  erf  is  a remainder  in  (— Jlij,  w 1160 
the  scalar  addition  (when  erf  > 0)  or  scalar  subtraction  (when  of  < 0)  as 
defined  jireviously  in  order  to  transform  a 2-Tuple  label  into  a refined  label 
and  then  we  use  all  previous  twelve  operators  defined  in  FLARL.  Actually, 
(L,,of ) = Lj  -f  of  and  it  doesnT  matter  if  <rf  is  positive,  zero,  or  negative. 

2.5  Working  with  interval  of  labels 

Interval  of  labels  (i.e.  imprecise  labels)  in  the  DSm  Linear  Algebra  are  intervals 
of  the  form  [Irl,LrJ|,  [£»,£„),  <£«»£*)*  where  ra,r2  € R and 

rj  < r3.  To  observe  that  rx  and  r2  can  be  positive,  negative,  zero,  decimals, 
etc.  For  n = ra.  the  closed  labeled  interval  [Ln.Lrj]  = Lrt  = Lrj.  while  the 
ocher  intervals  are  empty. 

For  intervals  of  labels  or,  more  general,  for  sets  of  labels,  we  use  the  op- 
erations on  sets  (addition,  subtraction,  multiplication,  division,  power,  root  of 
sets)  employed  in  working  with  imprecise  information  as  proposed  in  (5). 

2.6  Concluding  remark 

All  previous  four  categories  of  labels:  l-Thple  labels.  2-’Ihple  labels,  Imprecise 
labels,  and  specially  refined  labels  can  be  enriched.  Enrichment  of  a category 
of  labels  means  that  one  take  into  account  also  the  degree  of  confidence  in  each 
label  (or  in  each  interval  of  labels),  as  in  statistics  For  example,  the  refined 
labels  Li(ci)  means  that  we  are  c*  percent  confident  in  label  L,,  where  c,  € (0, 1). 
L,  and  c»  are  independent,  which  means  that  we  apply  all  previous  twelve 
qualitative  operators  on  L*T s.  while  for  the  percentage  cx  we  can  use  quantitative 
operators  such  as  mm.  max,  average,  etc  To  remark  that  ox  from  Heriera- 
Martinez  2-Thple  labels  is  not  independent  from  L,  that  is  associated  and  tr f 
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can  be  interpreted  as  a refinement  factor  of  L,  whereas  a is  interpreted  as  a 
confidence  factor  for  I*.  Therefore,  c,  from  enriched  labels  is  different  from  <r* 
from  2-Tuple  labels  and  they  have  totally  different  meanings.  From  the  refined 
label  model  of  qualitative  beliefs  and  the  previous  operators,  we  are  able  to 
extend  the  DSm  classic  (DSmC)  and  the  PCR5  numerical  fusion  rules  proposed 
in  Dezert^Smarandache  Theory  (DSmT)  and  all  other  numerical  fusion  rules 
from  any  fusion  theory  (DST,  TBM.  etc.)  in  the  qualitative  domain. 
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Abstract:  In  this  chapter ; we  propose  in  the  DSmT framework.  a 
new  probabilistic  transformation,  catted  DSmP,  in  order  to  build  a 
suhjettne  probability  measure  from  any  basic  belief  assignment  de • 
final  on  any  model  of  the  frame  of  discernment.  Several  examples 
are  given  to  shore  how  the  DSmP  transformation  works  and  we  awn- 
purr  it  to  main  existing  transformations  proposed  in  the  literature 
so  far.  M'c  show  (he  advantages  of  DSmP  over  classical  transforma- 
tions in  term  of  Probabilistic  Information  Content  (PIC).  The  direct 
extension  of  this  frani/ormiiJian  /or  dealing  unth  guah/ative  belief  as- 
signments is  also  presented.  This  thivretical  work  must  increwe  the 
performances  of  DSmT’ loses!  hard  decision  based  systems  as  u^ell  as 
in  soft’decinon  Ussed  systems  in  many  fields  uhere  it  amid  be  used. 
iff.  m biometrics,  medicine,  robotics,  surveillance  and  threat  as- 
sessment, multisensor-multitaryet  tracking  for  military  and  cirduin 
application!,  etc. 
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3.1  Introduction 

In  the  theories  of  belief  functions.  Dempster-Shafer  Theory  (DST)  (I0]t  Trans- 
ferable Belief  Model  (IBM)  (15)  or  DSmT  (12,  13),  the  mapping  from  the 
belief  to  the  probability  domain  is  a controversial  issue.  The  original  purpose 
of  such  mappings  was  to  make  a (hard)  decision,  but  contrariwise  to  erroneous 
widespread  idea/claim,  this  is  not  the  only  interest  for  using  such  mappings 
nowadays.  Actually  the  probabilistic  transformations  of  belief  mass  assign- 
ments are  very  useful  in  modern  multitarget  multisensor  tracking  systems  (or 
in  any  other  systems)  where  one  deals  with  soft  decisions  (i.e.  where  all  possible 
solutions  are  kept  for  state  estimation  with  their  likelihoods).  For  example,  in 
a Multiple  Hypotheses  TYacker  using  both  kinematical  and  attribute  data,  one 
needs  to  compute  all  probabilities  values  for  deriving  the  likelihoods  of  data 
association  hypotheses  and  then  mixing  them  altogether  to  estimate  states 
of  targets.  Therefore,  it  is  very’  relevant  to  use  a mapping  which  provides  a 
high  probabilistic  information  content  (PIC)  for  expecting  better  performances. 
This  perfectly  justifies  the  theoretical  work  proposed  in  this  chapter.  A classical 
transformation  is  the  so-called  pignistic  probability  (16),  denoted  BctP . wfhich 
offers  a good  compromise  between  the  maximum  of  credibility  Bel  and  the 
maximum  of  plausibility  PI  for  decision  support.  Unfortunately,  BetP  doesn't 
provide  the  highest  PIC  in  general  as  pointed  out  by  Sudano  (17-19).  We 
propose  hereafter  a new  generalized  pignistic  transformation,  denoted  DSmP , 
which  is  justified  by  the  maximization  of  the  PIC  criterion.  An  extension  of 
this  transformation  in  the  qualitative  domain  is  also  presented.  This  chapter  is 
an  extended  version  of  a papier  presented  at  Ffrsion  2008  conference  in  Cologne. 
Germany  (7).  An  application  of  DSmP  for  the  Target  Type  Tracking  problem 
will  be  presented  in  Chapter  16 


3.2  Classical  and  generalized  pignistic  probabilities 
3.2.1  Classical  pignistic  probability 

The  basic  idea  of  the  classical  pignistic  probability  proposed  and  coined  by 
Philippe  Smet s in  [14,  16)  consists  in  transfering  the  positive  mass  of  belief  of 
each  non  specific  element  onto  the  singletons  Involved  in  that  element  split  by 
the  cardinality  of  the  proposition  when  working  with  normalized  basic  belief 
assignments  (bba's).  The  (classical)  pignistic  probability  in  TBM  framework 
is  given  by1  BetPQ)  = 0 and  VX  € 2e  \ (0)  by 


that  m(.)  U of 
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Be,P{X)  = Y. 

Yt2°.Y*4 


\XnY]  m(Y) 

\y\ 


(3.1) 


where  2e  is  the  power  set  of  the  finite  and  discrete  frame  0 assuming  Shafer  a 
model,  i.e.  all  elements  of  0 are  assumed  truly  exclusi ve- 


in Shafer's  approach.  m(ti)  = 0 and  the  formula  (3.1)  can  be  rewritten  for 
any  singleton  0,  € 0 as 


BctP{0%)  = 


E |pr»0')-m(ft)+  Y jPin,<y> 

V* 2°  X«2°  ' 1 

».cv  *,c  r 


(3.2) 


3.2.2  Generalized  pignistic  probability 

The  classical  pignistic  probability  has  been  generalized  in  DSmT  framework  for 
any  regular  bba  m(.)  : G®  — |0. 1)  (Le.  such  that  m(0)  = 0 and  £X(C«  m(X)  = 
1)  and  for  any  model  of  the  frame  (free  DSm  model,  hybrid  DSm  model  and 
Shafer's  model  as  well).  A detailed  presentation  of  this  transformation  with 
several  examples  can  be  found  in  Chapter  7 of  (12).  It  is  given  by  BetP(6)  = 0 
and  IX  € G®  \ (0)  by 


BetP(X)  = Y 


Cm(X  n Y) 

Cm(Y) 


m(y) 


(3.3) 


where  G®  corresponds  to  the  hyper-power  set  including  all  the  integrity  con- 
straints of  the  model  (if  any)2;  Cm{Y)  denotes  the  DSm  cardinal3  of  the  set 
Y.  The  formula  (3.3)  reduces  to  (3.2)  when  G®  reduces  to  classical  power  set 
2®  when  one  adopts  Shafer’s  model. 


3.3  Sudano’s  probabilities 


indexSudano's  probabilities 

John  Suduno  has  proposed  several  transformations  for  approximating  any 
quantitative  belief  mass  m(.)  by  a subjective  probability  measure  (21).  The-e 


» 2"  if  one  adopt*  Shafer's  model  foe  6 
adopts  the  hoc  DSm  model  for  0 |12]. 

*CM(X)  is  the  oamber  of  parts  c4  Y in  the 
[12|  (Chap.  7). 


and  G*  = D”  (Dtdekmd’a  lattice)  if 
diagram  of  the  model  M of  the  h 


Chapter  3:  Transfer ma t i ons  of  belief  masses  . . . 


transformations  were  denoted  PrPI , PrNPl,  PraPL  PrBel  and  PrHyb , and 
were  all  defined  in  DST  framework.  They  use  different  kinds  of  mappings  either 
proportional  to  the  plausibility,  to  the  normalised  plausibility,  to  all  plausibil- 
ities, to  the  belief,  or  a hybrid  mapping. 

PrP/(.)  and  PrBcl(.)  transformations  are  mathematically  defined4  as  follows 
lor  all  X * 0 € O: 


PrPt{X)  = Pl{X)  • £ 


y1o  cs[phy)\ 


m(Y) 


(3-*) 


PrBel(X)  = Bel(X)  • £ (3-3) 

where  the  denominators  involved  in  the  formulas  are  given  by  t he  compound- 
to-sum  of  singletons  CS(.)  operator  defined  by  (17) 

C5[F/(y)]  = £ PlW  and  CS[Bel(Y) £ Bel{Y,) 

Y,«  2°  ««1* 

JTifcV 

PrNPH.),  ProPI{.)  and  PrHyb{.)  also  proposed  by  John  Sudano  |17,  21]  are 
defined  as  follows: 

• The  mapping  proportional  to  the  normalized  plausibility 


PrNPl(X)  = 1 £ m(y)  = ^ • Pt(X) 


(3.6) 


Ynx% 


where  A is  a normalization  factor  such  that  PrNPl(X)  = 1. 

• The  mapping  proportional  to  all  plausibilities 


with 


PruPl(X)  = Bel(X)  + 1 Pl{X ) 
A 1 -'Hy^BcHY) 

' v:ViioF/o-> 


(3.7) 


4 For  rotational  convaunncr.  and  simplicity,  wi  use  a different  bat  ©quivnknt  notation 
than  the  one  originally  proposed  by  John  Sudano  m his  puhbcat*ma 
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• The  hybrid  pignistic  piobability 


with 


MMXI-KMFItX)-  2^,11 

*‘-r 

GS[PraPI(Y)J  = £ PraPl{Y,) 
v;^2° 


(3.8) 


• The  pedigree  pignistic  probability  [18]:  It  is  denoted  PrPed(.)  and  was 
introduced  by  John  Sudano  in  [18).  PrPed(.)  uses  the  combined  bbaa 
with  the  probability  proportionally  functions  to  compute  a better  pignis- 
tic  probability  estimate  when  used  in  conjunction  with  the  Generalized 
belief  fusion  algorithm  [sic  (19]].  This  kind  of  transformation  is  out  of  the 
scope  of  this  chapter,  since  it  cannot  be  applied  directly  for  approximat- 
ing a bba  m(.)  without  reference  to  some  prior  bba's  and  a fusion  rule. 
Here  we  search  for  an  efficient  approximation  of  m(.)  by  a subjective  pro- 
bability measuie  without  any  other  considerations  on  how  tn(.)  has  been 
obtained.  We  just  want  to  use  t he  minimal  information  available  about 
m(.),  Le.  the  values  of  m(.4)  for  all  A € C*. 


3.4  Cuzzolin's  intersection  probability 

In  2007.  a new  transformation  has  been  proposed  in  [4|  by  Fabio  Cuxzoiin  in 
the  framework  of  DST.  FYom  a geometric  interpretation  of  Dempster's  rule, 
an  Intersection  Probability  measure  was  proposed  from  the  proportional  repar- 
tition of  the  Total  Non  Specific  Mass5  (TNSM)  by  each  contribution  of  the 
non-specific  masses  involved  in  it.  For  notational  convenience,  w*e  will  denote 
it  CuzzP  in  the  sequel. 

3.4.1  Definition 

CazzP(.)  is  defined  on  any  finite  and  discrete  frame  0 = \&i ....v0n},  n > 2. 
satisfying  Shafer's  model,  by 

CummPM  = m(8t)  + x TNSM  (3.9) 

Lai-\  &W) 

Ha.  th e mtuu  committed  to  partial  aid  total  i^naraor**,  Lc  to  dlijuoctira*  c£  elements 
oT  the  frame 
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willi  A(0i)  = Pl{Oi)  - in{0t)  and 

n 

TNSM  = l-^2m(B,)=  £ m(A)  (3  JO) 

>-l  4r.2-,|A|>l 


3.4.2  Remarks 

While  appealing  at  the  first  glance  because  of  its  interesting  geometric  justi- 
fication, Cuzzolin's  transformation  seems  to  be  not  totally  satisfactory  in  our 
point  of  view  for  approximating  any  belief  mass  m(.)  into  subjective  probabibty 
for  the  following  reasons: 

1.  Although  (3.9)  does  not  include  explicitly  Dempster's  rule,  its  geometrical 
justification  |2-4,  Gj  is  strongly  conditioned  by  the  acceptance  of  Demp- 
ster's rule  as  the  fusion  operator  for  belief  functions  This  is  a dogmatic 
point  of  view  we  disagree  with  since  it  has  been  recognized  for  many  years 
by  different  experts  of  AI  community,  that  other  fusion  rules  can  offer 
better  performances,  especially  for  cases  where  highly  conflicting  sources 
are  involved. 


2.  Some  parts  of  live  masses  of  partial  ignorance,  say  .4.  involved  in  the 
TNSM,  are  also  transferred  to  singletons,  say  0.  € 0 which  are  not  in- 
cluded in  A (Le.  such  that  {0.}nA  = 0).  Such  transfer  is  not  justified 
and  does  not  make  sense  in  our  point  of  view.  To  be  more  clear,  let's  take 
0 = (A.  B,  C}  and  m(.)  defined  on  its  power  set  with  all  masses  strictly 
positive.  In  that  case,  in  (A  u B)  > 0 does  count  in  TNSM  aud  thus  it 
is  a bit  redistributed  back  to  C with  the  ratio  throu8h 

TNSM  > 0.  There  is  no  solid  reason  for  committing  partially  m(A  U B) 
to  C since,  only  A and  B are  involved  in  that  partial  ignorance.  Similar 
remarks  hold  for  the  partial  redistribution  of  >n(  A U C)  > 0. 


3.  It  is  easy  to  verify  moreover  that  CuzzP(.)  is  mathematically  not  defined 
when  m(.)  is  already  a probabilistic  belief  mass  because  in  such  case  all 
terms  A(.)  equal  zero  in  (3.9)  so  that  one  gets  0/0  indetermination  in 
Cuzzolin's  formula.  This  remark  is  important  only  bom  the  mathematical 
point  of  view. 


3.5  A new  generalized  pignistic  transformation 

We  propose  a new  generalized  pignistic  transformation,  denoted  DSmP  to 
avoid  confusion  with  the  previous  existing  transformations,  which  is  straight- 
forward. and  also  different  from  Sudano's  and  Cuzzolin’s  redistributions  which 
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are  more  r dined  but  less  exact  in  our  opinions  than  wliat  we  present  here. 
The  basic  idea  of  our  DSmP(.)  transformation  consists  in  a new  way  of  pro- 
portionals at  ions  of  the  mass  of  each  partial  ignorance  such  as  A\  U A2  or 
Ax  U (A2  n A3)  or  {Ax  O A2)  U (.43  n .44).  etc.  and  the  mass  of  the  total  ig- 
norance A\  u A2  U . . . U An,  to  the  elements  involved  in  the  ignorances.  This 
new’  transformation  takes  into  account  both  the  values  of  the  masses  and  the 
cardinality  of  elements  in  the  proportional  redistribution  process.  We  first 
present  the  general  formula  for  this  new  transformation,  and  the  numerical 
examples,  and  comparisons  with  respect  to  other  transformations  are  given  in 
next  sections. 


3.5.1  The  DSmP  formula 


Let’s  consider  a discrete  frame  0 with  a given  model  (free  DSm  model,  hybrid 
DSm  model  or  Shafer’s  model),  the  DSmP  mapping  is  defined  by  D£mP«(0)  = 
0 and  V*  € G*  \ {flj  by 


£ m(Z)  + e.C(XnY) 
xcxnr 

DSmP.(X)  = Y — 1— m (Y) 

w £ »<*)+« -c(n 

c?£. 


(3.11) 


where  e > 0 is  a tuning  parameter  and  G°  corresponds  to  the  hyper-power 
set  including  eventually  all  the  integrity  constraints  (if  any)  of  the  model  Af; 
C{X  n Y)  and  C{Y)  denote  the  DSm  cardinals6  of  the  sets  X (0  Y and  Y re- 
spectively. 


The  parameter  c allows  to  reach  the  maximum  PIC  value  of  t he  approx- 
imation of  m(.)  into  a subjective  probability  measure.  The  smaller  c.  the 
bet  ter /bigger  PIC  value.  In  some  particular  degenerate  cases  however,  the 
DSmP4wm o values  cannot  be  derived,  but  the  DStnPl>0  values  can  however  al- 
ways be  derived  by  chocking  c as  a very  small  positive  number,  say  < = 1/1000 
for  example  in  order  to  be  as  close  as  we  want  to  the  maximum  of  the  PIC  (see 
the  next  sections  for  details  and  examples). 

It  is  interesting  to  note  also  that  when  c = 1 and  when  the  masses  of  all 
elements  Z having  C(Z)  = 1 are  zero,  (3.11)  reduces  to  (3.3),  i.e.  DSmP€m.i  = 
DetP.  The  passage  from  a free  DSm  model  to  a Shafer's  model  induces  a 


eWe  have  omitted  the  index  of  the  model  M foe  notation*!  convenience. 
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change  in  the  Venn  diagram  representation,  and  so  the  cardinals  change  as 
well  in  the  formula  (3.11). 

If  one  works  on  a (ultimate  refined)  frame  0,  which  implies  that  Shafers 

model  holds,  then  the  DSmPg((ft)  probability'  of  any  element  0, , i = 1, 2 n 

of  the  frame  0 = (fli. . . . , 0n)  can  be  directly  obtained  by: 


DSmP,(Ot)  = m(0,)  + (m(0,) +«)  V]  — (3.12) 

X-  m(K) + €•£(*) 

C(V)-l 

The  probabilities  of  (partial  or  total)  ignorances  are  then  obtained  from  the 
additivity  property  of  the  probabilities  of  elementary  exclusive  elements,  i.e. 
for  i,  j = 1, . . . ,n,  i j,  DSmP,(0,  u fly)  = DSmP.(0,)  + DSmP,(Oj),  etc. 


3.5.2  Advantages  of  DSmP 

DSmP  works  for  all  models  (bee,  hybrid  and  Shafers).  In  order  to  apply 
classical  BetP.  CuzzP  or  Sudano's  mappings,  we  need  at  fust  to  refine  the 
bame  (on  the  cases  when  it  is  possible!)  in  order  to  work  with  Shafer's  model, 
and  them  apply  then  formulas.  In  the  case  where  refinement  makes  sense,  then 
one  can  apply  the  other  subjective  probabilities  on  the  refined  bame.  DSmP 
works  on  the  refined  bame  as  well  and  gives  the  same  result  as  it  does  on  the 
non-re-fined  bame.  Thus  DSmP  with  c > 0 works  on  any  model  and  so  is 
very  general  and  appealing.  It  is  a combination  of  PrBel  and  BetP.  PrBel 
performs  a redistribution  of  an  ignorance  mass  to  the  singletons  involved  in  that 
ignorance  proportionally  with  respect  to  the  singleton  masses.  While  BetP  also 
does  a redistribution  of  an  ignorance  mass  to  the  singletons  involved  in  that 
ignorance  but  proportionally  with  respect  to  the  singleton  cardinals.  PrBel 
does  not  work  when  the  masses  of  all  singletons  involved  in  an  ignorance  are 
null  since  it  gives  the  indetermination  0/0.  and  in  the  case  when  at  least  one 
singleton  mass  involved  in  an  ignorance  is  zero,  that  singleton  does  not  receive 
any  mass  bom  the  distribution  even  if  it  w as  involved  in  an  ignorance,  which 
is  not  fab/good.  BetP  works  all  the  time,  but  the  redistribution  is  rough  and 
does  not  take  into  account  the  masses  of  t he  singletons. 

So,  DSmP  salves  the  PrBel  problem  by  doing  a redistribution  of  the  ig- 
norance mass  with  respect  to  both  the  singleton  masses  and  the  singletons' 
cardinals  in  the  same  time.  Now.  if  all  masses  of  singletons  involved  in  all  ig- 
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norances  are  different  from  aero,  then  we  can  take  t = 0,  and  DSmP  coincides 
with  PrBel  and  both  of  them  give  the  best  result,  i.e.  the  best  PIC  value. 

PrNPl  is  not  satisfactory  since  it  yields  an  abnormal  behavior.  Indeed, 
in  any  model,  when  a bba  m(.)  is  transformed  into  a probability,  normally 
(we  mean  it  is  logically  that)  the  masses  of  ignorances  are  transferred  to  the 
masses  of  elements  of  cardinal  1 (in  Shafer's  model  these  elements  are  single- 
tons).  Thus,  the  resulting  probability  of  an  element  whose  cardinal  is  1 should 
be  greater  than  or  equal  to  the  mass  of  that  element.  In  other  words,  if  .4  in 

and  C{A)  = 1,  then  P(A)  > m(A)  for  any  probability  transformation  P(.). 
This  legitimate  property  is  not  satisfied  by  PrNPl  as  seen  in  the  following 
example. 

Example:  Let's  consider  Shafer's  model  with  0 = {.4.  B.C)  and  m(A)  = 
0.2.  m(B)  = m(C J = 0 and  m{B  U C)  = 0.8,  then  the  DSmP  transformation 
provides  for  any  < > 0: 

DSrnP,(A ) = 0.2  = BetP(A) 

DSmP.(B)  = 0.4  = BtlP(B) 

DSmP,  (C)  = 0.4  = BetP(C) 

Applying  Sudano’a  probabilities  formulas  (3  4)-(3  8),  one  gets7 

- Probability  PrP/<.): 

PrPI(A)  = 0.2  • [0.2/0.2|  = 0.2 
PrPl(B)  = 0.8  • [0.8/ <0.8  + 0 8))  = 0.4 
PrPI(C)  = 0.8  • [0.8/(0.8  + 0.8))  = 0.4 

- Probability  PrBel(.): 

PrBd{A ) = 0.2  • (0.2/0. 2]  = 02 
PrBcl(B)  = 0 • [0.6/(0  + 0)|  = JVa.V 
PrBel(C)  = 0 - 10£/<0  + 0)|  = JVa.V 

- Probability  Pr,VP/(.)i 

PrNPl(A)  = 0 .2/(02  + 0.8  + 0.8)  s=  0.1112 
PrNPl(B)  = 0.8/(0.2  + 0.8  + 0.8)  * 0.4444 
PrA'P/(C)  = 0.8/(0.2  + 0.8  + 0.8)  0.4444 

’Wc  use  NaN  acronym  here  rtaodin*  for  Set  a iVumAer  Wc  could  also  nor  iSie  Baodard 
'S/A."  slaodin*  tea  "don  not  apply"- 


M 
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- Probability  ProPH.):  « = 

PraPI{A)  = 0.2  + 0.4444  • 0.2  = 0.2890 
Pro  PUB ) = 0 + 0,4444  05  = 0.3555 
PraPl(C)  = 0 + 0.4444  0 8 ^ 0.3555 


Probability  PrByb(.): 


PrHybiA)  = 0.2890- 
PrHyb(B)  = 0.3555  • 
PrHyb(C)  = 0.3555  • 


0.2 


0. 


= 0.2 


0.6 

0.3555 

+ 0.3555 
0.8 

0.3555  + 0.3555 

) = 0.4 
] = 0.4 


Applying  CozzoDn’s  probabilities  formula  (3.9) r one  get* 

c^pW  = «M)  + ' tmbm 


= 0.2  + 
Cu:sP(B ) = m(B) 
= 0 


0 


0 + 0.8  + 0.6 

A (B) 


• 0.8  = 0.2 


AM)  + A(B)  + A(C) 
0.8 


TNSM 


0 + 0.8 + 0.6 


- 0.8  = 0.4 


C,,,P(C)— (0+a(4  + ^ + ata  TNSM 


= 0 


0.6 


0 + 0.8 + 0.6 


• 0.8  = 0.1 


since  TNSM  = m(B  U C)  = 0.8,  A(.4)  = Pi(,4)  - m(A)  = 0,  A(B>  = 
P/(B)  - m{B)  = 0.8  and  A(C)  = P1(C)  - m(C)  = 0.8. 

In  such  a particular  example,  BetP,  PrPl,  Cus:P,  PrHyb  and  DSmP.> o 
transformations  coincide.  PrBel[.)  is  mathematically  not  defined.  Such  con- 
clusion is  not  valid  in  general  as  we  will  show  in  the  next  example  of  this 
chapter.  FVom  this  very  simple  example,  one  sees  dearly  the  abnormal  behav- 
ior of  PrNPl{.)  transformation  because  PrNPI(A)  = 0.1112  < ni(.4)  = 0.2; 
it  is  not  normal  that  singleton  <1  looses  mass  when  m(.)  is  transformed  into  a 
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subjective  probability  since  the  resulted  subjective  probability  of  an  element 
whose  cardinal  is  1 should  be  greater  than  or  equal  to  the  mass  of  that  element. 

In  summary,  DSmP  does  an  improvement  of  all  Sudano,  Cuzzolin,  and 
BetP  formulas,  in  the  sense  that  DSmP  mathematically  makes  a more  accurate 
redistribution  uf  the  ignorance  masses  to  the  singletons  involved  in  ignorances. 
DSmP  and  BetP  work  in  both  theories;  DST  (=  Shafer’s  model)  and  DSrnT 
(=  free  or  hybrid  models)  as  well.  In  order  to  use  Sudano 's  and  Cuzzolin’s  in 
DSrnT  models,  we  have  to  refine  the  frame  (see  Example  3.7.5). 


3.6  PIC  metric  for  the  evaluation  of  the  transformations 

Following  Sudanos  approach  (17.  18,  21].  we  adopt  the  Probabilistic  Informa- 
tion Content  (PIC)  criterion  as  a metric  depicting  the  strength  of  a critical 
decision  by  a specific  probability  distribution.  It  is  an  essential  measure  in 
any  threshold-driven  automated  decision  system.  The  PIC  is  the  dual  of  the 
normalized  Shannon  entropy.  A PIC  value  of  one  indicates  the  total  knowledge 
(i.e.  minimal  entropy)  or  information  to  make  a correct  decision  (one  hypoth- 
esis has  a probability  value  of  one  and  the  rest  are  zero).  A PIC  value  of  zero 
indicates  that  the  knowledge  or  information  to  make  a correct  decision  does 
not  exist  (all  the  hypothesis  have  an  equal  probability  value),  i.e.  one  has  the 
maximal  entropy.  The  PIC  is  used  in  our  analysis  to  sort  the  performances 
of  the  different  pignistic  transformations  through  several  numerical  examples. 
We  first  recall  what  Shannon  entropy  and  PIC  measure  are  and  their  tight 
relationship. 


3.6.1  Shannon  entropy 

Shannon  entropy,  usually  expressed  in  bits  (binary  digits),  of  a discrete  pro- 
bability measure  P{.J  over  a discrete  finite  set  0 = (0i,...,0n}  is  defined 

by*  [11]: 


*<P)  = -Em>»OBa<m>)  (3.13) 

l-i 

H(P)  measures  the  randomness  carried  by  any  discrete  probability  measure 
P{.}.  //(P)  is  maximal  for  the  uniform  probability  measure  over  0,  i.e.  when 
P{0<)  = l/n  for  t = 1,2. ...tn.  In  that  case,  one  gets: 

— to  111. 


•with 


0 


Chapter  3:  Transformations  of  belief  maa 8€s  . . . 


H(P)  = W«u«  = -5Z^log2ti)  = logJ(n) 


1-1 


H[P)  is  minimal  for  a totally  deUrmxni&tic  probability  measure,  i.e.  for  any 
P{.}  such  that  P(0t)  = 1 fijr  some  i € {l,2,«..,n)  and  P{0*}  = 0 for  j ? t. 


3.6.2  The  probabilistic  information  content 

The  Probabilistic  Information  Content  (PIC)  of  a discrete  probability  measure 
P{.}  over  a discrete  finite  set  0 = {0it...,0n}  is  defined  by  [18): 

PIC(P)  - 1 + J-  ■ £ P{0i)  lo*<m})  (314) 

The  PIC  metric  is  nothing  but  the  dual  of  the  normalixed  Shannon  entropy 
and  is  actually  unitless.  It  actually  measures  the  information  content  of  a prob- 
abilistic source  characterized  by  the  probability  measure  P{.}.  The  PIC(P) 
metric  takes  its  values  in  [0, 1|  and  is  maximum,  i.e.  PIC(P)  = PJCm^x  = 1 
with  any  deterministic  probability  measures.  PIC(P)  = P/Cmk»  = 0 when 
the  probability  measure  is  uniform  over  the  frame  0.  i.e.  P(0,)  = 1/n  for 
t = 1, 2, . . . , n.  The  simple  relationships  between  H{P)  and  PIC(P)  are  : 

PIC(P)  = 1 - (3.15) 

flea  ax 

H(P)  = HBUX{1-PIC(P))  (316) 

3.7  Examples  and  comparisons  on  a 2D  frame 

3.7.1  Example  1:  Shafer's  model  with  a general  source 

Let’s  coos uler  the  2D  frame  0 = {.4.  B|  with  Shafer's  model  (Le.  A r B = tf) 
mid  the  non-Bayesian  quantitative  belief  assignment  (maas)  given  in  Table  3 1. 
In  this  example  since  one  adopts  Shafer's  model  for  the  frame  0,  CB  coincides 
with  2s,  Le.  G*  = 2B  = (0.  A.B,AU  B}. 


A 

B 

AuB 

m(.) 

6.3 

(1.1 

Oil 

Table  3.1:  Quantitative  input  fur  example  3.7.1 
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Let's  explain  in  details  Ibe  derivations  of  the  ilitfeient  transformations9: 
• With  the  pignistic  probability: 


BctP(A)  = m(A)  + im(.4  U B)  = 0.3  + (0.6/2)  = 0.60 

BetP(B)  = m(B)  + lm(A  U B)  = 0. 1 + (0.6/2)  = 0.40 

Since  we  are  working  with  Shafer's  inodeL  the  generalized  pignistic  probability 
given  by  (3.3)  coincides  with  the  classical  pignistic  probability. 

• With  Sudano’s  probabilities 

Applying  Suilano's  probabilities  formulas  (3.'l(-(3.8),  one  gets: 

- H’lfA  the  probability  PrPI(.): 

PrPI(A)  = 0.9  [0.3/0.9  + 0.6/(0.9  + 0.7)]  = 0.6375 
PrPl(B)  = 0.7  • [0. 1/0.7  + 0.6/(0.9  + 0.7)]  = 0.3625 

- With  the  probability  PrBel(.): 

PrBd(A)  = 0.3  • (0.3/0.3  + 0 6/(0  3 + 0.1)]  = 0.7500 
PrBel(B)  = 0.1  • [0.1/0.1  + 0.6/(0.3  + 0.1)]  = 0.2500 

- H’tiA  the  probability  PrNPl(.)i 

PrNPl(A)  = 0 .9/(0. 9 + 0.7)  = 0.5625 
PrNPI(B)  = 0.7/(0.9  + 0.7)  = 0.4375 

- With  the  probability  PraPl(.):  e = 'jpfrrrr  = 0 375 

PraPI{A)  = 0.3  + 0.375  • 0.9  = 0.6375 
PruPHB ) = 0.1  + 0.375  • 0.7  = 0.3625 


- H ilA  the  probability  PrHyb( .): 


PrHyb{A)  = 0.0375 


0.3 


0.6 


'0.6375  0.6375  + 0.3625’ 

P'HM)  = 0.3025  + „M75°,V.3025' 


= 0.6825 


= 0.3175 


'All  r 


hen  are  rounded  lo  thru  fourth  decimal  place  for  ccmvroirncc. 
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With  CuzBolin’s  probabihty: 


Since  TNSM  = m(.4  U B)  = 0.6,  A(i4)  = Pl{A)  - m(.4)  = O.G  and 
A (B)  = PI(B)  - m(B)  = 0.6,  one  get# 

Cu^PW  = mH I + r,YSM  = 0.3 + 5^  - o.o  = 0.0000 


MB) 
A|-4)  + A(B) 


CuzzP{B)  = m(B)  + . -r.VS M = 0.1 


06 


0.6  = 0 4000 


0.6  + 0.6 

• With  DSmP  transformation: 

If  one  us®  the  DSrnP  formula  (3-11)  for  this  2D  case  with  Shafer’s  model, 


m{B) 


+ «a>%&X?$ax,b>-«aub>  13171 


DSmP.(B)  = 


m 


(4>  + £-CM)  ‘ 


ml-4)  + 


m(B)  + t-C(B) 


"‘(B) 


m(fl)  + t-C(B) 

mW:zr+‘ZuB>  ^B'  <3i8> 


iKmPrjum.m^)  + <,cW  mi*\±MB)  + eC(B)  ,nfn\ 
DSmP,  (.4 U B)-  ,nM)+t.C(i4>  • MA)  + ,„(BKt.C(B)  ’ MB) 


m(4)  + rn(B| +<-C(j4US)  ' ' ' 


Since  we  use  Shafer’s  model  in  this  example  C(A)  = C(B)  = 1 and  C(-4  U 
B)  = 2 and  finally  one  gets  with  the  DSmP  transformation  the  following  ana- 
lytical expressions: 


DSmP.(A)  = m(-4)  + 


m(-4)  + 1 


m 


(j4)  + m(B)  + 2 - < 


m(XuB) 
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DSmP,(B)  = .„<*)  + m(A)m+Z\B)  + 2.,  ' U « 

DSmP,(A  UB)  = m(A)  + m(B)  + m(A  ufl)  = 1 
One  can  verify  that  the  expressions  of  DSmP.(A)  and  DSmP.(B)  are  also 
consistent  with  the  formula  (3.12)  and  it  can  be  easily  verified  that 

DSmP.(A)  + DSmP.(B)  = DSmP.(A  u B)  = 1. 

- Applying  formula  (3.11)  (or  equivalently  the  three  previous  expressions) 
for  t = 0.001  yields: 

D5mP,-o.ooi(A)  as  0.3  + 0.4492  = 0.7492 
DSmP.-o.ooi(B)  as  0.1  4-  0.1508  = 0.2508 
DSmP,-oun(A  U B)  = 1 

- Applying  formula  (3.11)  for  < = 0 yields10: 

OSmP,_o(A)  = 0.3  + 0.45  = 0.75 
D5mP«_o(B)  = 0.1  + 0.15  = 0.25 
DSmP,.0(Au  B)  = 1 


B 

TTrrr 

PrJVPf(.) 

0.5025 

0.4375 

1.0113 

Be,P(.) 

0.6000 

0.4000 

1.0291 

CurrP(.) 

0.6000 

0.4000 

1.0291 

PrPf(.) 

0.6375 

0.3625 

1.0553 

PraPf(.) 

0.6375 

0.3625 

1.0553 

PrHyb{.) 

0.6825 

0.3175 

1.0984 

DSmP _o  coi(-) 

0.7492 

0.2508 

1.1875 

PrBelQ 

0.7500 

0.2500 

1.1887 

DSmP ,_(,(.) 

0.7500 

0.2500 

1.1887 

Table  3.2:  Results  for  example  3.7.1. 


Results.  We  summamc  in  Table  3.2.  the  results  of  the  subjective  probabi- 
lities and  their  corresponding  PIC  values  sorted  by  increasing  values.  It  is 
interesting  to  note  that  DSmP,  -o(.)  provides  same  result  as  with  PrBel(.) 
and  PIC(DSm P,  — u ( •))  is  greater  than  the  PIC  values  obtained  with  PrSPL. 
BctP,  Cu::P.  PrPl  and  PraPl  transformations. 

,cIt  l>  poaibl*  »mti 
alii&Urm  with  rrjprct  to  m 


of  A orxi  D Are  ncA  zero,  bo  we  actually  ^et  & proportion- 
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3.7.2  Example  2:  Shafer's  model  with  the  ignorant  source 

Let’s  consider  the  2D  frame  & = {.4.  B|  with  Shafer's  model  (Le.  A r B = tf) 
and  the  vacuous  belief  mass  characterizing  the  totally  ignorant  source  given  in 
Thble  3.3. 


1* 

AuB 

m(.) 

0 

0 

1 

Table  3.3:  Vacuous  belief  mass  for  example  3.7.2 


• With  the  pignistic  probability: 

BctP(A)  = BetP(B)  = 0 + (1/2)  = 0.5 

• With  Sudouo’s  probabilities 

Applying  Sudano's  probabilities  formulas  (3.4)-(3.8),  one  gets: 

- Probability  PrPI (.): 

PrPI(A)  = PrPI(B')  = 1 • [0/1  + 1/(1  + 1))  = 0.5 

- ll’if/i  the  probability  PrBel(.): 

PrBel(A)  = PrBel(A)  = 0 • [0/0  + 1/(0  + 0)|  = ,Vo N 

- With  the  pivbabihty  PrNPI{.): 

PrMPI(A)  = PnVPI(B)  = 1/(1  + 1)  = 0.6 

- tVith  the  pivbabihty  PraPl(.):  < = = 0,5 

PraPI(A)  = PraPlfB)  = 0 + 0.5  • 1 = 0.5 

- With  the  probability  PrHt/bl-): 

PrHMA)  = PrHyHB)  -0.S  \±  + - 0.5 
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• With  Cuzzolin’s  probability: 

Since  TNSM  = m(.4  U B)  = 1,  A(A)  = Pf(A)  - m{A)  = 1 and  A(B»  = 
Pt{B)  - m(B)  = 1.  one  gets 

CuzzP(A)  = CuzzP(B)  = 0+  1 = 0.5 

• With  DSmP  transformation: 

Applying  formula  (3.11)  (or  (3.12)  since  we  work  here  with  Shafer’s  model) 
for  < > 0 yields11: 


DSmPl>0(A)  = m(A  U B)/2  = 0.5 
DSmPt>a(B)  = m(A  U B)/ 2 = 0 5 
DSntP,>0(A  U B)  = 1 

In  the  particular  case  of  the  totally  ignorant  source  characterized  by  the  vacuous 
belief  assignment,  all  transformations  coincide  with  the  uniform  probability 
measure  over  singletons  of  0.  except  PrBel(.)  which  is  mathematically  not 
defined  in  that  case.  This  result  can  be  easily  proved  for  any  size  of  the  frame 
0 with  |0|  > 2.  We  summarize  in  Table  3.4,  the  results  of  the  subjective 
probabilities  and  their  corresponding  PIC  values. 


1 

* 

P/C(.) 

PrBel(.) 

NoN 

A’oiV 

NoN 

Btt  P(.) 

0.5 

0.5 

0 

PrPI(.) 

0.5 

0.5 

0 

PrNPI(.) 

0.5 

0.5 

0 

PruPH.) 

0.5 

0.5 

0 

PrHybl) 

0.5 

0.5 

0 

CuzzP{.) 

0.5 

0.5 

0 

DSmP.>  0(.) 

0.5 

0.5 

0 

Table  3.4:  Results  for  example  3.7.2. 


"It  is  DU  praaihlc  to  apply  the  DStnP  formula  for  e » 0 Id  the  parUcular  case.  bat  t can 
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3.7.3  Example  3:  Shafer’s  model  with  a probabilistic  source 

Let's  consider  the  2D  frame  0 = { A , £}  and  let's  assume  Shafer’s  model  and 
let’s  see  what  happens  when  applying  all  the  transformations  on  a probabilistic- 
source12  which  commits  a belief  mass  only  to  singletons  of  2e,  i.e.  a Bayesian 
mass  [10].  It  is  intuitively  expected  that  all  transformations  are  idempotent 
when  dealing  with  probabilistic  sources,  since  actually  there  is  no  reason/ need 
to  modify*  m(.)  (the  input  mss)  to  obtain  a new  subjective  probability  measure 
since  Bd(.)  associated  with  m(.)  is  already  a probability  measure. 

If  we  consider,  for  example,  the  uniform  probabilistic  mass  given  in  Table 
3.5,  it  is  very  easy  to  verify  in  this  case,  that  almost  all  transformations  coincide 
with  the  probabilistic  input  mass  as  expected,  so  that  the  idempotency  property* 
is  satisfied. 

1 27 — !TuT7~ 

I 0.5  f 0:s  I 0 

Table  3.5:  Uniform  probabilistic  mass  for  example  3.7.3 


Only  Cuzzolin’8  transformation  fails  to  satisfy  this  property  because  in 
CuzzP(.)  formula  (3.9)  one  gets  0/0  indetermination  since  all  A(.)  = 0 in 
(3.9).  This  remark  is  valid  whatever  the  dimension  of  the  frame  is,  and  for  any 
probabilistic  mass,  not  only  for  uniform  belief  mass  m»(.).  We  summarize  in 
Table  3.6.  the  results  of  the  subjective  probabilities  and  their  corresponding 
PIC  values: 


3 

0 

PIC(.) 

Cut:P(.) 

NaN 

NaN 

NaN 

BetP(.) 

0.5 

0.5 

0 

PrPl(.) 

0.5 

0.5 

0 

PrNPl(.) 

0.5 

0.5 

0 

PraPl(-) 

0.5 

0.5 

0 

PrHybQ 

0.5 

0.5 

0 

PrBel(.) 

0.5 

0.5 

0 

DSmP.(. ) 

0.5 

0.5 

0 

Table  3.0:  Results  for  example  3.7.3. 


y2Thm  has  obviously  no  practical  interest  since  the  source  already  provides  a probability 
measure,  nevertheless!  this  is  very  investing  to  sec  the  theoretical  behavior  of  the  transfor- 
mations in  such  cose 
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3.7.4  Example  4:  Shafer's  model  with  a non-Bayesian  mass 

Let’s  assume  Shafer’s  model  and  the  non-Bayesian  mass  (more  precisely  the 
simple  support  mass)  given  in  Table  3.7.  We  summarize  in  Thble  3.8,  the 
results  obtained  with  all  transformations.  One  sees  that  PIC(DSmP<_.0)  is 
maximum  among  all  PIC  values.  PrBel{.)  does  not  work  correctly  since  it  can 
not  have  a division  by  2ero;  even  overcoming  itu,  PrBel  does  not  do  a fair 
redistribution  of  the  ignorance  m{A  U B)  = 0 6 because  B does  not  receive 
anything  horn  the  mass  0.6,  although  B is  involved  in  the  ignorance  A U B. 
All  m{A  UB)=  0.6  was  unfairly  redistributed  to  A only 


T1 

AjB 

m{.)  0.4 

U 

6 (i 

Table  3.7:  Quantitative  input  for  example  3 7 4 


A I 

B 

PIC(.) 

~TrUel{ .) 

1 

NaN 

NaN 

' PrNPl(.) 

0.0250  ’ 

0.3750  ' 

0.0455 

BetP(.) 

0.7000 

0.3000 

0.1187 

CuzzP(.) 

0.7000 

0.3000 

0.1187 

PrPl(.) 

0.7750 

0.2250 

0.2308 

PraPI(.) 

0.7750 

0.2250 

0.2308 

PrHyb{.) 

0.8650 

0.1350 

0.4291 

DSmP,- o.coi(.) 

0.0085 

0.0015 

0.9838 

DSmP.-ot) 

1 

0 

1 

Table  3.8:  Results  for  example  3.7.4 


3.7.5  Example  5:  Free  DSm  model 

Let’s  consider  the  2D  frame  0 = (A,  B}  with  the  free  DSm  model  (Le.  ArB  ^ 
fl)  and  the  following  generalized  quantitative  belief  given  in  Table  3.9.  In  the 
case  of  free-DSm  (or  hybrid  DSm)  models,  the  pignistic  probability  BctP  and 
the  DSmP  can  be  derived  directly  from  m(.)  without  the  ultimate  refinement 
of  the  frame  0 whereas  Sudano’s  and  Cuzzolin’s  probabilities  cannot  be  derived 

lsunce  the  dwtei  demotion  of  PrBcl{B ) concert  be  done  from  the  formula  (X5)  because 
of  the  undefined  form  0/0,  we  could  however  force  it  to  PrBrJ(D)  * 0 since  PrBcl(B ) - 
1 - PrBct(A)  « 1 - 1 ~0.  and  consequently  w»  mdircctiy  take  riC(PrBcJ)  » L 


1(M 


Chapter  3:  Transformations  of  belief  masses  . . . 


directly  from  the  formulas  (3.4)-(3.9)  in  such  models.  However.  Sudano's  and 
Cuzzolin's  probabilities  can  be  obtained  indirectly  after  an  intermediary  step 
of  ultimate  refinement  of  the  frame  0 into  0,d  which  satisfies  Shafer's  model. 
More  precisely,  instead  of  working  directly  on  the  2D  frame  0 = {.4. 6}  with 
m(.)  given  in  Thble  3.9.  we  need  to  work  on  the  3D  frame  = {A1  = 
= fl\{v4nB},C'  = 4nB)  satisfying  Shafer's  model  with  the 
equivalent  bba  m(.)  defined  as  in  Table  3.10. 


■ 

TnF 

A B AuB 

"*(-) 

O.i 

0.2  | o.i  TO  | 

Table  3.9:  Quantitative  input  on  the  original  frame  0 


IT" 

A'  U C | B'UC'  A'VB’VC 

*»(•) 

0.4 

0.2  0.1  0 3 

Table  3.10:  Quantitative  equivalent  input  on  the  refined  frame  0"' 


• With  the  piguistic  probability:  With  the  generalized  pignistjc  trans- 
formation (12]  (Chap.  7,  p.  148).  one  gMs: 

BetP(A)  = m(yl)  + '^1  + m(A  n B)  + |m(.4  u B) 

= 0.2  + 0.05  + 0.4  + 0.2  = 0.85 

Bet  P{B)  = m(B)  + + m(X  n B)  + JmM  U B) 

= 0.1  + 0.1  + 0.4  + 0.2  = 0.80 

BetP(A  CiB)  = —ill  + ’>“^1  + m(A nB)  + im(i4  U B) 

= 0.1  + 0.05  + 0.1  + 0.1  = 0.05 


We  can  easily  check  that 

BetP(A  U B)  = BetP(A)  + BetP(B)  — BetP{An  B)  = 0.85  + 0.80  — 0.05  = 1 
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• With  Sudano’s  probabilities  Wot  king  on  the  refined  frame  0"',  with 
the  bba  m(.)  defined  in  Table  3.10,  one  finally  obtains  from  (3.4)-(3.8): 

- WHS  the  probability  PrPt(.): 

PrPl(A')  a:  0.1456 
PrPI(B')  = 0.0917 
PrPI(C)  = 0.7627 

so  that: 

PrPI(A)  = 0.1456  + 0.7627  = 0.9083 
PrPI(B)  = 0.0917  + 0.7627  = 0.8544 
PrPl(An  B)  = PrPi(C')  = 0.7627 

- M’lfA  the  probability  PrBcl(.):  It  cunnot  be  directly  computed  by  (3.5) 
because  of  the  division  by  zero  involved  in  derivation  of  PrBeHA')  and 
PrBel{B').  i.e.  formally  one  gets 

PrBd(A')  = NaN 
PrBel(B')  = NaN 
PrSel(C)  = 1 

But  because  PrBd{&)  = 1,  one  can  set  artificially /indirectly  PrBel(A')  = 
0 and  PrBet(B')  = 0.  so  that: 

PrBtf(A)  = NaN  + 1*0  + 1 = 1 
PrBd(B)  = NaN  + 1 as  0 + 1 = 1 
PrBel{A  n B)  = 1 

but  fundamentally,  PrBcl{A)  = NaN  and  PrBel(B)  = NaN  from 
PrBel{.)  formula. 

- With  the  probability  PrNPt{.): 

PrNPl(A')  =s  0.2632 
PrNPl(B')  a=  0.2105 
PrN Pl((?)  as  0.5263 

so  that: 

PrNPl(A)  = 0.2032  + 0.5263  = 0.7895 
PrNPl{B ) = 0.2105  + 0.5263  = 0.7368 
PrNPl(A  n B)  = PrNPl(C)  = 0.5263 
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- With  the  probability  PraPl(.):  < ^ 03157 

PraPUA')  re  0.1579 
PraPl(B')  ^ 0.1264 
PraPl{C)  re  0.7157 

bo  that: 

PraPI(A)  = 0.1579  + 0.7157  = 0.8736 
PraPl(B)  =0.1264  + 0.7157  = 0.8421 
PraPI{A  n B)  = PraPl{C)  = 0.7157 


- M'itfi  the  probability  PrHijb(.): 

PrHyb[A')  = 0.0835 
PrHyb(B')  re  0.0529 
PrHyb{C)  as  0.8636 

so  that: 

PrHyb{A)  = 0.0835  + 0.8636  = 0.9471 
PrHyb{B ) = 0.0529  + 0.8636  = 0.9165 
PrHyb{ArB)  = PrHyb(C)  = 0 8636 

• With  Cuzzolin's  probability.  Working  on  the  refined  frame  0"'1,  with 
the  bba  »n(.)  defined  in  Table  3.10,  one  has  TNSM  = m(-4’uC*)+m(fl'u 
C)  + m(A'  Ufl'uC)=  0.6,  A(X’)  = 0.5.  A(B')  = 0.4  and  A(C)  = 0.4. 
Therefore. 


CU,'PW  = ^')  + TNSM 


= 0 + 


0.5 


0.5  + 0.4  + 0 6 


• 0.6  = 0.20 


MB') 


c™pw  = ■»<*> + —4— istr-A-c"  • r‘V5A/ 


= 0 + 


0.4 


0.5  + 0.4  + 0.6 


0.6  = 0.16 


MC) 


= m<C’»  + AM  + UB')  + XC-)  ■ ™SM 


= 04 


0.6 


0.5  + 0.1  + 0.6 


• 0.0  = 0.61 
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which  finally  gives: 

CuzzP(A)  = CuzzP(A')  + CuzzP{C)  = 0.84 
CuzzP(B)  = CuzzP{B>)  + CuzzP(C)  = 0.80 
CuzzP(A  n B)  = CuzzP{C)  = 0.64 

• With  DSmP  transformation: 

If  one  uses  the  DSmP  formula  (3.11)  for  this  2D  case  with  the  free  DSrn 
model  where  C[A  nfl)  = l.  C{A)  = C{B ) = 2 and  C[A  U B)  = 3.  one  gets  the 
following  analytical  expressions  of  DSmP,[.)  (assuming  all  denominators  are 
strictly  positive): 


DSmP.(AnB)  = m(ATB)~  »«(*)+;  1 V ■ ™(B) 


m{A  n B ) + ( 
m{Ar\B 


2f 


DSmP,{A)  = m{A  n B)  + m(A)  + ,"^  ^^2  , ' m<fl| 


m[Ar\B)  + 2-( 
m{A  rB)  + 3 • < 


•kiMuB)  (3.21) 


DSmP ,(fl)  = m(A fl0)  + m(B)  + ~ ' ■ • m(A) 

T/«(yi  Od)  4*  Z * € 

+ $S3Trr-*“->  <-> 


DSmP.iA  U B)  = m(A  flB)  + m(A)  + m(B)  + m(A  U B)  = 1 (3.23) 
- Applying  formula  (3.11)  fur  t = 0.001  yields: 

DSmP,„0 ooi  (A  O B)  s=  0.9078 
DSmP,„aon{A)  «=  0.9090 
DSrnP,_0<wl(B)  =a  0.9968 
DSmP,_llM,(  AU  B)  = 1 
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which  induces  the  underlying  probability  measure  on  the  refined  frame 

p,  = P(A  \ (-4  n B))  a:  0.0012 
pj  = P(B\(AnB))  as  0.0010 
p,  = P(ADfl)  as  0.9978 

This  yields  to  PIC  * 0.98-12. 

- Applying  formula  (3.11)  for  t = 0 yields14:  One  gets 

D5rnP.-o(A  n B)  = 1 DSmP.-o(A)  = 1 

DSmP.-0[A  u B)  = 1 DStnP.-oiB)  = 1 

which  induces  the  underlying  probability  measure  on  the  refined  frame 

p,  =P(A\MnB))=0 
pi  = P(B  \ (A  n B))  = 0 
p,  = P(ArB)  = 1 

which  yields  the  maximum  PIC  value,  i.e.  PIC  = L 

We  summarize  in  Table  3.11,  the  results  of  the  subjective  probabilities  and 
their  corresponding  PIC  values  sorted  in  increasing  order: 


1 

P 

"A"Bm 

rPTcTT 

. 

1 Pr/VP!(.) 
CuzzP(.) 

0.7895 

0.8400 

TE7S#! 

0.8000 

0.5203 

06400 

0 0741 
0.1801 

BetP(.) 

0.8500 

0.8000 

0.6500 

0.1931 

PraP/(.) 

0.873G 

0.8421 

0.7167 

0.2789  ' 

PrP/(.) 

09083 

0.8544 

0.7027 

0.3570 

PrHyb(.) 

09471 

0.9165 

0.8030 

' 0 5544 

DSrnP,. o.0M  (■) 

09990 

09988 

09078 

0.9842 

PrBel(-) 

NaN 

NaN 

1 

1 

DStnPtm9(.) 

1 

1 

1 

1 

Table  3.11  Results  for  example  3.7.5. 


“It  it  praiihlr  uncr  the 


of  A n B la  not  sera 
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FYom  Ihfale  3.11,  one  sees  that  PIC[DSmP,-. o)  is  the  maximum  value. 
PrBcl  does  not  work  correctly  because  it  cannot  be  directly  evaluated  for  .4 
and  B since  the  underlying  PrBd(A')  and  PrBel(B')  are  mathematically  un- 
defined in  such  case. 


Remark:  If  one  works  on  the  refined  frame  O'*1  and  one  applies  the  DSmP 
mapping  of  the  bba  m(.)  defined  in  Table  3.10,  one  obtains  naturally  the  same 
results  for  DSmP  as  those  given  in  table  3.11.  Of  course  the  results  of  BetP 
in  Table  3.11  are  the  same  using  directly  the  formula  (3.3)  as  those  using  (3.1) 
on  e,rf. 

Proof:  Applying  (3.11)  with  Shafer’s  model  for  m(.)  defined  in  Table  3.10,  one 
gets  directly  the  DSmP,  values  of  atomic  elements  .4’,  B'  and  C of  the  refined 
frame  e"-'  Le.: 


DSmP.(A')  = , ....  ■ m(A' u C) 

' ' m(C'>  + (.C(A'UC'|  ' ' 


+ m( C)  + cff u gUP)  •miA'uB'uC’)  (3.24) 


DSmPAB')  = - C[B'.L  m(B'uC’) 

* ' ^(cT+T^cfFUc7)  ' 


+ — ' Uf,  1 ,,  . m(A'  Ufl'U C‘)  (3.25) 

>n(C")  -K-C(A'UB'UC’) 


"i(C)  + eC(C) 

n»(C’)  + «*C(A'U£7) 


■m(A,UC') 


m{C)  + cC{p') 
i(C’)  + f C(B'UC’) 


m(B'uC') 


+ ’,":I  • m(.4'  uffuC1)  (3.26) 

rn(C')  + e • C{A'  U S'  U C)  ' ' ' 

Since  on  the  refined  frame  with  Shafer’s  model.  C(A')  = C{B')  = C(C)  = 1. 
C(A'UB')  = C(A’uC)  = C(S'UC')  = 2 and  C(A'uB'uC')  = 3.  the  previous 
expressions  can  be  simplified  as: 

DSmP-^  - ^CTTFT  • ™<-4'  u0,> + ■m",'u^uC'» 

(3.271 
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DSmP^ff)  = 


m 


Jpj^.m{B'un+m{C,)  + 3.i-m{A'uB'uC’) 

(3.28) 


DSmP.lC)  = m(C)+  - m|X,uC‘)+  ''-iJ  ~ — m^uf?) 


m(C’)  + 2( 


m(C')  + 1 
m(C')+3t 


m(C")  + 2-e 
m(A'  uB'uC)  (3.29) 


One  sees  that  the  expressions  of  DSmP,(A')y  DSmP.(B')  un<i  DSmP,{C)  we 
obtain  here,  coincide  with  the  expressions  that  one  would  obtain  by  applying 
directly  the  formula  (3.12)  specifically  when  Shafer's  model  bolds  (Le.  when  a 
ultimate  iefined  frame  is  used).  It  can  be  easily  verified  that.: 


DSmP.{A')  + DSmP(B')  + DStnP,{  (?)  = 1 


Replacing  <-  and  m(C),  m(A'uC).  m{B'uC)  and  m(A'ufl'uC')  by  their 
numerical  values,  one  gets  the  same  numerical  values  as  those  given  by  pi,  pi 
and  pa-  For  example  if  < = 0.001,  one  obtains  from  the  previous  expressions: 


DSmP. 


■ -0  001 


(A’)  = 


0.001 


0.4  4-2  0 001 


•0.2  + 


0001 


0 4 + 3 - 0.001 


• 0.3  = 0.0012 


DSmP. 


1-0  an 


<*’>  = 


0.001 


0.4  + 2 • 0.001 


0.1 


0.001 


0.4  + 3 • 0.001 


0.3  = 0.0010 


DSmP.-o.ooi(C')  = 0.4 


0.4  + 0.001 
+ 0.4  *-2 -0.001 
0.4  + 0.001 


0.2 


0.4  + 2 • 0.001 


0.1 


0.4  + 0.001 
0.4  + 3 • 0.001 


0 3 5=  0 9978 


From  the  probabilities  of  these  atomic  elements  .4',  B'  and  C,  one  can 
easily  compute  the  probability  of  .4  fl  B = C.  A = A'  U C",  B = S'  U C and 
.4  U B = A'  U B J C by: 


DSmP.{ArB ) = DSmP.{C) 
DSmP.(A)  = DSmP.(A')  + DSmP.(C) 
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DSmP.(B)  = DSmP.(B')  + DSmP.(C') 

DSmP.{A  u B)  = DSmP.(A')  + DSrnP.(B')  + DSmP,(C ) 

Therefore,  for  t = 0.001,  one  obtains: 

DSmP,wC.l(A  n B)  = 0.9978 
DSmP1_0.,(.4>  = 0.0012  + 0.9978  = 0.9990 
DSmP.-o.i(B)  = 0.0010  + 0.9978  = 0.9988 
DSmP,-c.i(A  U B)  = 0.0012  + 0.0010  + 0.9978  = 1 
We  can  verify  that  this  result  is  t he  same  result  us  the  one  obtained  directly 
with  formula  3.11  when  one  use*  the  free  DSm  model  (see  7th  row  of  the  Table 
3.11).  This  completes  the  proof. 

3.8  Examples  on  a 3D  frame 

3.8.1  Example  6:  Shafer's  model  with  a non-Bayesian  mass 

This  example  is  drawn  from  [21).  Let's  consider  the  3D  frame  0 = (.4,6,  C) 
with  Shafer's  model  and  the  following  non-Bayesian  quantitative  belief  mass. 


A 

B 

^ — Juzr 

AuC 

flu  C 

.4  u fl  u c 

m(.) 

0.35 

O.'J.'i 

0.02  0.20  | 

0 07 

0.05 

0.06 

Table  3.12  Quantitative  input  for  example  3.8.1 


• With  the  pignistic  probability:  Applying  formula  (3.1).  one  gets 


BtXP(A)  = 0.35  + 
BefP(B)  = 0.25  + 
BefP(C)  = 0.02  + 


0.20 

2 

0.20 

2 

0.07 


0.07  0.06  

+ = 0 5050 


2 

0.05 


3 

0.06 


2 

0.05 


+ 


3 

0.06 


= 0 3950 
= 0.1000 


• With  Sudano’s  probabilities:  The  belief  and  plausibility  no  A.  B and 
C are 


Bef(A)  = 0.35  B./(B)  = 0.25  Bel(C)  = 0.02 

Pl{A)  = 0.68  PUB)  = 0.56  Pf(C)  = 0.20 
Applying  formulas  (3.4)-(3.8),  one  obtains  the  following  Sudano's  proba- 
bilities: 
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- With  the  probability  PrPI(.): 

PrPHH- PU4)  lm(A)  I m(AUB>  i m(AUC) 

1 ' lPl&)  Pt(A>  + PUB)  PI(A)  + Pt(C) 

m(4uflJC)  , 

* f,((.-l)  + /,/(B)  + P/(C)' 

,0.35  . 0.20  . 0.07  . 0.06, 


'0.( 


1.24  0.88  1 .44 


ft  0.5421 


and  similarly, 

PrPI(B)  ft  0.4006 
- H’.fA  the  probability  PrBel(.)i 


PrBd(A)  = Bel{A) 


m(A) 


PrPl(C)  ft  0 0574 


m(A  U B) 


Bd[At  BelfAl  *■  Be/(B) 

•n(AUC)  , m(A  UBUC)  , 

+ Btf(A)  - BeJ(C)  ~ Bel(A)  + B.I{B)  + Btl(C)‘ 

= 0.35  - 1^  + ^ + + ^Ift  0.5668 

*0.35  0.60  0.37  0.62 1 


and  similarly 

PrBel(B)  ft  0.1038 


PrBcl(C)  ft  0.0294 


- IV’if/i  the  probability  PrNPI(.): 

PrSPHA)  = ‘PIW  - 

and  similarly, 

Pr,\Pt{B)  ft  0.388G  Pr.\PI[C)  ft  0.1389 


— H'M  the  probability  PraPl{.):  Applying  formula  (3.7),  one  gets 
1 - Bel(A)  - Bel(B)  - Bel(C)  0.38 
Pt{A)  + Pt{B)  + PI{C)  ~ 1.44 


0.38 


PraPl(A)  = Bel{A)  + 1 ■ Pt(A ) = 0.35  4-  — 0.68  ft  0.5294 
and  similarly, 


PraPI(B)  ft  0.3978  PraPI(C)  ft  0.0728 
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With  the  prvbabtltfy  PrHyb{.): 

PrWA)  - PraPI(A) . 

m(A  U C) 

+ PraPl(A)  + PraPl(C) 

m(AjBUC)  . 

+ PraPHA)  + PraPHB)  + PraPI(C) 1 * J 


mid  sinillurly. 

PrHyb(B)  ft  0.4019  PrHyh[C)  ft  0.0400 


• With  Cuzzolln’s  probabUity;  Since  TNSM  = m(A  u B)  = 0.38, 
A(A)  = Pl(A)  - m(A ) = 0.33,  A (£»)  = PI(B)  - m(B)  = 0.31  and 
A (C)  - PI(C ) - m(C ) = 0.18,  one  gels: 


Cut‘P,A>  - 035  + 0 38 - “i029 

CuzzP(B)  = 0.25  * 0M,^;H.018  • 0.30  - 0.3037 

o id 

Cut:P(C)  = 0.02  + — • 0.38  ft  0.1034 

' 0.33  + 0.31+0.18 

• With  DSmP  transformation: 

- Applying  formula  (3.11)  for  t = 0.001  yields: 

DSmP.^  oo,  (A)  *0.5685 
DSmPt_o  a)1(fl)  ft  0.4037 
DSmP,_0001(C)  ^ 0.0298 
D5mP._o.ooi  {A  U D)  ft  0.9702 
D5i;iP,_o.oi11(A  U C)  ft  0.5903 
DSmP, _00oi(B  U C)  ft  0.4335 
DSmP._oooilAuSUC)  = l 


114 


Chapter  3:  Truns/ornia I i oos  of  belief  mass®  . . . 


- Applying  formula  (3.11)  for  e = 0 yields: 

DStnP.-o(A)  = 0.5068 
DSmP.-o(B)  = 0.4038 
DStnP.-o(C)  * 0.0294 
DSmP.-o(A  Ufljf  0.9706 
DSmP.-0(A  U C)  = 0.5962 
DSmP.^B  U C)  = 0.4332 
DSmP,~0(A  UfluC)  = l 


We  summarize  in  Table  3.13,  the  results  of  the  subjective  probabilities  and 
their  corresponding  PIC  values  sorted  in  increasing  order. 


— 3 — 

— B — 

— v — 

“PTTTT 

PtNPI{.) 

CuzzPl) 

BetP(.) 

PraPIf.) 

PrPI(.) 

PrHyb(.) 

DSmP,. o.ooi(-) 

PrBel{.) 

DSmP,. o() 

11.4722 

0.5029 

0.5050 

0.5294 

0.5421 

0.5575 

0.5665 

0.5668 

0.5668 

0.3889 

0.3937 

0.3950 

0.3978 

0.1005 

0.1019 

0.1037 

0.1038 

0.1038 

0.1389 

0.1034 

0.1000 

0.0728 

0.0571 

0.0406 

0.0298 

0.0291 

0.0294 

0 0936 
0.1377 
0.1124 
0.1861 
0.2149 
0.2517 
0.2783 
0.2793 
0.2793 

Table  3.13:  Results  for  example  3.8.1. 


One  sees  that  DSmP,  provides  the  same  result  as  PrBcl  which  corre- 
sponds the  best  result  in  term  of  PIC  for  this  example. 


3.8.2  Example  7:  Shafer's  model  with  another  non- Bayesian 
mass 


Let's  consider  the  3D  frame  0 = (A,  B.C)  with  Shafer's  model  and  the  fol- 
lowing non- Bayesian  quantitative  belief  mass: 
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~r 

B[C 

AuT 

^UC’ 

BVC 

AuBuC  | 

m(.) 

0.1 

0 0.2 

0.3 

0.1 

0 

0.3 

Table  3.14:  Quantitative  input  for  example  3.8.2 


• With  the  pignistic  probability: 


BetP(A)  = 0.1+lii+ii^l^i  = 0.40 
BetP(B)  = 0+iii+^=0i5 
BetP{C ) = 0.2  + 11  + = 0.35 

• With  Sudano's  probabilities:  The  belief  and  plausibility  of  A.  B and 
C are 

Bel(A)  = 0.10  Bel{B)  = 0 Bel(C)  = 0.20 
Pl(A)  = 0.80  PI(B)  = 0.60  Pl(C)  = 0.60 
Applying  formulas  (3  4)-(3  8),  one  obtains: 

- With  iht  probability  PrPt(.): 

m(.4  U C)  rn(AuBuC)  . 

* Pl{A)  + Pl{C\  + FI[A)  4-  PI[B)  - Pl{Cy 
,0.10  0.30  0.10  0.30,  „ . 

Iaio+r4o+r4o  + —)(a  04488 


= 0. 


and  similarly. 

PrPl(B)  * 0.2186 
With  the  probability  PrBcI(.): 


PrPl(C)  * 0.3328 


m(A  U C)  m(Au  BuC)  . 

* Btl(A)  + Bet(C)  + Bef(A)4-Be/(B)  + Bef(C)1 
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PrBel(C)  is  0.466?  but  from  the  formula  (3.5),  one  gets  P'Btl(B)  = 
NaN  because  of  the  division  by  zero.  Since  PrBet{A)  + PrBel{B)  + 
PrBil(C)  must  be  one,  one  could  circumvent  the  problem  by  taking 
PrBd{B ) = 0. 

- H’ith  the  probability  PrNPI(.\: 


PrNPl(A)  = 
PrNPI(B)  = 
PrSPHC)  = 


PIIA) 

PI(A)  + PI(Bl  ~ PI(C)  ' 
PUB) 

Pl{A)  + PI(B)  + PI(C)  2 
PI(C)  O.Oi 

PI(A)  + PI(B)  + PI(C)  ~ 2 


= 0.10 
= 0.30 
= 0.30 


- With  the  probability  PraPl(.):  Applying  formula  (3.7),  one  gets 

1 -BeHA)-BeHB)-BeHC) 

PI{A)  + PHB)  + Pl{C)  u 


PruPI(A)  = 0.10  + 0.35  • 0.80  = 0.38 
PraPI(B)  = 0 + 0.35  • 0.G0  = 0.21 
PruPI(C)  = 050  + 0.35  • 0.60  = 0.41 

- With  the  probability  PrHyb{.): 

PrHyt>[A)  a*  0.4553  PrHyb{B)  is  0.1008  PrHyb[C)  is  0.3740 

• With  CuzzolirTs  probability  Since  TNSM  = 0.3  + 01+0.3  = 0.7, 
A(A)  = 0.7,  A(B)  = 0.6  and  A(C)  = 0.4,  one  gets 

CuaP(A)  = 0.1  + ll  x 0.7  = 0.388 
CusiP(B)  = 0 + x 0.7  = 0.247 
CuzzP(C)  = 0.2  + 11  x 0.7  = 0.365 
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• With  DStnP  transformation: 

- Applying  formula  (3.11)  for  t = 0.001  yields: 

DSmP, _o.ooi  (-4)  » 0.5305 
DSmPtmiaoa,(B)  * 0.0039 
DSmP,.oool{C)  = 0.4656 
DSrnP^,  -n  fA  Ufl)*  0 5344 
D5mP1_0.ooi(A  u C)  =r  0.99G1 
DSmP,^oua(B  UC)  * 0.4695 
DSmP.-a  doi  (.4  uBuC)  = 1 

- The  formula  (3.11)  for  ( = 0 cannot  be  applied  in  this  example  because 
of  0/0  indetermination,  but  one  can  always  choose  t arbitrary  small  in 
order  to  evaluate  DSmP,-o(.). 


I 

— B — 

— r — 

rHTTHl 

PrBcM 

G.WM 

NaN 

0.4667 

NaN 

PrNPI(.) 

0.4000 

0.3000 

0.3000 

0.0088 

CuztP(.) 

0.3880 

0.2470 

0.3650 

0.0163 

Bel  P[.) 

0.4000 

0.2500 

0.3500 

0.0164 

PraPl(.) 

0.3800 

0.2100 

0.4100 

0.0342 

PrPI(.) 

0.448G 

0.2186 

0.3328 

0.0368 

PrBybl) 

0.4553 

0.1698 

0.3749 

0.0650 

D5rnP._0.ooi(.) 

0.5305 

0.0039 

0.4656 

0.3500 

Table  3.15:  Results  for  example  3.8.2 


We  summarize  in  Table  3.15,  the  results  of  the  subjective  probabilities  and  their 
corresponding  PIC  values  sorted  in  increasing  order.  One  sees  that  DSmP, 
provides  the  highest  PIC  and  PrBel  is  mathematically  undefined.  If  one  set 
artificially  PrBd{B)  = 0,  one  will  get  the  same  result  with  PrBel  as  with 
DSmP.-.  o. 
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3.8.3  Example  8:  Shafer’s  model  with  yet  another 
non-Bayesian  mass 

Lets  modify  a bit  the  previous  and  consider  the  3D  frame  0 = (4.  B.  C\  with 
Shafer's  model  and  the  following  non-Bayesian  quantitative  belief  assignments 
(mass)  having  masses  on  B and  C equal  zero  and  according  to  Thble  3.16. 


tT 

<7 

AuB 

A u C 

BuC 

AuBuC 

m(.) 

0.1 

0 

U 

0.2 

0 

0.3 

0.4 

Table  3.16:  Quantitative  input  for  example  3.8.3 


A 

B 

V 

PrBel{.) 

CutiP  (.) 

PrNPI{.) 

BetP(.) 

PraPl{.) 

PrHyb(.) 

PrPI(.) 

DSmP, i-o.ooil) 

0.7000 

03455 

0.3043 

0.3333 

03739 

0.3526 

0.3093 

0.0903 

NaN 
0 3081 
0 3913 
0.3833 
0 3522 
0 4066 
0.4377 
0.1558 

NaN 
0.2864 
0.3044 
0 2834 
0 2739 
02408 
0.2530 
0.1539 

NaN 

0.0<M9 

0.0067 

0.0068 

0.0077 

0.0203 

0.0239 

0.2-113 

Table  3.17:  Results  for  example  3.8.3. 


We  summarize  in  Table  3.17,  the  results  of  the  subjective  probabilities  and  their 
corresponding  PIC  values  sorted  in  increasing  order.  DSmP€^  provides  here 
the  best  results  in  term  of  PIC  metric  with  respect  to  all  other  transformations. 
PrBel  doesn’t  work  here  because  the  two  values  PrBel(B ) and  PrBel(G) 
are  mathematically  undefined.  Of  course  if  we  set  artificially  PrBel(B) 
PrBel{C ) = (1  - PrBcl(A))/2  = 0.15.  then  we  will  obtain  same  result 
with  D5mP«— 0.  but  there  is  no  solid  reason  for  using  such  artificial  trick 
circumventing  the  inherent  limitation  of  the  PrBei  transformation. 


3.8.4  Example  9:  Shafer’s  model  with  yet  another 
non-Bayesian  mass 

Here  is  an  example  where  the  PrBelf.)  protides  a counter  intuitive  result. 
Let's  consider  again  Shafer's  model  for  0 = {^4,  B.C } with  the  following  bba 


In  this  example  PrBel{B)  and  PrBel(C)  require  division  by  zero  which  is 
impossible.  Even  if  in  PrBel  formula  we  force  the  mass  m(B  U C)  = 0.9  to 
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1 B 

T" 

But1 

m(.)  0.1  0 

0 

0.9 

Table  3.18:  Quantitative  input  for  example  3.8.1 


be  transferred  to  A.  we  get  PrBel(A)  = 1,  but  it  is  not  fair  nor  intuitive  to 
have  the  mass  of  B U C transferred  to  .4,  since  A was  not  at  all  involved  in  the 
ignorance  BuC.  Using  DSmP,  we  get  for  the  elements  of  6:  DStnP,(A)  = 0.1, 
DSmP.{B)  = 0.45  and  DSmP,(C)  = 0.-15  no  matter  what  < > 0 is  equal  to. 
We  summarize  in  Table  3.19,  the  results  of  the  subjective  probabilities  and 
their  corresponding  PIC  values  sorted  in  increasing  order  (the  verification  is 
left  to  the  reader): 


3 

c 

P1C(.) 

PrBcl{.)  0.1000 

NaN 

NaN 

NaN 

PraPI(.)  0.1474 

0.-1203 

0.4203 

0.081-1 

BetP(.)  0.1000 

0.4500 

0.4500 

0.1362 

CufrP(.)  0.1000 

0.-1500 

0.4500 

0.1362 

PrPlf.)  0.1000 

0.-1500 

0.4500 

0.1362 

| PrHyb(.)  | 0.1000 

0.-1500 

0.4500 

0.1362 

DSmP,(.)  0.1000 

0.-1500 

0.4500 

0.1362 

Prj\P/(.)  0.0526 

0.4737 

0.4737 

0.21-16 

Table  3.19:  Results  for  example  3.8.4. 


One  sees  that  DSmP,  coincides  with  BetP,  CuzzP,  PrPII  .)  and  PrHyb{.) 
in  this  special  case.  PrBel(.)  is  mathematically  undefined.  If  one  forces  ar- 
tificially PrBel(B)  = PrBel(C)  = 0,  one  gets  PrBel{A ) = 1 which  does  not 
make  sense  PrNPl  provides  a belter  PIC  than  other  transformations  here 
only  because  it  is  subject  to  an  abnormal  behavior  as  already  explained  in 
section  3.5.2,  and  therefore  it  cannot  be  considered  as  a serious  candidate  for 
transforming  any  bba  into  a subjective  probability. 


3.8.5  Example  10:  Hybrid  DSm  model 

We  consider  here  the  hybrid  DSm  model  for  the  frame  0 = (X.  B,  C)  in  which 
we  force  all  posable  intersection  of  elements  of  0 to  be  empty,  except  Ar i B.  In 
this  case  the  hyper-power  set  D * reduces  to  9 elements  {fl.  >4 n B,  >4,  B.C,4U 
B,  AuC,  BuC,  vluBuC}.  The  quantitative  belief  masses  are  chosen  according 
to  Table  3.2(1  (the  mass  of  elements  not  included  in  the  Table  are  equal  to  zero). 
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TnB  3 

v — 

m(.)  1 0.2  | 0.1 

0.2 

,4uB  AuC 

AuDuC 

m(.)  0.3  0.1 

0.1 

Table  3.20:  Quantitative  input  for  example  3.8.5 


One  has  ocrurding  to  Figure  3.1  (see  [12],  page  55):  C(4nB)  = 1,  C(A)  = 2, 
CIS)  = 2,  C(C)  = 1,  C(<4  U B)  = 3.  C(A  U C)  = 3,  C(B  n C)  = 3 anil 
C(MuBUC)  = *l. 


Figure  3.1:  Hybrid  DSm  model  for  example  3.8  1 


In  order  to  apply  Sudano's  and  Cuxzolin's  transformations,  we  need  to  work 
on  the  refined  frame  0”'  with  Shafer's  model  as  depicted  on  Figure  3.2: 

«'*'  = [A'  = A \ (A  fi  S},#1  4 B \ (A  n B),C'  = C.D'  = -4  n B| 


Figure  3.2:  Refined  3D  frame 
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For  Sudani) 'a  and  Cuzzolin's  Iransformations,  we  use  the  foil  owing  equiva- 
lent bba  as  numerical  input  of  the  transformations: 


| Tr 

Iru7T 

r 

IH(.) 

“ 0 71 

in 

o 

■ wrnrrny- 

A’uWuiy 

A'VB'UC'UD' 

»«(.) 

0.3 

0.1 

0.1 

Table  3.21:  Quantitative  equivalent  input  on  refined  frame  for  example  3.8.5 


• With  the  pignistic  probability: 

Applying  the  generalized  pignistic  transform  (3.3)  directly  on  0 with  m(.) 
given  in  Table  3.20.  one  gets: 


BetP{AnB\  = 

BerP(A)  = 

Be,P{B)  = 

BetP{C\  = 

(1/1)- 0.2 

(1/1)  0.2 

(1/1)  0.2 

(0/1)  • 0.2 

0.1 

+(2/2)  0.1 

+<l/2>' 

0.1 

+<0/2)- 

0.1 

+<l/2)- 

0 

+(1/2)  0 

+<2/2)-' 

0 

+<0/2)- 

0 

+<o/i) 

0.2 

+(0/2)  - 0.2 

+(o/i)  • ' 

0.2 

+(1/1)' 

0.2 

+ 

1/3)- 

0.3 

+(2/3)  0.3 

+(2/3)-' 

0.3 

+<0/3)  • 1 

0.3 

+ 

1/3)' 

0.1 

+(2/3)  0.1 

+d/3)' 

0.1 

+<l/3) • 1 

0.1 

+ 

+ 

1/4) : 

0 

0.1 

+d/3)  0 

+(2/4) -0.1 

m: 

0 

0.1 

0 

0.1 

* 0.408333 

« 0.616666 

« 0.533333 

0.258333 

Thble  3.22:  Derivation  of  BetP{An  B),  BetP{A },  BetP{B)  and  BctP{C\ 


It  is  easy  to  verify  that  the  pignistic  probability  of  the  whole  frame  0 is  one  since 
one  has  BetP{AuBuC)  = (l/l)0.2  + (2/2)0.1  + (2/2)-0  + (2/2)0.2+(3/3)- 
0.3+(3/3)0.1+(3/3)0+(4/4)-0.1  = 0.2+0.1+0.2+0.3+0.1+0.1  = 1.  Moreover, 
one  can  verify  also  that  the  classical  equality  BelP{A\J  B)  = BetP{A)  + 
BetP{B)  - BetP{AnB ) is  satisfied  since  BttP(.)  is  a (subjective)  probability 
measure,  similarly  for  BetP{AuC)  and  for  BetP{BuC}.  BetP{AnC } and 
Bel P {Bn  C}  equal  zero  in  this  example. 
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BetP{AuB\  = 

BtfPUuO  = 

BetP\BuC\  = 

(1/1)  0.2 

(1/1)  0.2 

(1/1).  0.2 

+(2/2) . 0.1 

+(2/2)  ■ 0.1 

+(1/2)  0.1 

+(2/2)  • 0 

+(1/2)  0 

+(2/2) -0 

+(0/1)  • 0.2 

+(1/1)  - 0.2 

+(2/2)  0.2 

+(3/3)  • 0.3 

+(2/3)  • 0.3 

+(2/3)  • 0.3 

+(2/3)  - 0.1 

+(3/3)  0.1 

+(2/3) -0.1 

+(2/3)  • 0 

+(2/3)  0 

+(3/3)  - 0 

+(3/4)  - 0.1 

+(3/4) -0.1 

+(3/4)- 0.1 

» 0.74 1666 

= 0.875000 

is  0.791666 

Table  3.23:  Derivation  of  BetP{ A U S>,  BelP[AuC)  and  BetP{BuC) 


The  underlying  probability  measure  of  the  atomic  elements  of  0"*  is  then 
given  by: 

BetP{A'  ) = BetP{  A)  - BetP{  A C B)  ft  0.2084 
BetP(B')  = BetP[B)  - B,tP{A  r B)  ft  0.1250 
BetP^)  = BctP{C)  ft  0.2583 
BcfP{D'}  = BetP(A OB)  is  0.4083 

• With  Sudnno’s  probabilities  The  belief  and  plausibility  of  elements 
of  0***  are 


BeUA')  = 0 
flcf<B')  = 0 
Bel(C)  = 0.2 
Bel(D')  = 0.2 


P/M')  = 0.6 
Pl{B')  = 0.4 
Pf(C')  = 0.4 
PI{D')  =0.8 


Applying  the  formulas  (3.4)-{3.8)  on  O’'1  with  the  masses  given  in  Table 
3.21,  one  gets: 

- With  the  pmbolnhfjf  PrPl(.): 

PrPI(A')  ft  0 2035  PrPl(B')  is  0.0848 

PrPf(C')  ft  0.240-1  PrPl{D')  is  0.4713 


- With  the  firubalnlity  PrBel(. ):  One  cannot  directly  apply  (3.5)  because  of 
the  division  by  zero  involved  in  derivation  of  PrBd(A')  and  PrBet(B'), 
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i.e.  formally  one  gels 

PrBd(A')  = NaN  PrBei(B’)  = A'a N 

PrBel(C?)  = 0.3000  PrBcf(D')  = 0.7000 

But  because  PrBel{C ) + PrBcl{D ) = 1,  one  can  set  artificially/indi- 
rectly  PrBcl(A')  = PrBel(B')  = 0 and  this  would  yield  to  PIC  ft 
0.5593,  but  fundamentally,  PrBd(A')  = NaN  and  PrBd(B')  = NaN 
from  PrBel(.)  formula,  so  that  PIC  is  mathematically  inderterminate. 


- With  the  probability  PrNPI{.): 

PrNPI{A')  ft  0.2728  Pr.VPi(B')  ft  0.1818 

PrNPI(Cr)  ft  0.1818  PrNPI(D')  ft  0.3036 


- H’lfA  the  probability  PraPI(.)t  t ft  0.2727 

PraPI(A')  ft  0.1030  PraPl(B')  ft  0.1001 

PraPt(C)  ft  0.3001  PraPI{D" ) ft  0.4182 


- H’iIA  the  probability  PrHyb(.): 

PrHyb{A')  ft  0.1330  PrHyb(B’)  ft  0.0683 

PrHyb{C)  ft  0.2660  PrHyb(D)  ft  0.5122 


• With  Cuzzo  tin’s  probability:  Working  on  the  iefin«l  frame  B"',  with 
the  bba  m(.)  defined  in  Thhle  3.21.  one  has  TNSM  = 0.0,  A(rT)  = 0.6, 
A(B')  = 0.4.  A (C)  = 0.2  and  A(D')  = 0.6.  Therefore: 


CuttP(A')  = m(A') 


0 + 


A(-4')  ■ TNSM 

A(.l’)  + A(fl'l  + A(C')  + A<m 
°-6  0-6  . = 0.2000 


0.6  4-  0.4  + 0.2  + 06 


Ctir;P(B'»  = rn(B')  + 


A(B')  TNSM 


0 + 


A(M')  + A(B') 
0.1  • 0.6 
0.6  + 0.4  + 0.2  + 06 


A(C')  + A(D’) 


ft  0 1333 
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CuitP(C)  = tn(C')  + 


A(C*)  TNSM 


A(A')  + A<fl')  + A(C»)  + A(Z>') 


= 0.2  + 


0.2  • 0.6 


0.6  + 0.4  + 0.2  + 06 


5=  0 2667 


_ it/  rt>\  . AID*)  - TNSM 

Cu,tPm  = ntD)  + 


= 0.2  + 


0.6  • 0.6 


0.6  + 0.4  + 0.2  + 06 


■ = 0.4000 


• With  DSmP  transformation:  Applying  directly  the  formula  (3.11)  on 
the  frame  0 with  this  hybrid  model  and  for  the  chosen  bbn  tn(.),  yield 
to  the  following  analytical  expressions: 


n fl)  n (.4  n B))  + < • C((.4  n fl)  n (A  n B))  ( 
DSmP,{AnB)  „MnB|,..C(.4nB) 

. m<An(.4nP))  + (-C(An(AnB)) 

+ rn(AnB)  + ,-C(A) ' m{A) 

. m((4UB)n(4nB))+£.C(Mufl)n(4nfl)) 

+ m,,lnS)  + < C|.4_BI rn(.4UB) 

m((A  U C)  C (A  Dl  B))  + < • C((A  U C)  n [A  r B]) 


in (.4 nfl)  + in(C)  + < ■ C(.4 U C) 


• m(i4uC) 


m{{A  u B u C)  n {A  n B))  + t • C<(A  uBuC)n(4  n B )) 
m(4nB)  + m(C)  + (C(4uBuC) 


•m(4ufluC) 


Since  we  work  with  this  hvbrid  DSm  model,  one  has  C(Anfl)  = 1,  C(C)  = 1, 
C(A)  = C(B)  = 2,  C{A UB)  = C{A UC)  = C(BuC)  = 3 and  C(AufluC)  = 4. 
So  that  the  previous  expression  can  be  simplified  as: 


DSinP,(.4 r B)  = m|‘*  p'  ^ ‘ • m{A flfl)+  n ± ■ 1 . m|_4( 

*'  ’ m|/lnB)  + t l rn(.4  nfl)  + ( 2 ' ' 

in(AO  B)  + <•  1 . . _.  mMnB)  + £-l  ,,  _. 

+ — — mMufl  + — — . m(.4  U C) 

tnlAn  B)  + t-3  rn|AnB)  + m(C)  + £ 3 

+ f,W(lng)HlVl  - m(A  UBuC) 
m(.4nB)  + m(C)+<-4  ' 
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Similarly,  one  gets. 

m(.4  n B) 


DStnP.(A)  = 


(1 


tn(.4nfl)4-£'l 


m|.4  n B)  - 


m(-4  fl  B)  4 £ • 2 


• m(i4) 


m(/ln  B)  + < • 2 

4-  . -ITl 4IUO 

m(<4  fl  B)  4 e - 3 m(4nB)  + m(C)  + £-  3 ' ' 


rn).4  nB)  + « - 2 
tn(/lnB)  + m(C)  + £-  4 


rn(-4  UBuC) 


-*> 

m(-4nfl>  + <-2  m(A n B)  + < • 1 , . _ 

+ — : — s m(<4  U fl>  4 . — t — . mi  A U C) 

m(A  n B)  + 1 • 3 m(-4  fl  fl)  + m(C)  + < • 3 

ni(.4  n B)  + f • 2 , . „ 

+ ,sl4rfl)„„(C)4t.f",t/lufluC) 


DSmP.{C)  = 


m(C ) + 1 • 1 
m(CJ  4-  ( 1 


m(C) 


+ 


m(C)  + 1 • 1 

m(-4  r B)  + »/i(C)  4 £ • 3 
m(C)  +t- 1 

tnlArB)  + m(C)  + e-4 


m(AuC) 
m(AuBuC) 


DSmP,((Ar\B)liC)  = n fl!  Vt  "i  •m«‘4nB»+  Z\a  n B)  4 * • 2 m,‘41 


m(.4nfl) 

m(AnB) 


»‘(C>  + '-l 

m(C)  4 1 • 1 
m(C)  4 £ • 2 
rtt(C)  4 £ • 3 


■m(i4uC)+ 


miA  O B)  4 £ * 1 , . „ 

— i- — mi  A U B) 

m(^4  n B)  4 £ • 3 ' 

m(A  n B)  4 mJC)  4 £ • 3 


i<<4  o B)  4 m(C)  4 £ • 1 


m(AUBuC) 


DSmP,{A  UB»  = ,n^n;>  + t-;  • m(-4  n B)  4 jj  • m(4) 

*'  m(A  n B)  4-  £ - 1 ' ' m{A  O B)  4 £ • 2 ' # 

m(A  fl  B)  4 e • 3 . . rn(/inB)+£-2  , . 

m(A  fl  B)  4 e - 3 ' ’ m(rtnB)  ■ 1 - ’ ' 1 


f m(C’) 
rn(i4nfl)  + £ - 3 
tn(.4  nfl)4  m(C)  4 £ • 4 


£-3 

rn(4uBU)C) 
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„„  ml  A nB)  + tl  , . m(Anfl)  + £-2  . .. 

' ' m(i4n  fl)  + £ • 1 m(A  n B)  + £•  2 

m(C)  + < • 1 mM  n B)  + £ • 2 . . 

m(C)  + £ • 1 m(Anfl)  + (-3 

tnlA  nB)  + m{C)  + £ • 3 _.  ml  A n B)  + m(C)  + t-3  . . _ 

— 1- — LJ m(<4uC)+— — -i 1— m(AufluC) 

tn{Anfl)  + m{C)  + £-3  ’ m(XnB)  + m(C)  + (-l  ' 


_.  m(AnB)  + «-l  ..  ml  A nfl)  + cl 

DSmPAB  uC)  ■ — m(.4nfl)  + . — ■ m(A) 

' ' m{4  n B)  + £ - 1 ' ’ i/i(j4n  B)  + < • 2 ' ’ 


rn(C)+c-l  |ii/n,  m(4nB)  + c: 
m(C)  + £ • 1 m(4nfl)-K-: 


m{A  U B) 


ml  A nfl)  + m(C)  + £ • 2 . _ m(.4  n fl)  + m(C)  + £ • 3 . . „ 

„,M  n B,  + ...CO  + , ■ n fl,  ■>  ,,„c-) . , . .,  "'^SUC' 


DS.nP.iAUBUC)  = "‘'f  £1  1 ,,Mn8)>"'1Jr;1-'  2 MA) 

*'  mMnfl)  + £l  ' m(Anfl)  + £ • 2 ' 


»n<^4  n B)  + m(C)  + £ - 3 


+ 


m(-4  n fl)  + £ • 3 

m(XuC) 


r»i(i4nfl)  + m(C)  + £-3 

tn(  A n B)  + m(C)  + £ • 4 

+ ; — - m .4  U fl  U C)  = 1 

tn{,4  n fl)  + m(C)  +■  £ • 4 


- Applying  formula  {3.11)  for  £ = 0.001  yields. 

DSmP, _o.aoi (A  D fl)  ft  0.6962 
DSmP,„oool(A)*  0.6987 
DSmP.-a  oai(fl)  ft  0.6979 
DSmP._o.ooi(C)  ^ 0.2996 
DSmPtmO  an  ((A  n fl)  U C)  ft  0.9958 
DStuP._o.ooi (A  U S)  ft  0.7004 
DSmP._aooi(A  UC)  ft  0.9983 
DSmP._o,ooi(S  U C)  ft  0.9975 
DSmPv.  o »i(AufluC)  = l 


which  induces  the  underlying  probability  measure  on  the  refined  frame 
P(A')  ft  0.0025  PCS’)  ft  0.0017  PIC1)  ft  0.2996  P<Z7’)  ft  0.6962 
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T 

B’ 

c" 

— 

TTurr 

PrBel(.) 

jVnV 

JVoW 

0.3000 

0.7000 

NaN 

PrNPI(.) 

; 0.2728 

0.1818 

0.1818 

0.3636 

9.0318 

CuaP(.) 

' 0.2000  1 

0.1333  | 

0.2667 

0.4000 

9.0553 

BetPf.) 

0.2084 

0.1250 

0.2583 

0.4083 

9.0G07 

PraPt(.) 

0.1636 

0.1091 

0.3091 

0.4182 

9.0872 

PrPI(.) 

0.2035 

0.0848 

0.2*104 

0.4713 

9.1124 

PrHyb[.) 

’ 0.1 33!) 

0.0583 

0.2656 

0.5422 

9.1928 

DSinP._0  roli 

;.)  ' 0.0025 

0.0017 

0.2996 

0.6962 

9.5390 

Table  3.34:  Risults  for  example  3.8.5. 


We  summarize  In  Table  3.24,  the  results  on  the  refined  frame  for  the  subjective 
probabilities  and  their  corresponding  PIC  values  sorted  in  increasing  order. 
DSmP,_a  provide*  here  the  best  result  in  term  of  PIC  metric  with  respect  to 
all  other  transformations. 


3.8.0  Example  11:  Free  DSm  model 

We  consider  the  free  DSm  model  as  Figure  3.3  for  0 = {.4,  B,  C)  with  the  bba 
given  in  Table  3.25. 


/Irene 

AnB 

A 

ml.) 

0.1 

b.i 

till 

.4u  £1 

AuBuC 

m(.) 

0.1 

0.3  I 

Table  3.25:  Quantitative  input  for  example  3.8.6 

In  order  to  apply  Sudano's  and  Cuuolin’s  transformations,  we  need  to  work 
one  the  refined  frame 


to"1  = {A1 , B' ,(? , D'.Ef'F*  ,€?) 


where  elements  of  corresponds  to  separate  parts  (assuming  such  refine- 
ment makes  physically  sense / meaning  - sometimes  depending  on  the  nature  of 
elements  A.  B ami  C the  refinement  has  no  physical  sense  but  can  just  be  seen 
as  a mathematical  abstract  refined  frame)  of  the  Venn  Diagram  of  Figure  3.3. 
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.4 


B 


C 


Figure  3.3:  Floe  DSm  model  for  a 3D  frame. 


• With  the  pignistic  probabilities:  One  gets  for  singletons  of  B"1. 

Be(P{A'}  s=  0.1345  Be4P{B'}  *:  0.0595  BetP[C')  = 0.0429 

BetP{D'}  re  0.23-15  BetP^F1}  =s  0.13-15  BdP{F'\  = 0.0595 

BetP{G'}  » 03345 

• With  Sudano’s  probabilities:  The  belief  and  plausibility  of  elements 
of  B”1  are 


Applying  the  formulas  (3,-l>-(3.8)  on  B”'  one  obtains: 

- H’ith  the  probability  PrPl(.): 

PrPl(A')  =5  0 1284  PrPf(B')  re  011370  PrPl(C)  re  0.0205 

PrPl(D')  0.2599  PrP/(£')  0.1284  PeP/fP1)  = 0.0370 

Pi  PHC)  re  0.3887 


Bef(A')  = 0 
Bel(B')  = 0 
BetfC1)  = 0 
Bel(D’)=  0 
Bei(E')  = 0 


PI(A')  = 0.7 
Pl(B')  =0.4 
Pf(C')  = 0.3 
PHD')  = 0.9 
Pl(E')  = 0.7 


Bd(F')  = 0 
Bef(G')  =0.1 


Pl{FJ)  = 0.4 

PUO  = i 
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- With  the  probability  PrBet( .):  If  one  applies  PrBel(.)  formula  re- 
stricted only  with  positive  masses  (to  circumvent  0/0  undetermi- 
nutions.  one  obtains  PrBe l(G')  = 1 and  PIC  = 1.  But  if  one 
strictly  applies  PrBel(.)  formula  which  normally  must  include  all 
masses  (even  those  taking  zero  values),  then  PrBel(.)  yields  to  0/0 
indeterminations  and  thus  PIC  = A'aiV. 

- With  tht  probability  PrJVPt(.): 

PrJVPl(A')  ft  0.1591  PrJVPIfB1)  ft  0.0909 

PrNPl{C ) ft  0.0082  Pr,VP/(D’)  ft  0.2015 

PrNPHE ')  = 0.1591  PnVPf(F’)  ft  0.0909 

Pn\Pt(C)  ft  0.2273 


IVitA  tht  probability  PraPl(.)-.  t ft  0.2015 


PraPHA')  ft  0.1432 
PraPl(C)  ft  0.0014 
ProPHE*)  ft  0.1432 
PraPl(G ')  ft  0.3045 


PruPHB')  ft  0.0818 
PraPl(D')  ft  0.1641 
PraPI{f)  ft  0.0818 


- With  the  probability  PrIIyb(.): 

PrHyb[A')  ft0.113G 
PrHyb(C)  ft  0.0184 
PrHyb[E)  ft  Q.113G 
PrHybfC)  ft  0. 1GG3 


PrHyb[B')  ft  0.0333 
PrHyb{D‘)  ft  0.2214 
PrHyb(F’)  ft  0.0333 


• With  Cuzzolin’s  probability:  Working  on  the  refined  frame  0"',  one 
has  TNSM  = 0.9,  A(>T)  = 0.7,  A(B')  = 0.4,  A(C')  = 03.  AID*)  = 0.9, 
A(E’)  = 0.7,  A(F’)  = 0.4  and  A(C)  = 0.9.  Therefore: 

CuzrP(i4'>  ft  0.1405  CuziP(B')  ft  0.0837 

CuzzP(C)  ft  0.0623  CuzzP(D')  ft  0.1884 

CuzzP(E’)  ft  0.1465  CuzzP(F')  ft  0.0837 

CuzzP{C)  ft  0.2884 


130 


Chapter  3:  Transformations  of  belief  masses  . . . 


• With  DSmP  transformation. 

Applying  formula  (3.11)  for  t = 0.001  yields15: 

DSmP,- o.ooi (A  n B n C)  ra  0.9678 

DSmP.-o  mu  (A  nB)*  0.9764 

D5mPt-o.ooi(An  C)  ftj  0.9745 

DSmP,-  o mu(B  DC)'!  0.9716 

DSmP,-osm((A  UB)rC)*  0.9782 

DSmP,.  o i,m«A  UC)nfl)^  0.9802 

DSmP,.0  001UB  U C)  n A)  = 0.9831 

DSmP,.  o an((A  nB)u(AnC)U(SnO)te  0.9808 

DSmP,.0  001{A)  « 0.9897 

DSmP.m0m(B)  « 0.9839 

DSmP,.o  va(C)  = 0.9610 

DSmP,- o.ooi((A  n B)  U C)  = 0.9890 

DSmP.-  o nm((A  nC)Ufl)*  0.9963 

DSmP.-omHB  n C)  U A)  = 0.9935 

DSmP,-  o om(A  Ufl)s  0.9972 

D5mP,_o.ooi(A  UC)  se  0.9963 

DSmPtmO  «n(B  u C)  = 0.9931 

DSmP,-o.ooi(A  UBUC)=  1 

which  induces  the  underlying  piubahllity  measure  on  the  refined  frame16 

P(A')  = Di';nP(A)  - DSmP(A  n B)  - DSmP(A  fl  C) 

+ DSmP(A  nflnC)!=  0.0066 

P{B')  = DSmP(B)  - DSmP{A  nB)-  DSmP(B  n C) 

+ DSmP(A n BC\C)  b=  0.0038 

P(C)  = DSmP{C)  - DSmP(A  n C)  - DSinP{B  n C) 

+ DSmP(A  r B n C)  « 0.0028 

“''The  verlflcaUoo  u left  lo  the  iriula. 

“Boc  wr.  a%r  the  Poinenrt'a  formula  The  index  e h*i  been  omitted  doe  to  ipocc  lanlUtloo 
irm  n cation al  convmirccr. 
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P(D')  = DSinP(A  n B)  - DSrnP(A  n B O C)  ta  0 0086 
PI  E1)  = DSmP(A  n C)  - DSmP(A  O B n C)  = 0(1067 
P(f)  = DSmP{B  n C)  - DSmP(A  nBnC)  *=  0.0037 
PIG')  = DSmPIAn  BnC)  =a  0.9678 


Note  that  these  probabilities  can  also  be  computed  directly  by  the  formula 
(3.12)  using  the  proper  bba  defined  on  the  refined  name.  For  example 
by  applying  (3.12).  one  gets  for  this  example  (with  m(/4>  = m{-4' UD'U 
£'  U C)  = 0.3,  tn{A  U B)  = m(.4'  UB'UD'UPUF'U  G')  = 0.1  and 
m(4  u B U C)  = m(A'  uBluC'uD'uPuF'uC')  = 0.2) 

«-0.3  t <0.1  , <-03 

|j  * _ 0. 1 — « 1 + 0.1  4-f  6 + 0 1 + < 7 

which  is  equal  to  0.0066  when  c = 0.001.  Similar  derivations  can  be  done 
using  (3.12)  to  obtain  directly  the  probabilities  of  the  other  elements  of 
the  refined  frame. 


We  summarize  in  Table  3.26,  the  PIC  wdues  obtained  with  the  different  trans- 
formations sorted  in  increasing  order.  DSmPt  -o  provides  here  again  the  best 
result  in  term  of  PIC  metric  with  respect  to  all  other  transformations. 


mi 

PrBel(.) 

NaN 

PriWPIf.) 

0.0414 

CuzzP{.) 

0.0621 

PraPIf.) 

0.0693 

BctP(.) 

0.1176 

DSmP ,_0.i(-) 

0.1851 

PrP/(.) 

0.1940 

PrHyb(.) 

0.2375 

DSmP ,.o.ooi(.) 

0.8986 

Table  3.26:  Results  for  example  3.8.6. 


3.9  Extension  of  DSrnP  for  qualitative  belief 

In  order  to  compute  directly  with  words  (linguistic  labels).  Smarandache  and 
Dezert  haw  defined  in  [13]  a qualitative  basic  belief  asAiqnment  as  a 

mapping  funciiou  from  intu  a set  of  linguistic  labels  L = {Lq.  L.  !,„♦  1} 
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where  L = {Lif«*  • . Lm } ifi  a finite  set  of  linguistic  labels  and  where  m > 2 
is  an  integer.  For  example.  L\  can  take  the  linguistic  value  “poor”,  L2  the 
linguistic  value  “good*,  etc.  L is  end  wed  with  a total  order  relationship 
so  that  L\  < L*  < •••  •<  Ln.  To  work  on  a true  closed  linguistic  set  L un- 
der linguistic  operators,  L is  extended  with  two  extreme  values  L0  = 
and  Lm+\  = LmkX.  where  Lq  corresponds  to  the  minimal  qualitative  talue 


and  Lm4i  corresponds  to  the  maximal  qualitative  value,  in  such  a way  that 
L0  < L\  < L2  < < Lm  < Lm+h  where  -<  means  inferior  to,  or  less  (in 

quality)  than,  or  smaller  than,  etc. 


From  the  isomorphism  between  the  set  of  linguistic  equidistant  labels  and 
a set  of  numbers  in  the  interval  [0, 1]  and  the  DSm  Field  and  Linear  Algebra  of 
Refined  Labels  (FLAK L)  proposed  in  Chapter  2,  one  dispcees  of  a set  of  precise 
operators  on  linguistic  labels  (addition,  subtraction,  multiplication,  division, 
etc)  which  allows  a direct  extension  of  (quantitative)  DSniP  formula  to  its 
qualitative  version  as  follows:  qDSmP€($)  = Lo  and  VX  € G*  \ {fl}  by 


^2  q<n(Z)  + e-C{XrY) 

ZCXryY 

qDSmPAX)  = Y flftL Vn(Y) 

y£.  E V*(Z)  + €-Cm 


(3-30) 


where  all  operations1 7 in  (3.30)  are  referred  to  labels  as  explained  in  Chapter  2. 


The  derivation  of  a qualitative  FIC  from  qualitative  DSinP  can  be  also 
obtained  as  follows:  Let's  consider  a finite  space  of  discrete  exclusive  events 
0 = {0i,02V. . . ,0n}  and  a subjective  qualitative  alike  probability’  measure 

qP(.)  0 *-♦  L = {L0,Lj, LfntLm4.2l*  Then  one  defines  the  entropy  and 

PIC  metrics  from  gP(.)  as 

n 

fffap)  (3.31) 

i-1 

PICiqP)  = 1 + _i_  • Y qP{0, ) I Ofefom})  (3.32) 

.-l 

where  //maJl  = log3(n)  and  in  order  to  compute  the  logarithms,  one  utilizes  the 
isomorphism  L,  = i/(m  + 1). 

1 7 In  our  previous  papers,  we  used  only  apfyaxixnatc  operators  for  labels  In  wfoddag  with 
FLAIU-.  we  use  prerise  operators  tar  labels. 
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3.10  Example  for  qualitative  DSmP 

Let's  consider  the  frame  0 = {A.B,C\  with  Shafer's  model  and  the  following 
set  of  linguistic  labels  L = {L0.  Lit  L2.  L3.  Lt,  Lt)  (m  = -1)  with  L0  = Lm ju 
and  Li  = Lmut.  Let's  consider  the  following  qualitative  belief  assignment 
qm(A)  = Li.  qm(Bl)C)  = L*  and  qm{. X)  = La  for  all  X € 2e\{4lBuC). 
qm(.)  is  quasi-normalized  since  Vl  2o  '/"*(.¥)  = Ls  = In  this  example. 
9m(BuCJ  = Lt  is  redistributed  by  qDSmP,{.)  to  B and  C only,  since  B and 
C were  involved  in  the  ignorance,  proportionally  with  respect  to  their  cardinals 
(since  their  masses  are  Lo  = 0).  Applying  qDSmP,(.)  formula  (3.30),  one  gets 
for  this  example: 

qDSmP.[A)  = Li 


qDSmP.(B)  = 


qm(B)  + tC(B) 


qtn(B)  + qni(C)  + < • C(B  u C) 


qm(BuC) 


cl 


■Lt  = 


L0.u 


Lo  + Lo  + t‘2  £o«o.(.3)5 

= 4/0  = ^10/S  = Lq 


-La 


Similarly,  one  gets 


-DSraR>c> = u 01 
" l77t£t7~2  l‘  = l* 

Thunks  to  the  isomorphism  between  labels  and  numbers,  all  the  properties 
of  operations  with  numbers  are  transmitted  to  the  operations  with  labels. 
qDSmPt{.)  is  normalized  since  qDSmPt(A)  + qDSmPt{B)  + qDSmPt{C) 
equals  Li  + La  + £2  = to  = Lm*x-  Applying  the  PIC  formula  (3.32),  one 
obtains  (here  n =|  B |=  3): 


PIC(qDSmP€)  = 1+ 


(Li  log2(Li)-f-L2 log2 ( lal-f  1*2 log2<f.^)  « £ Li 


where  in  order  to  compute  t he  qualitative  logarithms,  one  utilized  t he  isomor- 
phisrn  L,  = 
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3.11  Conclusions 

Motivated  by  the  necessity  to  use  a better  (more  informational)  probabilistic 
approximation  of  belief  assignment  m(.)  for  applications  involving  hard  and/or 
soft  decisions,  we  haw  developed  in  this  chapter  a new  probabilistic  transfor- 
mation. called  DStnP , for  approximating  m(.)  into  a subjective  probability 
measure.  DSmP  protides  the  maximum  of  the  Probabilistic  Infor oration  Con- 
tent (PIC)  of  the  source  because  it  is  based  on  proportional  redistribution  of 
partial  and  total  uncertainty  masses  to  elements  of  cardinal  1 with  respect  to 
their  corresponding  masses  and  cardinalities.  DSmP  works  with  any  model 
(Shafer's,  hybrid,  or  free  DSm  model)  of  the  frame.  DSmP*~c  coincides  with 
Sudanos  PrBcl  transformation  for  the  cases  when  all  masses  of  singletons 
involved  in  ignorances  are  nonzero.  PrBel  formula  is  restricted  to  work  on 
Shafer's  model  only  while  DSmPt> o is  always  defined  and  for  any  model.  We 
have  clearly  shown  through  simple  examples  that  the  classical  BetP  and  Cuz- 
zolin's  transformations  do  not  perform  well  in  term  of  PIC  criterion.  It  has 
been  shown  also  how  DSmP  can  be  extended  to  the  qualitative  domain  to  ap- 
proximate qualitative  belief  assignments  provided  by  human  sources  in  natural 
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Abstract:  This  chapter  defines  and  implements  a nun -Bayesian 

fusion  rule  for  cvmbimny  densities  of  probabilities,  derived  from  tm* 
precise  knowledge.  Ilns  rule  is  the  restriction  to  a strict  probabilis- 
tic paradigm  of  the  Proportional  Conflict  Redistribution  rule  no  6 
(PCR6)  developed  in  the  DSmT  framework  far  fusing  basic  belief  as- 
signments A sampling  method  for  probabilistic  PCR6  fp-FCR6)  is 
defined.  It  is  shown  that  p-PCR6  allows  to  keep  the  modes  of  local 
densities  and  preserve  as  much  as  possible  the  whole  m formation  in- 
heient  to  mch  densities  to  rvmbme.  In  particular,  p-PCR6  is  able 
of  maintaining  multiple  hypothese s/modes,  when  they  arc  loo  distant 
for  fusion,  amtmnwsse  to  classical  technique.  The  question  of  se- 
quential filtering  by  p-PCRfi  is  addressed,  thus  implying  the  necessity 
to  handle  the  redundancy  of  the  information. 
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Chapter  1:  Probabilistic  PCRG  fusion  rule 


Notations 

• ii|x  = i»]  is  the  Dirac  distribution  of  variable  r on  value  y . 

• /|6),  function  of  Boolean  b,  is  defined  by  /[true]  = 1 and  /|false]  = 0.  In 
particular,  /[r  = y]  could  be  seen  as  a discrete  counterpart  of  the  Dirac 
6\x  = y], 

4.1  Introduction 

Bayesian  inference  is  a powerful  principle  for  modeling  and  manipulating  prob- 
abilistic information.  In  many  cases,  Bayesian  inference  is  considered  as  an 
optimal  and  legitimate  rule  for  inferring  such  information.  Bayesian  filters  for 
example,  and  their  approximations  by  means  of  sequential  Monte-Carlo,  are 
typically  regarded  as  optimal  filters  (1,  2,  7]. 


However,  Bayesian  methods  need  strong  hypotheses,  in  particular  about 
t he  information  prior  and  the  independence  prior.  A degradation  of  the  per- 
formance of  Bayesian  filter  occurs  if  the  filter  is  not  correctly  initialized  or 
updated,  in  accordance  to  the  models  in  use.  Being  given  a model  of  the  sys- 
tem kinematic  and  of  the  measurement  process,  the  main  issue  is  to  develop 
filtering  methods  which  are  sufficiently  robust  against  the  bias  at  the  initializa- 
tion as  well  as  error  in  modeling.  In  this  paper,  a non-Bayesian  rule  for  fusing 
the  probabilistic  information  is  proposed.  This  rule,  denoted  p-PCR6,  is  the 
restriction  to  the  probabilistic  paradigm  of  the  Proportional  Conflict  redistri- 
bution rule  no.6  (PCRG)  which  has  been  proposed  in  |12]  for  combining  basic 
belief  assignments.  p-PCR6  is  also  an  extension  of  discrete  PCRG  version  to 
its  continuous  probabilistic  counterpart . 


PCRG  has  been  first  established  for  combining  evidences  (i.e.  discrete  be- 
lief assignments)  in  the  DSmT  framework.  In  particular,  it  has  been  designed 
in  order  to  cope  with  highly  conflicting  and  uncertain  information.  This  rule 
could  be  considered  in  a probabilistic  paradigm  by  restricting  the  basic  be- 
lief assignment  involved  to  only  probabilistic  belief  assignment1 , and  directly 
extended  to  densities  of  probabilities.  This  rule  is  non-Bayesian  by  nature.  Al- 
though Bayesian  techniques  are  widely  well  known  and  used  in  target  tracking 
community  (including  authors  works  in  tracking),  it  is  interesting  to  see  how 
such  new  approach  can  perform  to  estimate  its  real  interest  and  potent iality. 


lThc  denomination  prufabtfrrtic  belief  aMsifnment  ts  preferred  to  ffayestan  feiic/  oa- 
jiynnrai.  generally  uatd  in  the  literature,  udcc  wr.  consider  that  Probability  and  Dayesuia 
inference  are  distinguishable  notion*. 
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Surpriangly,  it  t urns  out  through  our  works,  that  such  approach  is  robust  to  an 
erroneous  modeling:  in  particular,  it  is  able  of  maintaining  multiple  hypothe- 
ses, when  they  are  too  distant  for  fusion.  The  resulting  p-PCR6-based  filter 
happens  to  be  essentially  non-linear,  and  has  been  implemented  in  our  simula- 
tion using  particle  filtering  techniques.  In  particular,  the  p-PCR6  multisensor 
filter  developed  here  is  based  on  a quite  simple  and  direct  implementation  in 
terms  of  particles  drawing  and  resampling.  At  the  end  of  this  chapter,  the 
question  of  sequential  filtering  is  addressed.  In  this  case,  it  is  necessary  to  take 
into  account  the  redundancy  of  information  over  the  time.  Then,  p-PCRG  is 
adapted  in  order  to  remove  this  redundancy. 

Section  4.2  introduces  the  PCRG  rules,  and  establishes  some  results  about 
probabilistic  PCRG.  A sampling  method  is  deduced.  Section  4.3  compares  the 
results  of  the  Bayesian  rule  and  of  probabilistic  PCRG  on  a simple  example.  On 
the  basis  of  this  comparison,  some  arguments  about  the  robustness  of  PCRG 
are  given.  Section  4.4  investigates  the  sequential  filtering  issue.  Application  of 
p-PCRG  to  distributed  filtering  is  provided  as  example.  Section  4.5  concludes. 


4.2  PCR6  formula  for  probabilities 

4.2.1  Definition  and  justification  of  PCR6 

The  Proportional  Conflict  Redistribution  rule  no.  6 (PCRG)  of  combinat  ion  [5] 
is  an  extension  of  rule  PCR5  (10.  11].  These  rules  come  from  the  necessity 
to  manage  precisely  and  efficiently  the  partial  conflicts  when  combining  con- 
flicting and  uncertain  information  expressed  in  terms  of  (quantitative)  belief 
assignments.  These  rule  have  been  proved  useful  and  powerful  in  several  ap- 
plications where  it  has  been  used  |12|.  PCR5  and  PCRG  are  equivalent,  when 
restricted  to  only  two  sources  of  information. 

Let  be  given  an  universe  of  events  0 A distribution  of  evidence  over  0 
is  characterized  by  means  of  a basic  belief  assignment  (bba)  m : P(0)  — E ' 
such  that: 

m(0)  = 0 and  £ rn(X ) = 1 , 

.xce 

where  P(0)  is  the  set  of  subset  of  0.J 


'In  the 
bee)  [12|. 


car,  bba  could  abn  be  defined  ovrr  hypri-pon-or  art*  (Drdckind’i  lot- 


MO 
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A bba  typically  represents  the  knowledge,  which  can  be  both  uncertain  ami 
imprecise,  that  a sensor  provides  about  its  belief  in  the  true  state  of  the  uni- 
verse. The  question  then  arising  is  Ho tu  to  /use  the  bba 'a  related  to  multiple 
sensor  responses ? The  main  idea  is  to  corroborate  the  information  of  each 
sensor  in  a conjunctive  way. 

Example;  Let’s  assume  two  sources  with  basic  belief  assignments  mx  and  m2 
such  that  mj  (.4)  = 0.6,  UB)  = 0.4  and  m2(£)  = 0.3,  m2(A  UB)  = 0.7 . 
The  fused  bba  is  then  characterized  in  a conjunctive  way  by: 

mJAHB)  = = 0.18 , 

»»aM>  = miMmjM  u B)  = 0.-12  , 
mA(B)  = m,(.4  U B)m2(B)  = 0.12  , 
tnA< A U B)  = mj(A  U B)m2{A  U B)  = 0.28  . 

The  conjunctive  consensus  works  well  when  there  is  no  possibility  of  con- 
flict. Now,  make  the  hypothesis  ArB  = 0 . Then,  it  is  obtained  mA(#)  = 0.18, 
which  is  not  an  acceptable  result  for  a conventional  interpretation  of  tf  as  a 
contradiction.  Meet  existing  rules  solve  this  issue  by  redistributing  the  con- 
flict mA(0)  over  the  other  propositions.  In  PCR6,  the  partial  conflicting  mass 
mx(A)m2{B)  is  redistributed  to  A and  B only  with  the  respective  proportions 
Xx  = 0.12  and  Xg  = 0.06 , according  to  the  proportionalization  principle: 

*a  _ Jn  _ m^A^jB)  _ 018  = Q2 
mi  (A)  ma(£)  mi(A)  + ma(£)  0.9 

Basically,  the  idea  of  PCR6  is  to  transfer  the  conflicting  mass  only  to  the  ele- 
ments involved  in  the  conflict  and  proportionally  to  their  individual  masses. 

Some  theoretical  considerations  and  justifications  already  briefly  aforemen- 
tioned led  to  the  following  PCRG  combination  rule.  Being  given  two  bba's 
mj  and  m2,  the  fus«l  bba  Dip crb  according  to  PCRG.  or  equivalently  to  PCRfi 
in  this  case,  is  defined  for  any  X € P(0)  \ {*)}  by: 


mr  au/rc&a(X)  = m a(-V) 

+ £ 

535? 


w,(X)»m2(r) 
ml(X)  + m2(y') 


m2(X)2vii(Y)  \ 
mj(X)  + mi(Y)J 


(4.1) 


where  mA(*)  corresponds  to  the  conjunctive  consensus: 

mA(X)  = ^ mi(yi)ma(ft). 

YifsYvmX 

Yi,YtVHB) 
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When  fusing  * > 2 sources  of  informations,  characterized  by  the  bba's  rnj  to 
m,.  the  fused  bba  is  defined  in  [5]  by: 


miaul*)  = "'a!*) 


E"-<A')a  E 

'-1  rr»iS  y,Mnx-$ 

“ l)€r(0> 


/ *-l  > 



•-i 

"«.(*)  + Em*‘(»!y''iti>) 


where  mA(  ) corresponds  to  the  conjunctive  consensus: 


(12) 


hi  a (A")  = ri"'-!1''). 


nn  viy.-x  i-i 

n.-  ,r.«p|e) 


and  the  function  a,  counts  from  1 to  s avoiding  i : 

<TiO)  = j x I\j  < i]  + O'  + >)  x /[?  2 i]  • 


4.2.2  Reformulation  of  PCR6 

Definition  (4.2)  could  be  reformulated  into  a more  intuitive  expression. 


mpou(A)  = mft(A')  + ^ E 


n.  .v.eP(B) 


I\X  = Y,)  mmUmAYj) 
£2? 

£•"<«) 

j-i  - 


and  tJipn: 


E/l*  = n]m,0',) 


•Hick.  ( A")  = m«(*)  + ^ JJhi,(V,) — 


n:.,n-#  .-i 

v..  r.tr(e) 


. (1-3) 


J-l 


1-12 
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At  last.,  u new  formulation  of  PCR6  is  derived  fur  .Y  e P(Q)  \ (0>: 


n.  -.K.fPie)  V«-I  ’ 


where  the  function  Fpcrb  is  defined  by: 


Fi-cR.Wyi:,)  = / f|  Yk  = X + / 


. , Eipf-rjimjos) 

n »-• 


k-i 


5>w 


M- 

=> 

£ 

II 

* . 

+i 

H n = i'l /)A- = Vi])  mAY.) 

>- 1 \ Lk-1 

r 

>-i  J / 

(4-4) 


^-1 


When  considering  probabilistic  densities  instead  of  belief  functions,  the  com- 
patents  H;_,  m,(Y,)  and  have  a 

straightforward  interpretation.  The  first  is  interpreted  as  an  independent  gen- 
eration of  answers  by  each  source  of  Information.  The  second  is  interpreted  as  a 
random  choice  among  the  answers  or  t he  consensus,  weighted  by  the  respective 
evidences. 


*1.2.3  Definition  of  probabilistic  PCR6  (p-PCR6) 

In  (12),  Dezert  and  Smarandache  proposed  a probabilistic  version  of  the  PCR5  / 
PCRfi  rule  (4.1)  for  two  sources,  by  restricting  the  bba's  mi  and  mi  to  discrete 
probabilities  Pi  and  Pi  which  are  called  then  probabilistic  belief  assignments 
(or  masse1).  Probabilistic  belief  masses  are  bba's.  which  focal  elements3  con- 
sist only  in  elements  of  the  frame  0,  i.e.  the  singletons  only.  When  dealing 
with  probabilistic  belief  assignments  nu  = Pi  and  mi  = Pi,  the  conjunctive 
consensus  is  restricted  to  the  same  singleton,  so  that.  mA(X)  = Pi(X)P2(X), 


’Focal  dements  arc  dements  of  P(Q)  kovu*;  a strictly  positive  mans. 


Chapter  4.  Probabilistic  PCR6  fusion  ru/e 


143 


As  n co us k | ui.'ii to.  the  PCRfi/PCRG  fonuuln  (4.1)  for  two  sources  reduces  to: 

IW-W  - + Wl  yZxj  A%f+%y, 


. D,v»  V P2(X)Pi(Y) 

+ PjW  2.  p2(x)  + pi{y) 


vce\(X) 


Now,  it  happens  that: 


„<Vk„,~k  o,v.  A(A)P,(A)  . Pj(A)Pj(A') 

Pi(A  )Pj(A)  — P, (A 1 7_...v. ....  ...  + Pj( A) „ , 

and  finally: 

„ Pi(A)Pj(P)  irl,vkV^  P1(X)Pl(Y) 

Ppcht/'ChofA ) - P,(A  , ^ ___+PJ(  A , ^ ^(ATTpTn  • 

(4.5) 

Of  course,  this  formula  generalizes  in  the  case  of  PCRG  for  any  number  of 
sources.  Since: 

m^A)  = rjR(A)  = gP.(A)^^ 

and,  for  A .YBi(k)  € 0. 

•-1 

n n A * * if  and  only  if  Y,l(l)  = • • - = ^.(#>  = A , (4.6) 


/WA)  = £p,(A')3 


«-l 


•ini' 


1-1 

n *»<*«> 

>-« 

^(AJ  + ^P-.W^U,) 

j-i 


(4.7) 


Equations  (4.5)  and  (4.7)  are  however  difficult  to  handle  practically.  The  re- 
formulated definition  of  p-PCR«i  is  introduced  now 
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4.2.4  Reformulation  of  p-PCRfl 

From  (4.4),  it  is  deduced: 


/vcK«pn  = 

£(/[*-*-  ••  - v.) + / n - * n* - 
E n«(^ 


>>1  PjW) 


n.  ,nc®  *-i 


Now,  the  property  (4.0)  iinpbcs: 


/[x  = Ki=-.=y.i  + / 


"7 

i 


n»- 

u-i 


/[.Y  = K>]  = /[A'  = Ys\ . 


As  a consequence,  tbe  p-PCR6  rules  is  equivalently  defined  by: 

±nx  = Yl]p,<yJ) 

Pec k«(A')=  £ P«)-H 


(•>•8) 


n.  .v.ee  1-1 


i-i 


4.2.5  Extension  of  p-PCR6  on  continuous  propositions 

The  previous  discrete  p-PCRfi  formula  is  now  extended  to  densities  of  proba- 
bilities of  random  variables.  Formula  (4.7)  is  thus  adapted  for  the  fusion  of 
continuous  densities  plf  • - • fpM: 

i— l 

. p*<*)  n^.u)<v-.o>) 

Pi-cm(*)  - E /'.(*)  j "TTI n dV‘-0)  ‘ 

Prf(*)  + £p.,0)<V*.0)> 

*-» 

Notice  that  /?,(*)  is  put  inside  the  integration,  so  as  to  deal  with  possible 
singularities,  when  p»(x)  =0.  It  is  also  necessary  to  prove  that  ppciw  is  a 
probabilistic  density.  And  of  course,  it  is  passible  to  guess  a reformulated 
definition  of  p-PC’Rfi  for  densities  by  means  of  (4.8).  But.  we  fejtablish  now 
these  results  by  calculus.  First  at  all,  a result  is  proved  for  computing  the 
expectation  based  on  Ppckd- 


Chapter  4.  Probabilistic  PCR6  fusion  rule 


115 


4. 2.5.1  Expectation 


The  expectation  of  a function  according  to  the  fused  probability  Prcns  is  ex- 
pressed from  the  initial  probabilities  pt,  • • • , p,  by. 

l"P*cht{v)f(V,‘)dv=  I*.  PJjMlfc)-—— 7 ndy'-  <410> 


£ftto) 


1-1 


• -1 


Proof. 

J"PrcHB{y)f{v,:)du 


• -1 


r*-i 


=£’Jbp,{v)  Je..t — /(viz>  l n^.« ) jy 


>-« 


. n*<*> 

= £ / * m — /to-  *)  n dy< 
r.ftto) 


i-i 

« 


. £p.to)/to.*)  , 

= /.nftOo^-T- — n^v. 


J>to>  -i 


□□□ 


Corollary.  The  density  pfciia  is  actually  probabilistic,  since  it  is  derived: 

J^PK»a[v)  dy  = 1 , 


by  taking  / = 1 . 
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4.2. 5.2  Reformulated  definitiou 


/*ciu(i) 


= l (n»w) 


4-1 


X>,<ir,)%  = *1 


(•1.11) 


where  tr(f|yi^)  = 


•-1 


«-i 


Proof. 

Apply  lemma  1 to  the  Dirac  distribution  /(y,  i)  = i5[y  = z] . 

□□□ 


4.2.6  Sampling  method 

Being  able  to  sample  j>j,  • -•  ,pJf  it  is  possible  to  sample  pPCKn  by  applying 
the  definition  (4.11).  The  implied  sampling  process  (let  ^ be  the  sample  to  be 
generated)  is  sketched  as  follows: 

1.  For  any  k € {l,**-  ,*},  generate  y*  according  to  phf  together  txnth  its 
evaluation  p*(yt), 


2.  Generate  0 € [0. 1]  according  to  the  uniform  law, 

3.  Find  j such  that  S-'-’—  < *<  ■ , 

Lk-iwyO 


4.  Set  z = Vy 


It  is  seen  subsequently  that  p-PCRG  does  not  preserve  the  Gaussian  distribu- 
tions. As  a consequence,  its  manipulation  is  essentially  addressed  by  means 
a Monte-Carlo  method,  and  the  previous  sampling  method  is  implemented 
the  applications. 


The  next  section  is  devoted  to  a comparison  of  p-PCR6  and  Bayesian  rules  on 
very  simple  examples. 


o .a 
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4.3  Bayes  versus  p-PCRG 

4.3.1  Bayesian  fusion  rule 

In  this  section,  we  are  interested  in  the  fusion  of  two  independent  estimators 
by  means  of  the  Bayesian  inference.  Such  fusion  has  to  take  into  account  the 
prior  about  the  state  of  the  system.  Subsequently,  this  prior  is  chosen  to  be 
uniform.  Although  this  is  just  a particular  case  of  application,  it  is  sufficient  for 
our  purpose,  i.e.  the  illustration  of  essential  differences  between  the  Bayesian 
and  PCR6  approaches. 

4. 3.1.1  General  case 

In  Bayesian  filter,  the  estimator  is  explained  by  means  of  the  posterior  pro- 
bability p{x\zi,Z2)  conditionally  to  the  observation  21  and  22.  Notice  that 
this  posterior  estimation  should  not  be  confounded  with  the  true  state  of  the 
system.  Now,  our  purpose  here  is  to  derive  a rule  for  deriving  the  global  es- 
timator p(r|zi,*2)  from  the  partial  estimators  and  p<x|r2).  Applying 

Bayes’  rule,  one  gets  pix\z\ , £*)  oc  p(2j,  22|*}p(*)  4 g°  further  in  the  deriva- 
tion, one  must  assume  the  conditional  independence  between  the  two  proba- 
bilistic sources/densities,  i.e.  p(z\,  z2\x)  = p(z\\*)p{&2\x)  • As  a consequence, 
p(x  1*1.4)  » p(*il*)p(*a|*)p(*)  , aud  llien: 

(4.U) 

So.  in  order  to  compute  p(2j£it  22),  it  is  needed  both  p(x\n),  p{x\z2)  and  the 
prior  p(x) . If  one  assumes  uniform  prior  for  p(x),  and  using  notations  — 
Pi  = p{*|*i)  and  P2  = p(-|22)*  the  Bayes'  fusion  formula  (4  12) 

becomes: 

Pbw(x)  a P\(z)pi(z) . (4.13) 

(It  is  noticed  that  a discrete  counterpart  oj  this  result  could  also  be  obtained  by 
applying  Dempster  Shafer  rule  to  probabilistic  belief  masses) 


4. 3.1. 2  Gaussian  subcase 


We  investigate  here  the  solution  of  the  problem  when  pi  and  p2  are  Gaus- 
sian distributions.  So  assume  for  simplicity  that  pi(x)  and  pa(x)  axe  mono- 
dimensional  Gaussian  distributions: 


pi<»)  = 


and  fniz)  = 


02  Jin 


4p<o|3)  x y iDoana  Mp(a|3)  u proportional  to  y for  ft  fiird' 
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In  absence  of  prior  information,  one  assumes  p(r)  uniform.  The  Bayesian  rule 
requires  to  compute  (4.13).  Then,  it  is  easily  shown  that  is  Gaussian. 


<— 


J'b««.(*)  = ■ ■ ■ .ip": 


wit  h 


•L-- 


af<r| 


and 


When  <J\  = <7a  = o,  it  is  implied  then: 


<.<*>  = y aud  W = ^ 


Hence,  the  resulting  standard  deviation  <7bsym»  after  Bayes  fusion  is  equal  to 
the  initial  standard  deviation  divided  by  the  factor  and  thus  < <*. 
This  fusion  process  is  optimal,  when  the  model  parameters  axe  correct.  Now, 
imagine  that  the  difference  *2  — is  obtained  from  a bias  error  of  the  model. 
For  example,  let  us  consider  that  the  estimation  of  sensor  1 is  correct  but 
that  the  estimation  of  sensor  2 is  erroneous,  in  regards  to  the  deviation  a. 
Assuming  x being  the  true  state  of  the  system,  it  comes  most  likely:  pi(x)  ys> 
> j>i(x).  Thus,  the  Bayesian  fusion  propagates  the  errors.  This 
implies  an  irrelevant  estimation.  It  is  noticed  however,  that  the  bias  is  divided 
by  two,  each  time  a fusion  with  a good  estimation  occurs,  w'hile  the  deviation 
is  only  divided  by  v^2.  Then,  good  estimations  will  make  the  process  converge 
correctly  after  some  iteration. 

The  theoretical  plots  and  those  obtained  with  Monte  Carlo  simulation  are 
given  in  figures  4.1,  4.2  and  4.3.  These  figures  make  the  comparison  with  the  p- 
PCR6  fused  densities.  This  comparison  will  be  discussed  subsequently.  It  is  yet 
confirmed  that  the  Bayesian  rule  just  concentrates  the  information,  by  reducing 
the  deviation,  even  when  the  information  are  distant  (that  is  putatively  false). 
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Figure  4.1:  p-PCR6  fusion  versus  Bayesian  fusion  (theoretical). 


Figure  4.2:  p-PCRG  fusion  versus  Bayesian  fusion  (theoietical). 
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Figure  4.3t  p-PCRG  fusion  versus  Bayesian  fusion  (based  on  10000  samples). 


4.3.2  Fusion  based  on  p-PCR6  for  Gaussian  distributions 

The  same  Gaussian  distribution,  pi  and  p3,  are  considered,  but  are  now  fused  by 
p-PCRG  rule  (4.9),  thus  resulting  in  density  prow . The  fused  densities  are  both 
computed,  figures  4.1  and  4.2,  and  sampled,  figure  4.3.  Direct  computations 
axe  expensive,  and  are  obtained  in  two  steps: 

. Compute  I,(t ) = / Wha*  * € 0.2>  “d  a € {1.2}  \ {-> . 

• Then  compute  ppcna(*)  = p\(x)h(x)  + p2(z)h(x) . 

It  appears  clearly  that  computed  and  sampled  densities  match  well,  thus  con- 
firming the  rightness  of  our  sampling  method.  Now.  contrariwise  to  the  Bayesian 
rule,  it  is  noticed  two  different  behaviors  (which  are  foreseeable  mathemati- 
cally): 

• When  the  densities  pi  and  p3  axe  close,  Prcha  'dn  amplifier  of  the 

information  by  reducing  the  variance.  However,  this  phenomena  is  weaker 
than  for  p-PCR6  is  thus  able  to  amplify  the  fused  informatiou, 

but  is  leas  powerful  than  the  Bayesian  rule  in  this  task. 

• When  the  densities  pi  and  pj  are  distant,  pi-cae  keeps  both  modes  present 
in  each  density  and  preserves  the  richness  of  information  by  not  merging 
both  densities  into  only  one  (unimodal)  Gaussian  density.  This  is  a very 
interesting  and  new  property  from  a theoretical  point  of  view,  which 
presents  advantages  for  practical  applications. 
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I n regards  to  these  differences,  it  is  thus  foreseeable  that  the  p-PCRG  should 
be  more  robust  to  potential  errors. 


4.4  A distributed  sequential  filtering  application 


4.4.1  Whitened  p-PCR6  rule 

It  has  been  seen  that  the  p-PCR6  fusion  of  the  same  densities  pi  = pz  will 
result  in  an  amplified  density  ppent-  Of  course,  this  is  not  practicable  when 
the  densities  pi  and  pa  are  related  to  correlated  variables.  Consider  for  exam- 
ple that  the  state  y axe  measured  by  zl  and  z2.  The  (distributed)  posterior 
probabilities  are  p«(p)  = p(y|*J)  <x  p(y)p{z*\y)  for  s = 1,2.  It  happens  that 
pi  and  p2  are  correlated,  so  that  p-PCRG  should  not  be  applied  directly.  In 
particular,  the  fusion  of  pi  and  pa  by  means  of  p-PCRG  results  in  a density 
ppau  stronger  than  the  prior  p over  y . even  when  there  is  no  informative  mea- 
sure. i.e.  p(r*|y)  = p{za)  I In  order  to  handle  this  difficulty,  we  propose  a 
whiten f.d  p-PCRG  rule,  producing  a fused  density  p.t»«*i-ci»o  from  the  updated 
information  only: 


PwklLPCHl! 


whoie  n(v|yi,w)  = 


(y)=  y^pi(in)pi(in)»(y|vi,w)«iyii<w , 


-.rnmwwicz5i: 


rival 


In  (4.14),  the  proportion  ■ should  be  considered  as  the  information  intrin- 
sically obtained  from  sensor  s.  It  happens  that  the  whitened  p-PCRG  dots  not 
change  the  prior  when  t here  is  no  informative  measure,  %.e.  PrAtHrcffufyl  = P(v) 
when  ;<i*|y)  = p{zM)  for  a = 1,2. 


4.4.2  Theoretical  setting 

A target  is  moling  according  to  a known  Markov  prior  law.  Let  yt  be  the  state 
of  the  target  at  time  t.  It  is  assumed: 

piVht+l)  =P(Vl4ll¥l>lKVl:f)  * 

In  order  to  estimate  the  state  of  the  target,  S sensors  are  providing  some 
measurements.  Denote  zj  the  measurement  of  the  state  yt  by  sensor  s.  The 
measure  is  characters*!  by  the  law  p(zf  |yi),  which  is  known.  It  is  assumed 
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that  the  measure  are  made  independently,  conditionally  to  the  state: 

P<s,1,5IVi>  = ft***)  • 

•-1 

Our  purpose  is  to  derive  or  approximate  the  optimal  estimator.  i) , 

&om  the  distributed  retreaded  estimators,  p{yin|*w  , related  to  sen- 
sors a.  There  is  a Bayesian  approach  to  this  problem,  and  we  propose  some 
comparison  with  a p-PCR6  approach  and  a whitened  p-PC'RG  approach. 

4.4.2. 1 Distributed  Bayesian  filter 
This  filter  is  derived  from: 


p(y.-i|rif)  = J p(l»..ilw)l(vr|r};?)«<Vt  - 

(4.15) 

pfa«i|zi:f.*+i)  w p(n‘n|yi*i)p(yi*i|ri:f ) , 

(4.16) 

is  , / t-i  - .is. 

(4.17) 

This  approach  is  unstable,  when  some  components  of  the  target  state  are  non- 
observable, for  example,  adaptations  of  the  method  are  necessary  |2)  for  bearing 
only  sensors.  However,  the  method  will  be  applied  as  it  is  here  to  bearing  only 
sensors,  in  order  to  compare  to  the  robustness  of  the  PCRG  approach. 

4.4.2. 2 p-PCR6  filter 

This  filter  is  derived  from  (4.15),  (4.16)  and: 

(4-18) 


“"'1  P<VM.il*nf.*i%i)  “ an  instance  of  obtained  by  just  re- 

placing p,+i  by  t/,*.! . 

It  is  noticed  that  this  filter  is  necessary  suboptimal.  since  it  makes  use  of  the  p- 
PCRG  rule  on  correlated  variable.  The  whitened  p-PCR6  filter  will  resolve  this 
difficulty.  However,  it  is  seen  that  the  p-PCR6  filter  still  works  experimentally 
on  the  considered  examples 


Chapter  4 Probabilistic  PCR6  fusion  rule 


153 


4.4.2. 3 Whitened  p-PCRU  filter 


This  filter  is  derived  from  (4.15),  (4.16)  and: 


t , llSl 

-w  «(*+,|»M)  = ^ -v,: 


(4-19) 


Again,  y?  f x is  just  an  instance  of  pi*i  for  sensor  a . 

These  filters  have  been  implemented  by  means  of  particle**.  The  sampling  of  p- 
PCR6  has  been  explained  yet,  but  it  is  not  the  purpose  of  this  paper  to  explain 
all  the  theory  of  particle  filtering;  a consultation  of  the  literature,  e.g.  (9),  is 
expected. 


4.4.3  Scenario  and  tests 

These  examples  are  retrieved  from  [4],  This  work  has  been  implemented  by 
Alova  Ktrthner  during  his  internship  in  our  team. 


4.4. 3.1  Scenario  for  passive  multi-sensor  target  tracking 

In  order  to  test  the  p-PCR6  fusion  rule,  vre  simulate  the  following  scenario:  in 
a 2- dimensional  space,  two  independent  passive  sensors  are  located  in  (0,100) 
and  (100,0)  in  Cartesian  coordinates.  These  sensors  provide  a noisy  azimuth 
measurement  ( 0.01  nut  normal  noise)  on  the  position  of  a moving  target.  We 
associate  a tracking  particle  filter  to  each  sensor.  The  motion  model  is  the 
following  : 

x*4i  = x*+0.1.Af(0, 1) 

ih+ » = jr«  + 0.1  ■ JV(0, 1)  (42QS 

x*+ 1 = xt  + dt  • it  + 0^  • JV(0, 1) 

= V«  + dl  • Jr,  + 0.3  - JV(0, 1) 

tuyere  dt  - J time  unit  and  N(0tl)  * a the  normal  distribution. 

In  our  Manila  bona,  each  local  particle  filter  in  implemented  by  mean*  of  200 
particles.  At  each  time  step,  we  proceed  to  tbe  fitoSoo  of  the  local  pusteriur  densities* 
and  then  re-inject  the  fused  state  density  into  each  local  filter  (feedback  loop).  Three 
different  paradigms  are  considered  bx  the  fusion:  Bayesian.  p.PCKfi  m»l  whitened 
p-PCR6  rulra.  'Hirer  fillers  try  to  estimate  both  the  potation  and  speed  ol  the  target 
which  b assumed  to  follow  a quasi-constant  velocity  model.  It  is  noticed  that  we 
are  dealing  directly  with  both  the  observable  and  noo-oboervable  components  of  the 
target  stale. 
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4.4.3. 2 A simple  example 

In  this  Aral  example,  the  filter*  are  »vll  initialized  (we  give  them  good  starting  speed 
and  pmition).  'He  mohilr  follows  a non-linear  trajectory  (figure  1.4),  in  order  to  show 
the  capability  of  this  distributed  filter  to  converge.  On  this  example,  the  Bayesian 
filter  manages  to  trn<4  the  target  with  some  difficulties  during  the  last  curve  in 
figure  4.4.  On  the  same  example,  p-PCR6  and  whitened  p-PCR6  rules  have  been 
tested  with  success.  While  both  filters  have  to  reestimate  the  speed  direction  at  each 
turn.  It  appears  that  this  reestimation  is  more  difficult  lur  p-PCRG.  This  difference 
is  also  particularly  apparent  during  the  last  curve. 


Figure  4.4:  Estimated  trajectories  using  different  tracking  methods. 

Figure  4.5  displays  the  particle  cloud  of  the  whitened  PCR6  filter  during  and 
after  the  last  curve.  The  variance  rises  along  the  curve,  resulting  in  the  crust-like 
cloud  of  sub-figure  4.5(a),  which  is  characteristic  to  the  p-I'CRG  fusion:  the  branches 
correspond  to  the  direction  the  sensors  ore  looking  at  Then,  the  p-PCR6,  by  ampli- 
fying the  xone  where  the  filters  are  according  to  see  the  object,  allows  the  process  to 
converge  again  toward  the  object  real  position  in  an  expansion-contraction  pattern 
(figure  4.5(b)). 
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(ft)  Tan*  st*p  lfW 


Figure  4.5:  Particle  clouds  for  whitened  p-PCR6  in  the  last  curve. 
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In  mure  dillicult  cases,  with  poo*  initialization  for  instance  (see  lignin  1.6),  both 
p-PCRfi  and  whitened  p-PCR6  manage  to  follow  the  target,  while  the  Bayesian  filler 
diverges  in  about  one  third  ol  the  carve  and  give  mitigate  results  otherwise. 


Figure  1.6:  Estimated  trajectories  using  different  tracking  methods.  Poor  ini- 
tlalUation:  null  speed  and  10  units  away  starting  position. 


Next  sections  investigate  more  thoroughly  the  properties  of  the  whitened  p-PCR6 
filtering. 

1.4.3. 3 Whitened  p-PCRfi  robustness  against  poor  initialization 

In  order  to  tot  the  capability  of  (whitened)  p-PCR6  to  recover  from  ernmeous  mea- 
surements or  from  a total  contradict*®  of  the  local  estimations,  we  considered  two 
scenarios  in  which  the  filters  are  badly  initialised  at  various  degrees.  In  these  scenar- 
io. the  real  trajectory  of  the  object  is  the  same:  it  starts  from  (200, 0)  and  rums 
toward  (200, 150)  at  a constant  speed  (0, 1). 

In  the  first  scenario  (Ggure  4.7),  the  first  filter,  which  senaor  is  placed  at  (0. 100), 
is  initialised  at  pusitinn  (190, 10)  and  at  speed  (0,0).  The  second  filter,  which  sensor 
is  at  (100, 0).  is  initialised  at  piaitioe  (210, 10)  and  at  the  same  speed  (figure  1.7(a)). 
As  the  estimated  pcnitinua  are  far  from  the  real  one  and  both  sensors  ore  looking 
at  the  object  from  a remote  position,  the  particle  cloud  quickly  spread  horiniutall) 
(figure  1.7(b)).  Then  the  (whitened)  PCH6  begins  to  find  nines  where  both  filters  es- 
timate a non-negligible  probability  of  prracnce  and  amplifies  them  until  convergence 
(figure  1.7(c)).  Though  the  particle  duud  still  seems  to  be  fairly  spread  (because  of 
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senwra  remote  potdtion),  the  global  estimate  ia  very  chaw  from  the  real  ptniUon  anil 
speed,  and  will  remain  ai  until  the  last  time  step  (figure  4.7(d)). 


X 1 

y 

x apcrtl 

y speed 

First 

exiunpl? 

Filter  1 | 

190 

10 

0 

0 

Filter  2 

210 

10 

0 

0 

Second 

exiunplr 

Filter  1 j 

190 

10 

0.1 

-1 

Filter  2 | 

210 

10 

0.5 

1.5 

Table  4.1:  Initialization  data 


(a)  Time  step  1. 


(b)  Time  step  iO. 


(e)  Time  step  20. 


(d)  Time  step  60. 


Figure  4.7:  The  real  mobile  starts  at  (200.0)  and  moves  upward  at  constant 
speed  (0, 1);  poor  filters  initialization. 
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Out  second  example  (figure  4.H)  in  nu  extreme  case-  the  initialization  b quite  worse 
(see  table  4.1),  since  our  motiiin  model  atmimra  nearly  const  ant  speed  and  therefore 
makes  it  hard  to  recover  from  such  erroneous  and  contradictory  speed  iniiialbntion. 
An  interesting  point  b that,  for  a light  prediction  noise,  p-PCK6  sometimes  dues  not 
converge  on  this  example,  while  whitened  p-PCR6  usually  does.  Artificially  raising 
the  prediction  noise  wive*  thb  problem  for  standard'  p-PCRii,  showing  its  trend  to 
over-concentrate  the  particle  cloud. 


(a)  Time  step  1. 


(b)  Time  step  10 


(e)  Time  step  20. 


(d)  Time  step  00 


Figure  4.8:  The  real  mobile  starts  at  (200,0)  and  moves  upward  at  constant 
speed  (0, 1);  6a if  filters  initialization. 
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4.4. 3.4  Whitened  p-PCR6  versus  mean 

As  seen  befure.  the  PCR6-IuMon  ol  two  probabilistic  densities  amplifies  tbf  art™ 
where  both  densities  have  a nun-negligible  value.  Otherwise,  it  usually  works  like  just 
averaging  the  two  densities.  In  order  to  measure  the  impact  of  the  amplification,  we 
reprocessed  the  first  example  of  previous  auhsectinn  while  using  the  mean.  pm.«n  = 
instead  of  p-PCHB.  The  result  (figure  4.9)  is  self  explanatory:  the  same 
expansion  as  with  p-PCHfi  occurs  (figure  4.7),  but  contraction  never  happens. 


(a)  Time  step  1.  (b)  Time  step  30.  (c)  Tunc  step  45. 


Figure  4.9:  Using  mean  instead  of  p-PCR6.  Red  dots  are  the  positions  of  the 
particles  after  fusion.  The  real  mobile  starts  from  (200.0)  at  time  step  0 and 
moves  at  the  constant  speed  (0,1). 


4. 4. 3. 5 Concluding  remarks 

The  results  presented  here  hare  dearly  shown  that  p-PCR6,  and  especially  whitened 
p-PCHfi,  filters  are  mure  robust,  than  the  Bayesian  filter  against  bod  initialisation. 
However,  it  is  clear  that  Bayesian  filters  are  the  best,  when  the  prion  are  correctly 
defined.  The  real  interest  of  p-PCHfi  b that  it  does  not.  need  a precise  |irior  knowledge 
about  the  antedating  local  particle  filters. 


4.5  Conclusions 

This  paper  has  investigated  a new  fusion  rule,  pPCHfi,  fiir  fusing  probabilistic  den- 
sities. This  rule  is  derived  from  the  PCR6  rule  for  fining  evidences.  It  lias  a simple 
interpretation  bom  a sampling  point  of  view.  p-PRC6  lias  been  compared  to  the 
Bayesian  rule  an  a simple  fusion  example.  Then,  it  has  been  shown  that  p-PCR6  was 
able  to  maintain  multiple  hypothesis  in  the  fusion  process,  by  generating  multiple 
modes.  Thus,  more  robustness  of  p-PCRfi  were  foreseeable  in  comp  nr  bon  to  Bayes’ 
rule.  This  robustness  has  been  tested  successfully  cm  examples  of  distributed  target 
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tracking  It  la  espected  that  thia  new  rule  will  hove  many  upplicutiona.  in  particular 
in  owe  of  ill-pmed  filtering  problems. 
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Abatmct: 

In  this  chapter  ue  present  a data  of  fusion  rules  fuiaeif  on  the  re- 
ifulnhihun  of  the  conflicting  or  ei>en  non  mn/llclnij  musses  to  the 
suhsels  or  to  the  complements  of  the  elements  Imolied  in  the  con- 
flict proportionally  with  Taped  to  their  masses  or/ and  rardmuii.  At 
the  end,  these  rules  are  presented  in  a more  general  theoretical  rear/ 
■ndodiny  explicitly  the  reliability  of  each  source  of  evidence.  Some 
examples  are  also  provided. 
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5.1  Introduction 

In  DSinT,  we  tnkr  very  care  of  the  model  amocinted  with  the  tel  8 of  hypothe- 
ses where  the  solution  ol  the  problem  is  assumed  to  belong  tii  In  particular,  the 
three  main  sets-  2e  - (0,U)  (power  set),  D*  $ (0.U,C)  (hyper- power  set)  and 
S' * - (0,U,n,c(.))  (super-power  set)  can  be  used  depending  on  their  ability  to 
lit  adequately  with  the  nature  of  the  bypothrses  of  the  frame  under  comdderation. 
These  acts  had  been  presented  with  examples  In  Chapter  1 of  tbia  volume  and  will 
be  not  reintroduced  here.  We  just  recall  that  the  notion  uf  super-power  set  has  been 
introduced  by  Smnrandoche  in  the  Chapter  B of  [13]  and  corresponds  actually  to 
the  theoretical  construction  uf  the  power  set  of  the  minimal  relined  frame  Sr,/  of 
0.  Actually,  0 generates  5”  under  operators  U,  ft  and  complementation  c(.).  S" 
is  a Boolean  algebra  with  respect  to  the  union,  intersection  and  rninplemeutatioa. 
Therefore  working  with  the  super-power  set  is  equivalent  to  work  with  the  power  set 
of  a minimal  theoretical  refined  frame  S"1  when  the  refinement  is  possible  satisfy- 
ing Shafer’s  model  as  explained  in  Chapter  1.  Of  course,  when  0 already  satisfies 
Shafer's  model,  the  hyper-power  set  D"  and  the  super-power  set  S’"  coincide  with 
the  classical  power  set  2®  of  0.  In  general.  2 ” £ D®  1 S®.  In  this  chapter,  we 
introduce  a new  family  of  fusion  rules  based  on  redistribution  of  the  conflicting  (or 
even  non-conflicting  ma»es)  to  subnets  or  complements  (RSC)  for  working  either  on 
the  super  power  set  5”  or  directly  on  2”  whenever  Shafer's  model  holds  for  0.  This 
RSC  family  of  fusion  rules  which  uses  the  complementation  operator  c(.)  cannot  be 
performed  on  hyper-power  set  Z)“  since  by  construction  the  complementation  is  not 
allowed  in  D*. 

Note  that  these  last  years,  the  DSmT  has  relaunched  the  studies  on  the  combi- 
nation rules  especially  in  order  to  manage  the  conflict  jl.  2,  7,  11,  12).  In  [9|,  we 
proposal  in  the  context  of  the  DSmT  some  rules  where  not  only  the  conflict  is  trans- 
ferred. In  (15.  16]  some  new’  combination  rules  are  ptupuwd  to  redistribute  the  belief 
to  subsets  or  complements  Some  of  these  rules  are  built  similarly  to  the  proportional 
cuullict  redistribution  rules  [3],  Here  we  extend  the  idea  of  rules  baaed  on  the  belief 
redistribution  to  subnets  or  complements. 


5.2  Fusion  rules  based  on  RSC 


Let  0 = {01.0J,  •••  ,0„},  for  n > 2,  be  the  frame  of  discernment  of  the  problem 
under  consideration,  and  Su  = (0.U, n,c(.))  its  super-power  set  (see  Chapter  1 fur 
details)  where  c(.)  means  the  complementation  operator  in  5®.  Let’s  denote  I,  the 
total  ignorance.  Le.  h - 0j  U 0j  U - -- 1»  0„.  Let  mi(.)  and  mj(.)  be  two  normalised 
basic  belief  assignments  (bba's)  defined  from  S*  to  [0. 1].  We  use  tbe  conjunctive  rule 
to  first  combine  rni(.)  with  mi(.)  to  get  mu(.)  and  then  we  redistribute  the  mass  of 
conflict  mu(AfnV')  ^ 0,  when.VOK  = • or  even  when  X HT  different  from  tbe  empty 
set,  in  eight  ways  where  all  denominators  in  these  fusion  rule  formulas  are  supposed 
different  from  zero.  In  tbe  sequel,  we  denote  these  rules  with  the  ocrunym  RSC 
(standing  for  Redistribution  to  Subnets  or  Complements)  for  nutation  convenience 
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5.2.1  RSC  rule  no  1 

If  X n Y = #.  then  m,j(X  fl  Y)  b redistributed  lo  c(.V  U Y)  In  tbe  case  ire  are  not 
confident  in  X not  in  Y.  but  we  ure  a pessimistic  redUtributiou  Mathematically, 
this  RSCl  fusion  rule  is  given  by  mnsci(#>  = 0,  and  for  all  A 6 S*  \ {l\  h)  by: 


mMCiM|a"»uM)+  Y,  mi(.V)mi(K)  (5.1) 

X,Y  eS* 

X nY  = • and  4X  Uf)=d 

wbere  mu(i4)  = ^ mi(.X)mi(>')  to  the  him  of  the  conjunctive  couscnsus 

X.YeS* 

XOY  =A 

on  .4. 


Fur  the  total  ig&nmurt*,  tine  has: 


m«s(ri(/i>  = mu(/i)  + Y.  mi(AT)mj(V')  (5.2) 

X.YzS* 

X n Y = 0 and  c(*  U Y)  = 0 


The  second  term  of  (5.2)  lakes  care  for  the  care  where  the  complement  of  XUY  is  fi 
while  X OY  = 0.  In  that  sprcilic  care,  the  mass  of  X O Y is  transferred  to  the  total 
ignorance. 


5.2.2  RSC  rule  no  2 

If  ATny  = fl,  then  mij(ATnl’)  a redistributed  to  all  aulnets  of  cfAuV)  proportionally 
with  import  to  their  corresponding  mouei  in  the  case  we  are  not  confident  in  X uor 
in  Y.  but  we  use  an  optimistic  redistribution  Mathematically,  this  RSC2  fusioo  rule 
ta  given  by  mnsc*(9)  = 0.  and  for  all  A € S*  \ {0,  lt)  by: 


mnsCi(A)  = mu(yl)  + 


X.Y  i S* 


mi(Af)ma(y) 


m„<.4) 


xnr>M(t(xur) 


(5.3) 

wbere  the  denominator  of  the  fraction  a different  from  aero.  If  the  denominator  is 
aero,  that  fraction  b discarded- 
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X.KeS® 


XnY  = 0 and  c(X  U >•)  = 0 


mi(X)nu(>')  (5  i) 


x,y  ese 

X n Y = i and  E*Sl<XljVOcSo  mn(Z)  = o 


"I SS Ci (A)  works  similarly  os  mjufci(/,)  in  the  first  2 ports;  in  addition  of  this,  it  oho 
assigns  Ui  1,  the  masses  of  empty  interrectiuaa  whose  all  subsets  have  the  rnnas  equals 


5.2.3  RSC  rule  no  3 

If  ATOV'  = %.  then  mu(A'nV')  is  redistributed  to  all  subsets  nf  c(XjY)  proportionally 
with  respect  to  their  corresponding  runfnuib  (not  masses  as  we  did  in  RSC2)  in  the 
rase  we  are  not  confident  in  A'  nor  in  V';  this  is  a prudent  redistribution  with  respect 
to  the  cardinals.  Mathematically,  this  RCS3  fusion  rule  is  given  by  m/rscs(0)  = 0, 
and  for  all  A e 5®  \ {«,  /« > by: 


where  the  denominator  of  the  fraction  is  different  from  zero.  If  the  denominator  is 
zero,  that  fraction  is  discarded. 

For  the  total  ignorance,  one  has: 


mnsc»{A)  = mu(.*t)  + ) . 

X.Y  t 5° 


mi(A')mj(y> 


• Card(.4) 


Cord(Z) 


*nr-M(  vtxuY)  itcixoYtcs0 


(5.5) 


(/*)+  E 

x.res* 

XOY  = fl  and  c(X  U K ) = fl 


mi(A)nu(y) 


m,(A)mJ(y)  (5  6) 


X.YeS* 

XCY  = l>  and  Card(Z)  = 0 


5.2.4  RSC  rule  no  4 

If  Any  = #.  then  nnj(Aoy)  is  redistributed  to  all  subsets  of  c(.Vuy)  proportionally 
witb  reflect  to  their  corresponding  rmuio  and  oinlinafs  (Le.  KSC2  and  RSC3 
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c trail  lined)  in  the  cone  we  are  not  confident  in  A*  not  in  V';  tbia  it  a mixture  of 
optimistic  and  ptudrnt  rediitribution  and  tbit  ressrinblrsi  somehow  to  DSml’  (tee 
Chapter  3 and  we  could  abo  introduce  an  e tuning  parameter).  Mathematically.  tbit 
KCS4  fusion  rule  it  given  by  m*sc*(fl)  = 0,  and  fur  all  A g 5**  \ {#,  /. } by. 


n»nsc«|A)  = rnu(A)+ 


mi(A)mi(V') 


xflgm  E l">u<Z)  + Coni(Z)| 

xn»-M  e.  «(.v  u Y)  z«<«xunc^0 


[m^-t-Cardl-d)] 


(5.7) 


"be re  tbe  denominator  of  tbe  fraction  it  different  from  aero.  If  tbe  denominator  it 
rero.  that  fraction  is  discarded. 


For  tbe  total  ignorance,  one  has: 


mnsctih)  = niu</,)  + mi(X)m3(Y) 

x,Yeg* 

X n Y = U and  c(A  U Y)  = l' 

4-  £ m,(X)m3(y)  (5.8) 

.v.FeS* 

XnY  =i  and  Ez^cxuvics-  ("•»(*)  + Cord(  2) ) = 0 


5,2.6  RSC  rule  no  5 

If  AT  ft  Y = #,  then  mu  (A  ft  Y)  is  redistributed  to  X and  Y proportionally  with 
respect  to  tbeir  corresponding  cardinals  Matbematicall)-.  this  ItSCS  fuakin  rule  is 
6iwn  by  m*sca(#)  = 0.  and  for  all  A 6 S°  \ (l'>  by 


, ...  ,.s  V~  rni(A')mJ(A)  + mi(d)TnJ(.Y) 

■«K.W)«mBW+  2-  Lard,A)  (5'91 

x < sm 
xn  a - V 

where  tbe  denominator  of  the  fraction  b ditfrreut  from  fttrti.  If  Ihe  denominator  b 
i cto,  that  fraction  b discorded. 

5.2.G  RSC  rule  no  6 

If  X O V*  = 0.  tlim  mu(Jf  O Y)  b redistributed  to  all  aubaeta  clXKjY  proportionally 
with  respect  to  tbeir  cum^ponding  cardinal?.  Mathematically,  tbb  RSC6  fuaion  rule 
b given  by  mjt£c«(0)  = 0,  arid  for  all  A e S*  \ {0}  by: 
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mR3C*(A)  = + 


x.Ycs* 
rny-i 
AQ  XuY 


rni(AT)ma(y) 

£ Card(Z) 


Card(A)  (5.10) 


ii.S"  ,2CXuV 


where  the  denominator  of  tbe  frnctiun  b different  (nun  aero.  If  tbc  denominator  b 
mm,  that  fraction  b discarded 


5.2.7  RSC  rule  no  7 

If  A'ny  = #,  then  mu(XnY)  b redbtnbuled  to  X and  Y proportionally  wilb  respect 
to  their  corresponding  cardinal  and  morses  Mathematically,  thb  RSC7  fusion  rale 
b given  by  m/acr(9)  = 0,  and  for  all  A e S*  \ {#)  by; 


m«sc»(-4)  = mu(.<)+ 


L"nlX)ma(A)+m,(*)rn3(A) 

fard(A)-faJ,A)^..,lj|Al».n!J(A)  + "»(^H 


X f5* 
xnx-t 


(5.11) 


where  the  denominator  of  tbe  fraction  b different  bom  xero.  If  tbc  denominator  b 
zero,  that  boction  b discarded 


5.2.8  RSC  rule  no  8 

If  X ny  = 0,  then  rnn(Ar  ny)  b redbtribulcd  to  all  subsets  of  X U Y proportionally 
with  respect  to  I heir  corresponding  cardinal*  and  morses  Mathematically,  thb  new 
fusion  rule  (denoted  RSCB)  b given  by’  m«scs(0)  = 0.  anil  for  all  A € 5"  \ (0)  by. 


mnsc»(d)  = mu(.1)+ 

X.rts"  E Card(2)+mu(Z) 

2eS*jt£Xu  Y 

A C Xu Y 


[Card(A)  + muM))  (5.12) 


where  the  denominator  of  tbe  boction  b different  bom  xero.  If  tbc  denominator  b 
zero,  that  boction  b dbcarded. 
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5.2.0  Remarks 

We  can  generalise  all  throe  previous  formulas  for  any  s > 2,  where  a is  the  number 
of  sources.  We  cnn  adjust  all  the*  formulas  for  the  case  when  X Cl  Y / fl  but  »** 
still  want  to  transfer  rnu(.V  ft  Y ) to  subsets  of  c(A  U K).  ur  lo  subset  of  X U Y,  oc 
to  both  groups  of  subsets,  but  we  need  to  have  a justification  fur  these. 

In  ehousiug  a fusion  rule,  among  so  runny,  we  applv  the  billowing  criteria: 

a)  Reliability  of  sources  of  information  m,(.):  Are  they  all  reliable  or  not  ? In 
what  percentage  is  rebable  each  source  ? 

b)  Confidence  in  the  hypotheses  of  the  frame  of  discernment  and  in  elements  of 
S”:  Are  we  confident  in  all  of  them  ? In  what  percentage  ore  we  confident  in 
each  of  them  ? 

c)  Qptimiatic.pessimistic.  or  medium  redistribution  of  the  cuolllcting  masses  - 
depending  on  user's  experience 


5.3  A new  class  of  RSC  fusion  rules 

Using  the  conjunctive  rule,  let’s  denote: 


mci(A)  = mui(A)  = [m»  t£t  mjj(A)  = 


Y.  n>i<.*wy) 

X.Y*S° 

XftY  -A 


Fur  A 6 S*  \ {0,  /*),  m?  lm\r  Ihe  following  Dew  cUm  of  fusion  rule  (denoted 
C RSC c ) fur  transferring  tiie  conflicting  mtum  only- 


mc&sc* (^4)  = mn(A)  + [o  • mo(<A)  + 3 

E 

X.Y  |S* 
xi\y  -• 
aC.u 


Card{A)  + y/(A))- 

rrii(Ar)ma(y) 


Y (am  n(2)  + d 


CardW  + y-HZ)] 


<5  13) 


where  M can  be  c(.V  U y>,  or  a subset  of  e(X  U Y),  or  X U Y . or  a subset  cdXuY; 
a.d,7  E (0, 1)  but  a + d - t-yjtO:  ina  weighted  way  we  can  take  a,  3,y  6 |0. 1|  also 
with  a + d + 7 * 0;  f(X)  is  a function  of  .V,  i.e.  another  parameter  that  the  moos  of 
.V  is  directly  proportionally  with  respect  lo.  curd(.V)  is  the  cardinal  of  X. 

And  mcHSC.(lt)  is  given  by: 


"w/urj/i)  = mn(fi)  + mi(A)mi(>’)  (5.14) 

X,Yf  S° 

(Xnr-landM-l) 
ur)X  fl  V - I u>d  Dtn[Z)  - 0) 
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where  Den(Z)  fi  £a€a», *£*/(«*  * + 0-  Card(Z ) + 7 • !(%) )- 

Id  mcnscA-)  formula  if  we  irplm  a = 0 oc  1,  3 = 0 or  1,  7 = 0,  A#  = c(X  UV) 
or  .YuF.  or  {{Af}.{Y'))1  we  obtain  nine  fusion  rules  including  l be  previous  2-8  rales. 
Foe  a = 1,  0 = 0,  7 = 0.  M = {c(AT),  A'  O F.cfV)},  we  obtain  one  of  Yomadas 
rales  [15.  16)  and  discussed  in  |3).  For  o = 1,  ff  = 0,  7 = 0,  U = [.V  O Y.  X U Y).  we 
obtain  another  one  of  Yamadas  rales. 


5.4  A general  formulation 

let  0 = {01,02.--  - .0„).  fot  n > 2 be  the  frame  of  discernment,  and  S8  = (0,U,f\,c{.» 
ita  super- power  set  . The  element  0 (also  denoted  /,)  repreoenta  the  total  ignorance. 
When  the  elements  0,  are  exclusive  two  by  two  S’*  reduces  to  the  classical  power 
set  2*.  otherwise  = 2?***  if  0 b refinable  and  |S*|  = 2**  ~l  («  chapter  1 for 
details  and  examples)*  c<X)  means  the  complement  of  X in  5**.  S*  = (0fUtOtc(.)) 
can  also  be  written  ns: 

S»  = = 28'"  (5.16) 

where  0.  represents  the  set  of  complements  of  the  the  elements  of  0 in  28. 

Example:  Let’s  consider  the  example  given  in  section  1.2.1  of  Chapter  1 using 
6*  = {*1,02}  with  0i  O 0j  * 0.  Accunling  to  the  definition  and  the  cons  traction  of 
the  super-power  set,  one  obtains  directly 

S*  = (0.u,n,c(.))  = {0,0,  002.0, , 02.0,  U0,.C<01  O02>,c(0,).c(ft,)} 

If  we  consider  both  seta  0 = {0,,02)  and  0«  = {c{0i),  e(0i)},  then  0 U 0,  = 
{0i.0j.<<0,),  c(0i)}  with  the  integrity  constraints  0,  O c(0,)  = 0,  Oj  0 c(0j)  = 0, 
c(0,)  O c{0J>  = 0 and  (0,  O 0,)  O (c{0,)  O c<02))  = 0.  The  hyper-power  set  D80®* 
taking  into  account  all  integrity  constraints  is  then  given  by: 

D8'-*-  = {0.0,  0 02.0., 02.0,  U0,.e{0,)Urt02>,c(0,)tc(0.)) 

but  since  c<$i)  Uc(dj)  = c(0i  0 fti)  (Morgan’s  law),  one  sees  that 

DM‘  = ({0U0.},U,O)  = {0.0,  002.0, , 02.0,  U0J.C(0,  O02>,c(0,),cl02)}  = S* 

Moreover.  if  wr  consider  the  following  theoretical  refined  frame  0r‘^  built  from  0 
as  follows:  0r,/  = (c(0i)f0i  nftite(fo)}  where  HOW  all  elementa  of  0r>/  are  truly 
exclusive.  tbcn28'*'  = {#.c(01).0,O0i.d0J),d0.)U(0,O02),c(0,)Uc{0.).<01n02)U 
c(02).c(0')  U (0>  O 0x)  U c{0-t)}  which  can  he  simplified  since  by  construction  cif  the 
refined  frame.  0,  = {0,)u<0,O02),  02  = {0,)J<0.O02)  and  0,U02  = (0,)U( 0,002)0(02): 

2e'"  = { 0,  c(0, ),  0,  O 02 , c(02 ) . 0, , c(0, ) U c(02 ) , 0, . 0,  U 02  } 
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Altar  rearranging  the  list  cif  elrmenla  0/  ' and  since  c(0i)  Uc(0j)  = c<6 1 fl  0j), 

on??  tonally  sea  that 

2*"'  = (e~',u)  = <M«n^.*,*Aufc,c(fcn*),c<tf,),c<W}  = s* 

The  proposed  class  of  fusion  rules  is  based  on  a proportional  conflict  transfer. 
When  there  is  no  conflict  between  experts  the  conjunctive  rule  is  uwsl,  otherwise  the 
maws  of  conflicts  resulting  from  conjunctive  fusion  of  experts  6a  incompatible  propo- 
sitions of  (super)  power  set  is  redistributed  on  some  compatible  propositions  through 
different  mechanisms  which  give  rise  to  different  fusion  rules  as  explained  in  the  sequel. 
The  use  of  the  conjunctive  rule  assumes  that  the  experts  are  reliable,  or  the  reliability 
of  each  expert  is  known  and  taken  into  account  in  the  mass  values.  We  denote  the  set 
of  intersections /conjunctions  by:  So  = {-V  e = YOZ.  where  Y.2 

where  all  propuiltious  are  expressed  in  their  canonical  form  and  where  X contains  at 
least  an  fl  symbol  in  its  exprewlon.  Fbc  example,  A C\  A $ S„  since  A fl  A is  not 
in  a canonical  hum  and  .4  fl  A = A.  Also  (A  O fl)  Cl  fl  is  not  a canonical  farm  but 
(Anfl)nfl  = AO  Be  Sr>. 

Let  Sf,  be  the  set  of  all  empty  intersections  from  Sn  (Lr.  the  set  of  exclusivity 
constraints),  and  ££**•  the  set  of  all  non-empty  intersections  from  Sr,,  and  SS°n* 
the  set  nf  all  non-empty  intersections  from  S?,“nt  whose  masses  are  redistributed  to 
other  sets/ propositions.  The  set  Sr^?*  highly  depends  on  the  model  fa*  the  frame  of 
the  application  under  cuuaidrrafiun. 


5.4.1  A general  formula  for  the  class  of  RSC  fusion  rules 

Fur  A 6 (5*  v 57Joni)  >.  {#,  0}.  we  propoee  the  general  (ucmula  for  the  miiatxibution 
of  mnilict  and  non-cnnilirt  to  aubeeta  or  complement  rljw*  of  rules  fur  the  fusion  of 
maw**  of  belief  fur  two  sources  of  evidence: 


mcjtso(A)  = mr(A) 


► £ /mi 

X.  Y f s° 

{xny -t.Atnx.Y)) 

«(*  nrtsW.A.nx.Y)) 


>i{X)m,(Y) 


“ E" 


/<*) 

£STiX*Y) 


<516) 


and  fur  A = 0: 


mc/lic(6)  = mn(0)  + ^ mi(-V)ma(y)  (5.17) 

x.y  ts* 

xny-#. 

(T(Jf.r)-*or  £ f(X)-O) 
jtTcx.n 


where  / b a mapping  bum  Se  to  It+.  Fur  example,  we  can  choute  /{ X ) = mn(AT), 
/(X)  = |*|,  fT(X)  = or  /(x)  = mn(X)  + Pf|.  etc.  The  function  T spec- 

ilia  a subset  of  S®.  fur  example  T[X,Y)  = {c(.V  U Y)),  or  r(A'.V')  = {.V  U Y) 
or  can  specify  a set  of  subsets  of  S . For  example,  T(A’,  Y)  = (A  C c(.Y  U V)), 
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or  T(X,Y)  = M C A’  U Y).  The  function  7*  Is  a subret  of  5'“,  for  r»am]il<- 
T{X,Y)  = {-V  U V).  or  r is  a subset  of  X U Y,  He. 

It  Is  imjxirlont  to  highlight  that  in  formulas  (5.13)-(5.14)  one  transfers  only  the 
conflicting  masons,  whereas  the  formulas  (5.16)-(5.17)  ore  more  general  since  one 
transfers  tire  conflicting  masses  or  the*  nun  -cuntlic  ting  mooses  as  well  dr  pending  (in 
the  preferences  of  the  fusion  system  designer.  The  previous  furmuUs  can  be  directly 
extended  fur  any  s > 2 sources  of  evidence  as  follows:  Hit  A 6 {S*  V S^n$)  x {$.  0[ 
we  have: 

mcHSc(A)  = m~\(A)+ 

/(A)  n^".w)  (518) 

fl'f-lX.  -«,XCT(Xlt  ,X.» 

- kc-.x.  < ssrr'.A  t T(x,...  .x.)i 


2-  /<*> 
SCTfXi.-  .X.) 


"tcasc(©)  = mo(0)  + ^ (5.19) 

X,.....X.«5° 

n;.,x.-e. 

(T(X,,...,X.)-«or  £ /(Zl-0) 

*»rc*,.  .«») 

This  class  of  rules  of  combination  is  a particular  case  of  the  rule  given  in  [fi|. 

5.4.2  Example 

We  illustrate  here  tiir  previous  general  formulas  on  a simple  example  corresponding 
to  the  hybrid  model  given  in  the  ligure  5.1.  0 = {A,B.CtD),  with  fl  and 

all  other  intersections  are  empty. 


Figure  5.1:  Hybrid  model. 


Let’s  consider  two  sources  of  evidence  with  their  maws  of  belief  mi(.)  and  mj(.) 
given  in  the  following  table: 
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■ni  rnj 

mn 

A 

0.2  0.4 

0.18 

B 

0.3  0.2 

013 

C 

0.1  0.2 

0.07 

D 

0.2  0.1 

006 

AuBuCuD 

0.2  ' 0.1 

0.02 

0 16 

.4nC  = » 

0.08 

ACD  = » 

0 10 

enc  = 0 

0.08 

if  ft  D = 0 

007 

cno  = » 

0.05 

Lei's  apply  the  general  fnnnula  (5  16)-(5.17)  with  different  choices  of  the  (unction 
/(.)  and  T(X,Y): 

• RSC2  rule:  we  lake  f(A)  = T[X.Y)  = T{X,Y)  = fl. 

mo  (A  OC)  = DOS  b transferal  to  oil  sublets  o t dAuC)  proportionally  with 
raped  to  tbeii  maara.  but  Dim  subset  whose  mass  is  not  xcio.  so  the  whole 
u mill  cling  mass  0.08  is  tronsfered  to  D.  Similarly: 

- mn(A  flD)  = 0.10  is  transferal  to  C only. 

- mn(B  DC)  = 0.08  is  transferal  to  D only, 

- mr>(B  n D)  = 0.07  b transferal  to  C only. 

But  mn(COD)  = 0.05  b transferal  to  A and  B which  ore  subsets  of  non- aero 
mass  cif  c{C  U D)  proportionally  with  raped  to  their  corresponding  masses 
0.18  and  0.13  rapedively.  We  obtain: 


: a- 

u 

AuUjL'uU 

fTl/LiCl  0.21 

0.15 

0.24 

0.22 

0.02 

0.16 

• RSC3  rule:  we  take  f(A)  = |^4|.  T(A’.l')  = 2‘tXur'.  T<X,Y)  = 0. 

mn(AOC)  = 0.08  b tronsfered  to  the  parts  2,  1 and  2 U >1  proportionally  with 
raped  to  their  cardinals  1,  1,  2 respectively.  Hence  the  parts  2 and  <1  receive 
0 02  and  2 U 4 0 Ot.  Similarly 

- mn(AOD)  = 0.10  b tronsfered  to  2.  3 and  2U3  with  respectively  0.025, 
0.025  and  0.05. 

- mn(S  D C)  = 0.08  is  tronsfered  to  1.  4 and  1 U 4 with  respectively  0.02. 
0 02  and  0.04. 

- mn(hriD)  = 0.07  b tronsfered  to  1,  3 and  1U3  with  rapedively  0.0175, 
0.0175  and  0.035. 

- mo(CnO)  = 0.05  b transferal  to  1,  2,  12,  1U2.  1U12.2U12,  1U2U12  with 
rapedively  0.001166,  0.001166,  0.001166,  0.008333,  0.008333,  0.008333, 
0012501 
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• RSC4  rule  we  take  /{A)  = mn(A)  + |A|,  T(X,  Y)  = 21<*,'V|  and  T< X,  Y)  = 

0. 

. RSC’5  rule:  w*  take  /(.-I)  = |>i|,  T(X,  Y)  = { X . K}  and  T{X,  Y)  = 0. 

• RSCfl  rule-  »e  Lake  f[A)  = |4|,  T{X,  >')  = 2*UV  and  T(X,  Y)  = 0. 

. RSC7  rule:  we  take  f(A)  = nv,<x4)+W,  T(X,  Y)  = { X , Y)  and  T(X,  Y)  = 0 

• RSCB  rule:  we  take  /{A)  = mo(A)  + |j«|.  T{X,  Y)  = 2JCuV  and  T(X,  Y)  = 0. 

5.5  A gcuoral  formulation  including  reliability 

A general  fusion  furxnuUtiun  including  explicitly  the  reliability*  of  the  suukw  of 
evidence  is  given  by  tile  following  formula:  for  all  A 6 S6,  one  has 

m(X)=  Y,  fl'n,0'/)-(A:.m(Y).r(Y).a).  (5.20) 

where  Y = (Yi . ■ - - .K.)  axe  the  responses  of  the  a experts  and  mj(V^)  their  annotated 
man  of  belief;  o a a matrix  of  terms  a„  id  the  reliability  ill  the  expert  j (nr  the 
element  I of  S* . and  Y,T(Y)  b the  set  of  subsets  ol  S”  on  which  we  can  transfer 
the  maawn  lur  the  given  Y vector.  In  this  general  fnrtnulat inn,  the  argument 

Y of  the  transfer  function  T(.)  is  a rector  of  dimension  s.  whereas  we  did  use  the 
notation  T( X,  V)  in  the  two  sourer*  case  in  eq.  (5- IT). 


5.5.1  Examples 

We  show  how-  to  retrieve  the  principal  rules  of  combinations  from  the  previous  general 
formula  (5.20): 

• Conjunctive  rule:  It  is  obtained  from  (5  JO)  by  taking 

ui(A?,m(Y),T(Y),a)  = 1 if  flj.,  Y,  = X (5.21) 

T(Y)  = nJviYj  and  we  do  nut  consider  a. 

• Disjunctive  rule  in  [4)  : It  is  obtained  from  (5.20)  by  taking 

ui(X,m(Y),T(Y),a)  = 1 if  uj.,  Y,  = X (5.22) 

7’(Y)  = Uj,.,  Y,  and  we  do  not  consider  a. 

• Dubois  U Prade  rule  in  (5):  It  is  obtained  from  (5.20)  by  taking 

■H.r,m(Y).r(Y),o,= { j <**> 

T(Y)  = v d and  we  do  mil  consider  a. 
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• I’CRB  rule  introduced  in  (13].  from  the  equation  given  in  (7]:  It  b obtained 
from  (5.20)  by  taking 

a)  u'(AT.  m(Y),T(Y),a)  = 1 whenever  n‘)wlY,  = X,  and  X ? 0. 

b)  and  whenever  Y,  = X,  i = 1,-  - ...  and  C\)mXY,  = #. 


E«.w 


■'(AT.  m(  Y),T(Y),a)  = -r 


ml 


n-«) 


Al-l 


'y*.U)-x 

53  n • €(«*-.<«» 


(5-M) 


where; 


I °‘0)=h  if  J<«. 

I ».li)  = j + >.  *f  j'2*. 


<525) 


f {(B,x)  = r it  & i.  true, 

\ (tB,T)  = 1 if  & in  false 

and  T( Y)  = {nJ.jY,.  Yi,  ••  - , Y.)  v 0 and  we  do  not  consider  a. 
• PCRfl  rule  in  |7]:  It  b obtained  from  (5.20)  by  taking 

a)  •»(.*.  m<Y),T{Y),  a)  = 1 whenever  C?JwlY,  = X,  and  X * B, 

b)  and  whenever  Y,  = X,i  = 1,*--  ...  and  C\)wlY,  = #, 


£>.<*) 

®<*.  m(Y).T(Y).Q>  = <5-27) 

"•w  * 53  T"—oi<y'».o») 

whcnr. 


/ ®.C»)=j.  if  J<  *• 

I ».</)=  j + 1.  if  j £i, 

T(Y)  = <n;„  Y„  Yu—  , Y.)  v 0 and  we  do  not  consider  a 


(5.2a) 
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• RSCl  rule’  ll  is  obtained  iruin  (5.20)  by  Inking 


u,<.Y,m<Y),T(Y).a)  = { 


iif  n;.,  y,  = A'  and  a:  ?!  a 

1,  If  c (nUtY,)  = X and  uj.,  Y,  = « 


T< Y)  = (nJ.lXJ.e(u;„y’,)}  v B and  we  do  not  consider  a. 
• RSC2  rule'  It  is  obtninrd  burn  (5.20)  by  Inking 


b) 


mn(Jf) 


ui(Af,m(Y),T(Y).a)  = - 

mo(z) 

jc«(u;.,iv) 

whenever  X € 2^u5->*’/>.  nj„1X,  = •.  c(UJ „,Y,)  / » nnd 

£ -no(2)/0. 

c)  in(JC, m(Y).7'(Y).a)  = 1 whenever  .V  = 0, = 0.  nnd 
{c(L^.,y,)  = 0 or  Y ’r>o(Z)  = 0). 


T(Y)  = (nJ.,KJ.{2‘<uI->1'')}.Q}  0 and  we  do  not  consider  a. 

• RSC3  rule'  It  is  obtained  bum  (5.20)  by  Inking 

a)  ti(.Y,m(Y).7'(Y).Q>  = 1 whenever  Cf,mlY,  = X nnd  X * B 

b) 

UK.Y(m(Y).T<Y)(a>  = 

if  X e r<u'-‘Y‘),  mn(X)  / 0,  c (uJ.rX,)  * 0 and  n'j^Y,  = * 

c)  ib(X,  m(Y).7'(Y).a)  = 1 if  X = 0,*(l jfaY,)  = 0 and 

T’(Y)  = |n;.,>'„l2c<u'-,*'>},e}  x 0 and  we  do  not  consider  a. 
Hern  ark’  El(u*.,y,)  HI  * ° because  c (UJ..X,)  # 0. 

• RSC4  rule'  It  is  obtained  bom  (5.20)  by  Inking 

a)  w(X,  m(Y).T(Y).a)  = 1 whenever  r$mlY,  = X nnd  .Y  * B. 


I-V 

Y iZ| 


(5-29) 


(5.30) 


(5.31) 


= B 


Chapter  5.  A class  of  fusion  rules  based  on  the  belief  redistribution  ...  175 


b) 


U' 


<X.m(Y).T(Y).a)  = 


mn(X)  + |*| 

XT 


nv,(Z)  + |Z| 

if  X € 2‘<u*-*'A  = 0 and  c (uj.,  Y,)  / * 


c>  u.(X.«n(Y)>T{Y))o)  = 1 if  X = 6.  n^.Y,  = • and  c 
T(Y)  = {n;„  Y„  *'<)>,  0}  >.  • and  we  do  not  comoder  a. 


• RSC5  rule  U ia  obtained  from  (5.20)  by  taking 

a)  uiX.mlYl.nYho)  = 1 C?JwlY,  = X and  X f fl 

b> 

,1(X,m(Y),r(Y).o)  = Jl 

£mi 

if  Y.  = X.i  = 1,-  - and  n;.jY,  = » 

T(Y)  = {n^iY„Y,,—  , Y.)  v 0 and  we  do  not  consider  a. 

• RSC6  rule:  It  ia  obtained  from  (5.20)  by  taking 

a)  u'(X,m(Y),T{Y),a)  = 1 whenever  Oj.jY,  = X and  X / fl. 

b) 

tt'(X.m(Y),’f’(Y)(a)  = i?1 

2-  |Z| 
2Co;.,r, 

if  X 6 2u;-‘yi,  and  nj.,^  = ». 


7'(Y)  = (n;.,YJ){2j;->''«  )>x  « and  we  do  not  consider  a. 

• RSC7  rule:  It  ia  obtained  from  (5.20)  by  taking 

a)  u'(X.m(Y),T{Y),a)  = 1 whenever  nJ.,Y,  = X and  X / * 

b) 

UKX,n,(Y).r(Y)(a)=  .^^1 

^mn(Y,)  + |Y,| 

if  Y,  = X.i  = 1.—  ...  and  n;.,Y,  = #. 

T(Y)  = (n;.,Y,,  Y,,—  ,Y.}  v fl  and  we  do  not  cooaider  Q. 


(5.32) 


= 0. 


(5^13) 


<524) 


(5.35) 
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• RSCB  rule:  It  is  obtained  burn  (5.20)  by  taking 

a)  w(X,  «n(Y),T(Y),o)  = 1 whenever  r>JmlY3  = X and  X * B 

b) 

w(*.m<Y).T<Y),a)  = vr,A  ' + |A  ' (5.36) 

2_,  no,(Jf)  + \Z\ 

if  A 6 2ui-vi,  = B,  and  Uj^Y,  / B. 

c)  w{X,  m(Y).T(Y).a)  = 1 if  X = 0.  Uj_,Y,  = 0. 

r(Y)  = (2‘,I-'v'),e)  and  we  do  not  consider  a. 

5.6  A new  rule  iucludmK  reliability 

The  Idea  we  pnipcw  here  consists  in  transferring  the  moas  on  Dr  v (0),  with  T = 
(Yi,  • • • , Y,.e{Yi),  • • • , c(Y,)),  according  with  respect  to  their  man  and  reliability  o„, 
I = 1,---  . s and  j = 1,—  , |Se|  an  arliitiary  order  on  S*.  Hence  with  the  previous 
notations,  T< Y)  = DT  v (B). 


5.6.1  The  fusion  of  two  experts  including  their  reliability 

We  first  explain  the  idea  for  two  experts  given  a bask  belief  alignment  respectively 
on  X and  Y.  Hence  T(A.Y)  = D'X  y a*'MY,)  «.  (B).  We  note  that  .VUc(.V)  = 

Y U c(Y)  = 0 and  c(A)  ft  e/Y)  = e(A  U Y)  and  if  .V  Cl  Y = 0:  -VO  c(Y)  = X, 

Y 0 c(A)  = Y and  c(X)  U c< Y)  = 0.  Hence: 

T{X,  Y)  = {X,yxoyxu  Y c(X)MX)  n ym*)  u y,c<y), 
c(Y ) r A.e(Y)  UX,c(A)U  c(  Y).c(AT)  n c(Y).  0) 


If  X n Y # B,  and  if  the  reliability  an  = dll'  = 1.  and  if  mi(A)  = mj(V')  = 1 
then  all  the  belief  must  be  given  on  X O Y.  If  the  reliability  ui*  = oiy  = 1 but 
rm(A')  # 1 and  mi(Y)  ?!  1.  then  the  experts  are  not  sure  and  a part  of  the  ma» 
mi(A').mj(yr)  can  also  be  trarofered  on  X U Y.  If  for  example  a,*  = 0 then  we 
should  abo  transfer  mass  on  c(A).  If  A O Y = 0.  we  have  a partial  conflict  between 
the  experts.  If  the  experts  are  reliable  then,  we  can  transfer  the  mass  nc  X,  Y or 
X U Y , such  as  the  DPCR  proposed  in  [8].  If  the  experts  are  not  sure  then  a part  of 
the  moss  can  al*i  be  tramfered  on  the  complement  of  X and  Y. 
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Hence  we  propose  the  function  w given  in  the  Tfchle  5.1  if  A (1 Y = B,  anil  in  the 
Table  52  if  Xf\Y  / 0.  The  given  weights  have  to  be  nnnnalixed  by  a factor  noted  jV. 


| When  xnr  =il 

Weight  ,V 

A 

QL.vmi(A> 

Y 

oavma(y) 

RAl 

(1  - uix)(l  - mi(A')) 

<(>) 

(l-oavMl  -"Oil'll 

A _ V 

(1  ~ )) 

c(X)nc(Y)*0 

<1  - <nx 

(1  - 02V>(  1 - mi(AT))(l  - ma(V  )) 

c(A)UC(T)  -« 

(1-(1  -QIX) 

1 - o-iv))(l  - <1  - mi(A))(l  - )j) 

Tnble  5.1:  Weighting  function  u'  when  A'  n Y = 0. 


When  A’  n V » i 

Element 

weight  A 

X n Y 

QL*azrmi(A')mj(V) 

X u V 

(1  - qjxq-jv  )(1  -mi(A)mj(y)> 

Tnble  5.2:  Weighting  function  u'  when  A’  n Y £ B. 


In  thin  form,  if  the  expert  1,  for  example,  a not  reliable,  we  do  not  transfer  on 
c(X).  So  we  propose  the  function  ur  a given  by  the  Table  5.3.  still  for  X O Y ^ 0.  In 
this  case,  the  rule  will  have  a behavior  nearer  than  the  average  than  the  conjunctive 
because  the  weights  on  A and  Y are  higher  than  the  weight  on  X ft  V . So.  we  can 
also  proprne  the  function  ur  as  in  Table  5.4  in  order  to  avoid  that. 
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When  A n V p fl 

Element 

weight  V 

A'  n t 

Qixaavmi(A)ma(r ) 

Aur 

(1  - alxOav)(*  - m,(A)m2(y)) 

X 

<nx»»i(Al 

Y 

oav-mair) 

c(A)  # » 

(l-alx)(l-m,(A)) 

(1  - ajy)(l  — mj(l  » 

c(A)Oc(n*« 

(1  - Q1X)(1  - <*aWU  - - mj(yj) 

c|A)Uc|K) 

(1  - (1  - a ix)(l  - a2Y)){  1 - (1  - m,(A)J(l  - 

AUc(T) 

(1  - «*ix(l  - 02v))(l-  mi(A')(l  - ma(V  >)) 

TTTTuT 

(1  - (1  - olx)..2K)(l  - (1  - m,(A))ma(y  )) 

xnc(Y)*$ 

<*i.x(l  - QarlmilA'Kl  - ma(>  » 

c(A)ny  ?£* 

(1  - QiX)oav(l  - mi(A)>rnj(V  ) 

Table  5.3:  Weighting  function  u1  when  X O Y 8. 


Vvli-Ii  .V  r,Y  - 

weight  jV 

A' nr 

Qix  oavmi(A')rna(r) 

A'uV' 

(1  - onojv)(l  - im(A)mal>'() 

A' 

(oiXni,(A))' 

1' 

(aar'Hi(>  ))J 

c(A ) ? fl 

((l-ulxHl-mi(A)})' 

((1  - «2V J(  1 ~ m2(K)))' 

e{X)nc{Y)*  i' 

(1  - aiX)(l  - aav)(l  - mi(A))(l  - ma(r)) 

c(A)Uc(K) 

(1  - (1  - Qix )(1  - aav))(l  - (1  - mi(A))(l  - m2(r))) 

AUc(K) 

(1  - aix(l  - a2y  ))(1  - rTi,(A)(l  - ma(r») 

c(A)ur 

(1  - (1  - oix)oav')(l  - (1  - mi(A))ni2(>  )| 

A nc(KJ  ^ fl 

oixU  - t.ay)"*i(^)(l  - ">a(r)J 

c[X)nv  *fl 

(1  - aix|aav(l  - m,(AHmi(T) 

Table  5.4:  Weighting  function  w when  X nY  jt  fl. 
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5.0.2  Some  examples 


• if  XflV'  = # and  an  = ajy  = 1,  then  the  only  weight!  are  mi(.V)  and  mj(y) 
respectively  on  A and  Y. 

• if  X fl  Y = U and  an  = 1 and  ajy  = 0,  then  the  only  wights  are  nii(A), 
(l-ma<y».  m,(X)<l-m,(y))  and  1 -m,(A)ma<y>  respectively  an  X,  c(y). 
Arnc(y)  and  Auy. 


• if  -V  ft  y r ll  and  an  = ajy  = 1,  then  the  only  wights  are  mi(A)ma(y), 
mi(A)  (or  >n,(A)*)  and  ma(y)  (or  m,(y)a)  respectively  on  Any,  X and  Y. 


• if  X ft  y / 0 and  an  = 1 and  ajy  = 0,  then  the  only  wights  are  mi  (AT). 
(l-mj(y)),  mi(A^)(l  — irij(y))  and  1 -im(A)mj(y)  respectively  on  A,  c(y), 
AOc(y)  and  Auy. 


• if  A O y = • and  mi(A)mi(y)  = 1,  then  the  only  weights  are  an  and  aay 
respectively  on  A and  Y. 

• if  A O y / 0 and  mi(A)fnj(y)  = 1.  then  the  only  wights  ore  anajy . an 
and  ajy  respectively  imAny.A  and  Y. 


180  Chapter  5.  A class  of  fusion  rules  based  on  the  belief  redistribution  . . . 


5.6.3  The  fusion  of  a > 2 experts  including  their  reliability 

We  note  Yi,---Y,  the  response*  of  lire  expert*,  lire  function  u<  is  then  given  by  the 
Tahir  55  if  =». 


"i-yi-fl 

Weight  .V 

vf 

W'AY,) 

dY.)  | 

(1  — o,v,)(l  — 

with  m + na  = a 

(i-  iia-ann,)) 

A irl  ht  ' \ 

x ( i — n n i 

\ ji-i  «-i  / 

Uj-t  Yi 

i-i  j-i 

n^<Yh) 

if  ^ with  m + na  = * 

m 

n wo 

■a 

* II,1_  **«O0  - "‘Mi)) 

if^# 

n<l -•»»-,)(! -m>W) 

j-i 

Mi-1‘03) 

X 

l-  nu-ojv,)] 

*7l  ' \ 

i-n<i-^05))j 

Thble  8.5:  Weighting  function  ui  when  nj_,>y  = 0. 
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The  function  u>  given  in  'Ihlde  5.6  if  fi %,Yi  ^ 


1 

Element 

weight  N 

"J-i  * 

n 

(i-fi^.)(i-nm^)) 

>f 

y>> 

‘(Vi)  >1*9 

I1  -u.r,)U  -"*,(>,))  | 

if  j4  A,  with  ni  + na  = s 

l1-  fiaJ>n« 

A A-1  *:i  ' \ 

* i-n^nMupyi 

\ >.-t  ji-t  / 

rtf.-.*. 

if  ^ 11,  with  n,  + n2  = s 

HI 

n Q«Y».mJ.(yr.) 

».  h-t 

* n (l  “ - mn(y»)) 

nj-,c(n) 
if  A 

j-t 

X 

i-na-w) 

£ ' \ 
l-n  (l-miW))J 

Table  5.6:  Weighting  function  w when  ? A. 


Note  that  with  extension  T(Y)  / DlYl<Y»  n {0}.  but  T(Y)  C Dly^Y»»  v (A}. 
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5.7  Conclusions 

We  hove  constructed  n Redistribution  to  Subsets  or  Complements  (RSC)  class  of 
fusion  rules  and  we  gave  eight  particular  examples.  All  R SC  rules  wurk  on  the  fusion 
spaces  S*  and  2".  But  the  RSC  rules  involving  complements  do  not  work  on  the 
hyper-power  set  D* . 

In  order  to  choice  what  particular  RSC  rule  to  apply  we  need  to  take  into  con- 
sideration the  user's  feaaability.  confldence/non-confidence  in  sirne  hypotheses,  more 
or  less  prudence  ol  the  user,  opUmislic/peminustic  redistribution,  etc.  In  general, 
if  X ft  Y = #.  the  nuvsi  of  X O Y is  transferred  either  to  c(X  O K),  ur  to  subsets 
of  c{A  D V),  ur  to  A'  and  V,  or  to  subsets  of  X U Y proport  ionnllv  with  respect  to 
the  masses,  or  cardinals,  or  both  mas  sirs  and  cardinals,  or  other  parameters  of  the 
elements  that  receive  redistributed  masses . We  can  even  transfer  the  mass  of  X O Y 
when  X ClY  yf  l'  in  the  same  way  as  aforementioned;  the  transfer  of  m(A  O V)  when 
X r\Y  fit  is  done  or  not  depending  on  the  conhdence/uon-contidence  of  the  user  in 
the  set  X C Y.  A more  general  theoretical  extension  of  these  RSC  rules  is  presented 
at  the  end  of  this  chapter.  Those  can  generate  new  claws  of  fusion  rales. 
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Abstract:  This  chapter  defines  a new  concept  and  framework  /or 

rarufrucfiny  fusion  rales  for  et idences.  This  framemurk  u Uistd  on 
a refcrre  fuxirlkin,  uhich  daes  a decisional  arbitrament  conditionally 
to  basic  decisions  provided  6y  the  several  sources  of  information.  .4 
dimple  sampling  met  had  ta  derived  from  this  fmmcvxrrk.  The  pur* 
pose  of  this  sampling  approach  u to  avoid  the  rvmfcrnafimca  uAicA 
arc  inherent  to  the  definition  of  fusion  rates  af  evidences,  this  def • 
intlion  of  the  fusion  rale  try  the  mean*  of  a sampling  process  makes 
possible  the  construction  of  several  rales  on  the  bans  of  an  algo- 
rithmic implementation  of  the  referee  function,  instead  of  u mathe* 
mat  tail  formulation  Incidentally . it  u a ivrsatile  and  intuitive  vuy 
far  definmg  rates > The  fmmeuvjrk  is  implemented  for  ttxno us  well 
fcnoirn  exndence  rules.  On  the  basts  of  Out  framework . ncu»  rales 
far  combining  evidences  are  proposed,  which  takes  into  account  a 
consensual  evaluation  of  the  sources  of  information. 
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Notations 

• 7J6|,  fun  cl  win  of  Boolean  6,  b defined  by  /|true]  = 1 and  7(falM«|  = 0.  Typi- 
cally. 7[x  = (/]  luut  value  1 when  x = y,  and  0 wiien  x^y. 

• Let  be  given  a frame  of  discernment  0.  Then,  tbe  a tract  ore  G*  denote  any 
/office  cunstructed  ln*n  0.  In  particular.  G*  may  be  a distributive  lattice  like 
tbe  hyper-puwer  set  Dd;  or  G"  may  be  a Boolean  algebra  like  tbe  power  set 
2d,  tbe  super  puuer  set  Sf* , or  the  free  Boolean  algebra  generated  by  0, 

• Xi  « is  an  abbreviation  fur  tbe  sequence  xi,  • • * ,xn  » 

• xnax{xif--«  ,xn|,  or  mox{xi;n},  b tbe  maximal  value  of  tbe  sequence  Xi:n« 
Similar  notations  are  used  fur  min . 

• maxcgx{/(x))f  or  ma x{/(x)  / x 6 A'},  b tbe  maximal  value  of  /(x)  when 
x € -V  . Similar  notations  are  used  for  min 


6.1  Introduction 

Evident*  theory  [3.  13]  haa  often  been  promoted  mi  on  alternative  approach  for  fusing 
information-  when  the  hypotheses  fur  a Bayesian  approach  cannot  be  precisely  stated. 
While  many  academic  studies  have  been  accomplished,  most  industrial  applications 
uf  data  fusion  still  remain  baaed  on  a probabilistic  modeling  and  fusimi  of  the  infor- 
mation. This  great  success  of  tbe  Bayesian  approach  is  explained  by  at  leant  three 
reunion- 

• The  underlying  logic  of  the  Bayesian  inference  [1]  seems  intuitive  and  obvious 
at  a first  glance.  It  is  known  however  r9]  that  the  logic  behinds  the  Bayesian 
inference  is  much  more  complex, 

• The  Bayesian  rule  is  entirely  compatible  with  the  preeminent  theory  of  Proba- 
bility and  takes  advantage  of  all  the  probabilistic  background. 

• Probabilistic  computations  are  tractable,  even  for  reasonably  complex  prob- 
lems 

Then,  even  if  evidences  allow  a more  general  and  subtle  manipulation  cif  tbe  informa- 
tion for  some  case  of  use.  tbe  Bayesian  approach  still  remains  the  method  of  choice  for 
must  application"  ‘Ibis  chapter  intends  to  address  the  three  afore  mentioned  points, 
by  providing  a random  set  interpretation  of  tbe  fusion  rules  This  interpretation  is 
baaed  on  a rr/rre  function,  which  does  a decisional  arbitrament  conditionally  to  ba- 
sic decisions  provided  by  tbe  several  sources  of  information  This  referee  function 
will  Imply  a sampling  approach  for  the  definition  of  the  rules.  Sampling  approach  is 
instrumental  for  the  combinatorics  avoidance  [12]. 

In  the  recent  literature,  there  has  been  a Urge  amount  of  work  devoted  to  the  defini- 
tion of  new  fusion  roles  [4-6.  8,  10,  11.  14,  15,  17,  18] . Tbe  choice  for  a rule  is  often 
dependent  of  the  applications  and  there  is  not  a systematic  approach  for  this  task. 
The  definition  nf  the  fusion  rule  by  the  means  of  a sampling  procere  makes  putaihle 
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the  construction  of  several  ruin  on  the  basis  of  an  algorithmic  implementation  of  the 
referee  fund  inn.  instead  of  a mathematical  formulation.  Incidentally,  it  is  a versatile 
and  intuitive  way  for  defining  rules.  Subsequently,  our  approach  is  illustrated  by 
implementing  two  well  known  evidence  rules.  On  the  basis  of  this  framework,  new 
rules  fur  combining  evidences  are  also  prupueed.  Typically,  these  new  rules  takes  into 
account  a consensual  evaluation  of  the  sources,  by  invalidating  irrelevant  sources  of 
information  on  Ihc  buita  of  a majority  dccisiun. 


Section  0.2  summarize  some  domical  results  In  the  domain  of  evidence.  Section  6.3 
introduces  the  notion  of  referee  function  and  its  application  to  the  definition  of  fusion 
rules.  A sampling  method  is  obtained  as  a corollary.  Section  6.4  establishes  the  ref- 
eree functions  for  two  known  rules.  Section  6.5  define*  new  fusion  rules.  Section  6 6 
ntwVff  sumo  numeric  ill  cumpariMixu.  Section  6.7  conclude*. 


6.2  Belief  fusion 

This  section  introduces  the  notion  of  belief  funct  ion  and  some  i Unocal  rules  of  fusion. 
6.2.1  Lattices 

Lattices  ore  algebraic  structures  which  are  useful  for  encoding  logical  information.  In 
particular,  lattices  are  generalizations  of  structures  like  Boolean  algebra,  sets,  hyper- 
power  sets  a*  concept  lattice  (2.  7].  Sets  and  hyper-power  sets  are  widely  used  as 
a framework  for  draining  and  manipulating  brlirf  funrtinua.  Concept  lattice!  are 
frame  works  uaed  in  the  ontologic  domain  of  formal  cimcrpf  anafysir. 

Definition  1.  A (finite)  lattice  L is  a partially  ordered  (finite)  set,  ie.  (finite) 
pooet,  which  satisfies  the  following  properties- 

• For  any  two  elements  X,  Y 6 L.  there  is  a greatest  lower  bound  X A Y of  the 
**{X.Y). 

• For  any  two  elements  A’,  Y 6 L,  there  is  a least  upper  bound  X V Y of  the  set 
IX,Y). 

The  notations  XDY  (respectively  A' Jl')  are  also  used  instead  iJXAY  (respectively 

X v F). 


Example.  Concept  lattices  [7|  (which  are  not  defined  here)  ore  lattices  Concept 
Utt  ices  nre  widely  used  for  deriving  nntolngirs . 


Definition  2.  A founded  lathee  L a a lattice  which  have  a least  element  1 and  a 
greatest  element  T. 

The  notations  K or  0 (respectively  fl  or  1)  are  also  used  instead  uf  J.  (respectively  T). 
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Proposition.  A finite  lattice  is  a bounded  lattice. 

Proof  is  achiev'd  6y  setting:  J.  = ^ KfLX  and  T = \/XfLX  . 

Definition  3.  A distributive  lattice  L is  a lattice  ouch  that  A and  V are  mutually 
distributive: 

X A ( VV  Z)  = (A  A V*)  V (A  A 2)  and  X V (V  A Z)  = {X  V Y)  A (A'  V Z)  , 
tor  any  X,Y,2eL. 

Example.  Being  given  a frame  of  discernment  0.  the  hyper-power  set  D”  is  tvp- 
icnlly  the  free  distributive  lattice  generated  by  0. 

Definition  4.  A romplcmen/ctf  lather  is  a bounded  lattice  L.  such  that  each 
element  .Vet  hno  a complement,  i.e.  an  clement  Y 6 L verifying: 

.V  V f = T and  .V  A V = 1 . 

The  complement  of  A is  often  denoted  -.V  ot  X‘  . 

Actually,  the  complementation  is  defined  by  introducing  constraints  on  the  lattice 
As  a consequence,  if  is  pcuslMe  to  have  partial  aimp/cmentalun  on  the  lattice. 


Definition  5.  A Boolean  algebra  is  a complemented  distributive  lattice. 

Examples.  Being  given  n frame  of  dixemment  0,  the  power  set  It”,  the  saper- 
pamtr  set  S" . or  the  free  Boolean  algebra  generated  by  0.  are  Boolean  algelmss 


Conclusion.  Bounded  lattices  (especially,  finite  lattices)  are  versatile  structures, 
which  are  able  to  address  many  kind  of  informational  frameworks  'typically,  bounded 
lattices  generalist:  power  set  and  hyper-power  set.  But  since  complementation  is 
defined  by  introducing  constraints  on  the  lattice,  it  is  also  posnihle  to  derive  lattice 
with  partial  complementation  (i.e.  with  a subset  of  the  complementation  constraints) 
which  are  intermediate  structure  between  hyper-power  set  and  [lower  set  Since 
bounded  lntticra  ore  such  generalisation,  this  chapter  will  define  evidence  fusion  rules 
within  this  framework.  By  using  a lattice  framework,  we  ore  also  linking  our  work  to 
the  domain  of  Jormal  concept  analysis. 

In  the  domain  of  evidence  theories,  basic  concepts  ore  generally  modeled  by  means  of 
a set  uf  proposition,  0.  colled  /runic  o/  discernment.  The  structure  C®  is  any  finite 
lattice  constructed  from  0.  In  particular.  G®  may  be  D”.  2®  or  5®.  Notice  that 
6’”  is  nut  a lust  of  generality,  and  is  able  to  address  any  finite  lattice.  FYum  now  on, 
all  notions  and  results  are  defined  willun  G®,  which  make  them  applicable  also  to 
any  finite  lattice. 


Chapter  G.  Definition  of  evidence  fusion  rules  based  on  referee  functions  189 


6.2.2  Belief  functions 

Bebcf  fuDctiuus  arr  iwaaum  of  the  uncertainty  that  could  be  defined  on  the  propo- 
sitions of  a bounded  lattice.  In  the  £raxnrw<jrk  of  evidence  th «*y,  beliefs  are  defined 
bo  da  to  manna?  nut  only  tbe  uncertainty,  but  also  tbe  imprecision  encoded  within 
the  Lattice  structure. 

Basic  belief  assignment.  A basic  belief  assignment  (bba)  on  Ge  b a mapping 
m : G*  — Hi  such  that: 

• m JO, 

• m(»)  = 0f 

• E »w»i- 

The  bln  curtains  an  elementary  knowledge  (in  the  form  of  a haalr  belief)  about  the 
whole  propositions  of  G®.  Tbe  bbn,  however.  doe?  not  provide  directly  tbe  knowledge 
about  an  individual  proportion.  Thin  individual  knowledge  b imprecise  and  bounded 
by  lire  ir/tef  and  lire  plautibiJily. 


Belief,  lire  belief  bel  is  constructed  from  tbe  bba  m aa  follows; 

6cl(X>=  E "*<*)• 

var 

The  belief  is  n pereinustic  interpretation  of  tbe  bba. 


Plausibility.  The  plausibility  pi  b constructed  from  tbe  bba  m as  follows: 

pf(X>=  £ "»<-*>• 

Tbe  plnusihility  b an  optimistic  interpretation  of  Ibe  bba. 

While  fusing  belrefs.  the  essential  computations  are  done  by  means  of  the  bba's.  Our 
cuntributioo  b focused  on  the  bbn  fusion;  belief  and  plausibility  will  not  be  manip- 
ulated in  Uib  chapter.  Notice  however  that  some  properties  of  the  belief  functions 
may  change,  depending  on  the  structure  of  the  lattice  being  used. 

6.2.3  Fusion  rules 

Let  be  given  a sources  of  information  characterised  by  their  bba’s  mi,.  How  could 
we  fuse  these  information  into  a single  fused  bba?  There  b a variety  of  rales  fur  fusing 
bba’s.  This  section  covers  different  classical  rales. 
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Detupeter-Shafer.  The  fused  bba  rnlxrr  obtained  bum  mi  . by  means  of  Dempiler- 
Shafer  fusion  rule  [3,  13j  is  defined  by: 

mosTf#)  = 0 and  mosr(^)  = t far  any  X € G*  \ (•>  . (6.1) 

where  mA()  corresponds  to  the  conjunctive  consensus  : 

m,(X)*  ^ FI'".))',),  (62) 

Yxc\  nYswX  tml 

fa.  any  X g G*  \ (0(  . 

The  rejection  rate  ; = mA(0)  is  a measure  of  the  conflict  between  the  sources.  Notice 
that  the  conflict  is  essentially  a conjunct ive  notion,  here. 

Historically,  this  is  the  first  rule  fur  fusing  evidences  Essentially,  this  rule  pro  video 
a cues  fusion  of  the  information:  it  is  based  on  a conjunctive  kernel.  However.  the 
conjunctive  nature  of  this  rule  is  altered  by  the  necessary  normal! ration  implied  by 
the  conflict  measurement  mA(0). 


6.2.4  Disjunctive  rule 

The  fused  bba  m , obtained  hum  mi,  by  means  of  a ifujunctii'e  fusion  is  defined  by: 

M 

"■v(*)=  13  n ".<*).  (6.3) 

V,U- -UY.mX  1*1 

for  any  X g <?“  . 

The  disjunctive  rule  alone  is  not  very  useful,  but  H is  interesting  when  fusing  highly 
conflicting  information.  When  at  least  one  sernwr  provides  the  good  answer,  the 
disjunctive  rule  will  maintain  a minimal  knowledge.  Typically,  this  rule  may  be 
combined  with  the  conjunctive  consensus,  in  an  adaptive  way  (5,  6|. 

Rule  of  Dubois  k Prade.  Dempster -Shafer  fusion  rule  will  have  some  unsat- 
isfactory behavior,  when  the  conflict  level  is  becoming  high  If  it  is  assumed  that 
at  least  one  sensuc  provides  the  good  answer,  then  it  is  wiser  to  replace  the  possible 
conflict  by  a disjunctive  repartition  of  the  belief  product  . This  idea  is  implemented 
by  the  rule  of  Dubois  and  Prade  [5j, 

The  fused  bba  min,),  for  any  X € G”  \ (fl}  obtained  bom  mi,  is  defined  by: 

mDtl.(fl)=0, 

• * 

mi>u*(x)=  53  ii-wh  z n-w 

Vin  nY0wX  »**i  Via  ny,»i  t*i 

n.-.V.CC®  liu  UY^X 


(6-4) 
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Averaging  rule.  Averaging,  although  quite  simple,  may  provide  good  results  on 
some  applications. 

Let  be  given  the  averaging  parameters  a,  . > 0 such  that  o,  = 1 . The  averaged 
bba  m„[a]  b obtained  from  mi,  by: 


m»[°i  = y .°inl< 


i-i 


PCRG.  TTie  proportional  conflict  redistribution  rules  (PC’Rn,  n = 1, 5)  have  been 
introduced  by  Smarandache  and  Desert  [15].  The  rule  PCH6  hna  been  (imposed  by 
Martin  and  Osswald  in  [10] . PCIt  rules  will  typically  replace  the  possible  conflict  by 
an  adaptive  averaging  of  the  belief  product 

The  fused  bba  rn certs  obtained  from  mi,  by  means  of  PCR6  b defined  by: 

mcchslfl)  = 0 . 

and.  for  any  X € G*  \ [0}  , ly. 
mpcaw(.V)  = mfi(X) 


I>wa  E 

Ctzi*. 


iwl 


g(M 


***»)• 


/-i 


’*4 


C»)  (Kr,(»>) 


where  the  function  u,  cuunta  from  1 to  a avoiding  i : 

®*U)  = j * i b < >1  + 0 + 1>  x lb  2 •!  • 

N.B.  1/  the  denominator  m /6.5)  u ;em.  then  the  /ruction  u d it  curded. 


(05) 


Prospective,  lire  previous  rules  are  just  examples  amongst  many  possible  rules. 
Most  of  the  rules  are  characterixed  by  their  a|»pniachra  for  handling  the  con  diet. 
Actually,  there  is  not  a definitive  criterion  fur  the  choice  of  a particular  rale.  There  is 
not  a clearly  Intuitive  framework  for  the  comparison  of  the  rules  as  well.  This  chapter 
addresses  this  diversity  by  proposing  a constructive  interpretation  of  fusion  rales  by 
means  of  the  notion  of  referee  functions 


6.3  Referee  function  mid  fusion  rules 
0.3.1  Referee  function 

Deflnit  iou.  A referee  (unction  on  G*  fur  s sources  of  information  and  with  contest 
7 is  a mapping  X9  Y\:t  F(X|K.-#;7)  d dined  un  propositions  X,  Y\ . 6 G*  , which 
anlittfin: 
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• F(A'|VWr7)>0, 

. £ PWY^-r)  = 1 , 

XtG* 

fur  any  X,Yv.eG*. 

A referee  function  for  a sources  of  information  in  also  called  a s-nry  referee  function. 
The  quantity  /•’(.VIY'iv.l)  is  called  a conditional  arbitrament  between  Yi.  in  fnvio 
of  X Notice  that  X is  not  necessary  one  of  the  propositions  Yi,  ; typically,  it  nwild 
be  a combination  of  them-  The  case  X = # is  called  the  nyection  one. 


Fusion  rule.  Let  be  given  s basic  belief  assignments  (bba's)  mi,  and  a s-ory 
referee  function  F with  context  mi,.  Then,  the  fused  bba  mi©  — ® m.[F]  based 
on  the  referee  F is  constructed  as  follows: 


£ Fm*:.; "...Ifl '"•<*> 

= n . (6.6) 


1 - 

«» 


for  any  X 6 <?“  . 

FVom  now  on,  the  notation  ®jmi  ,|F]  = mi  ® ® m,[F]  b used 

The  value  ; = £^j(0.  F(#!W.:  mi.)  fl?-,  "‘.(F.)  is  called  tbe  rejerlinn  rofe.  No- 
tice that  the  rejection  rate  is  derived  from  tbe  rejection  generated  by  F(l|Vi_,;  mi  .) 
As  a consequence,  tbe  rejection  is  Dot  exclusively  a conjunctive  notion  in  this  ap- 
proach. An  example  of  Dun  conjunctive  rejection  is  proposed  in  section  6.5. 


Examples.  Refer  to  section  6.4  and  6.5. 


6.3.2  Properties 

Bba  status.  The  function  ©[irii,|F|  defined  on  Ge  is  actually  a basic  belief 


Ptvof.  It  is  obvious  that  ©|mi  »|F|  > 0 . 

Since  SJ9  r ^ = 0,  it  is  derived  ®[mi  ,|F|(fi)  = 0. 
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From  }2xeC*  f'<A'|yi  j;mi  *)  = 1 , H b derived: 

E E rWYv.;my,)i\m,(Y,: 

»■! 


As  n consequence: 


= E (n-w)  E '">■■) 


= E ri-m) 

n..€c®  «■* 

=n  e "■•<*> =» 

•’1  v.«c* 


E Ws4®!  E •»*->  nw,(y') 

XfC°  Vi.€C°  «B» 

+ E f (•!»'«..; •"!:.»  II m.(V'.»  = i 

n.fc« 


i*i 


□DO 


Referee  function  without  rejection.  Let  be  given  a basic  belief  anugnineiiis 
(bba’s)  in  i#  and  a a -ary  referee  function  F wilb  context  mi, . Assume  l bat  F does 
not  imply  reject  inn,  that  b: 

Wi  .-.m,!.)  = 0 for  any  6 G*  \ {U|  . 

Tben.  tbe  fused  bba  $|mi.|F]  based  on  the  referee  F has  the  simplified  definition: 


e[m„|F](*)=  Y.  («•") 

n,.«o*  -1 

far  any  X 6 G*  - 

J 

/Vmi/  It  id  a conaequenre  of  ^ F(#|7ii»;"Ui«) fl  = 0 . 

n_.ee*  •'« 


Separability.  Let  be  given  a basic  belief  namgumrixta  (bba's)  mi.  and  a «-nry 
referee  function  F with  cunteit  mi.  Assume  that  there  b r and  I auch  that  r+f  = a, 
and  two  aequencra  ui,  and  t'n  which  cunatitute  a partition  of  [1.  a]  , thnt  «r. 


{ui,r}  U {ri,,J  = |1,»1  and  |tu»)  Cl  {t*,,}  = 0 . 
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Assume  also  that  there  are  a r-ary  re  (net*  function  C with  context  m.,,  , a f-ary 
referee  function  H with  context  m., , and  a parameter  ft  € [0,1|  ouch  that: 

FtXir,,;ml:.)  = flC(.V|y.»r;m., ,)  + <»  - . 

Then  F in  naid  to  be  separate  into  the  tu>o  sub- referee  functiono  G and  H.  Moreover, 
the  fused  bba  to  simplified  os  fnlhiws: 

efmr.lfl  = ft  e (mul  r|C|  + (1  - ft)  © K,  ,|H|  (6.B) 

Notice  that  the  fusion  to  easier  foe  small  antv.  As  a consequence,  separability  provides 
pui&ihle  aiinptifi ml  inns  to  I hr  fuaitm 

Pnof.  It  b derived: 

E E f'(-X|VV»;mt.)fIm,(V'l) 

= # E E GOr|y'lllr;m.1,)flml(V',) 

tel 

+ (*-*>  E E >n«HW). 

XSVYi.cQO  «»X 

Now: 

E E GWy'.1.;m.1jflm1(y,) 

ni«C0*  •-« 

= (E  E G(Jf|Klrim.lir)fln,'.<y-.)|n  E 

V.,.  t.C*  tel  / ••lV.,«a» 

I 

= ®[mu1,|G|ni=^m-i-l°l- 

It  is  derived  similarly: 

E 53  = DOT 

•‘C*  V,  .€0*  t-l 

Of  course,  the  nntiiin  ol  separaliihty  extends  easily  to  more  than  two  sub- referee 
functions. 
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0.3.3  Sampling  process 

Tbe  definition  (6.6)  makes  apparent  a fusion  process  which  is  similar  to  a proba- 
bilistic modi  Li  (innl  decision  on  the  set  of  propositions.  Notice  that  the  basic  belief 
assignments  are  not  related,  in  practice,  to  phynoil  probabilities.  Bat  the  implied 
mathematics  are  similar,  as  well  as  wane  concepts.  In  particular,  tbe  fusion  could  be 
interpreted  as  a two  stages  process.  In  a first  stage,  the  siurra  of  information  gen- 
erate independent  entries  according  to  the  respective  beliefs  Hen,  a final  decision 
is  done  by  the  referee  function  conditionally  to  the  entries.  As  a result,  an  output  is 
produced  or  not. 

This  interpretation  has  twu  profitable  consequences.  First  at  all,  it  provides  on  in- 
tuitive background  for  constructing  new  rules:  in  our  framework,  a new  rule  is  just 
tbe  design  of  a new  referee.  Secondly,  our  interpretation  makes  possible  sampling 
methods  in  order  to  approximate  and  accelerate  cuinplex  fusion  processes.  Notice 
that  the  sampling  method  is  used  here  as  a mathemat  ical  tool  for  a|ipruximatlng  the 
belief  not  fur  simulating  an  individual  choice.  Indeed,  evidence  approaches  deal  with 
belief  on  pr  upon  til  ins.  not  with  individual  propositions 

Sampling  algorithm.  Samples  of  the  fused  basic  belief  alignment  ®[mi,|Fl 
are  generated  by  iterating  the  following  processes: 

Entries  generation:  For  each  i € [l.sj , generates  Y,  € <?“  according  to  the 
basic  belief  assignment  rn,.  considered  as  a probabilistic  distribution  over 
the  set  G**  . 

Conditional  arbitrament: 

1.  Generate  X € G*  according  to  referee  function  F(.V|Fi.,;mi,),  con- 
sidered ns  a probabilistic  distribution  oxer  tbe  set  G"  , 

2.  in  the  ense  X = B,  reject  the  sample.  Otherwise,  keep  the  sample 

Tbe  performance  of  tbe  sampling  algorithm  is  at  least  dependent  of  two  factors  First 
at  all,  a fast  implementation  of  the  arbitrament  is  necessary.  Secondly,  low  rejection 
rate  is  better.  Notice  however  that  the  rejection  rate  is  not  a true  handicap,  indeed, 
high  rejection  rate  means  that  the  incident  blra's  are  not  compatible  in  regard  to  the 
fusion  rule:  these  bba  should  not  be  fused.  By  the  way.  the  ratio  of  rejected  samples 
will  pruvide  an  empirical  estimate  of  the  rejection  rate  of  the  law. 

The  case  of  separable  referee  function.  Assume  that  F is  separable  Into  G 
and  H.  it  there  are  6 e |0,  lj  and  a partition  ({ui  {n  ,))  of  |1.«]  such  that: 

FiXVy.mr  .)  = 0C{X\Yul,r;m»,,)  + (1  - 0)H(X\Y„  ,;m,. ,)  . 


Then,  samples  of  the  fused  basic  belief  assignment  »S[mi  ,|F]  are  generated  by  means 
of  the  sub-arbitraments  relntrd  to  G and  H: 
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Choice  of  a sampling  sub-process: 

L Generate  a randum  number  x € |D,  1]  according  to  the  uniform  dis- 
tribution, 

2.  If  i < 8 then  lump  to  Sampling  process  related  to  G, 

3.  Otherwise  jump  to  Sampling  process  related  to  H, 

Sampling  process  related  to  Gi 

Entries  generation:  For  each  i 6 |l,r]  , generates  >»,  e <7"  according 
to  the  basic  belief  assignment  m«, , 

Conditional  arbitrament: 

L Generate  X € G”  according  to  G{ A'lK,,  r; mu,  ,). 

2 In  the  case  X = i.  reject  the  sample.  Otherwise,  return  the 
sample. 

Sampling  process  related  to  H : 

Entries  generation:  For  each  i € [1,  ij . generates  Yv,  € Gf*  according 
to  the  basic  belief  assignment  m,i , 

Conditional  arbitrament: 

L Generate  X € G*  according  to  H{X\Y„ .,;mn  ,) , 

2 In  the  case  X = 8.  reject  the  sample.  Otherwise,  return  the 
sample. 


'lliis  result  Is  a direct  consequence  of  the  pro|ierty  of  separability  (6  8).  This  algorithm 
will  spore  the  sampling  of  useless  entries.  Therefore,  it  b more  efficient  to  implement 
the  separability  when  it  b pcaslhle 


6.3.4  Algorithmic  definition  of  fusion  rules 

As  seen  previously,  fusion  rules  baaed  on  referee  functions  are  easily  approximated  by 
means  of  sampling  proems.  Thb  sampling  process  is  double-staged.  The  first  stage 
computes  the  samples  related  to  the  entry  bba’a  mi, . The  second  stage  computes  the 
fused  samples  by  a conditional  arbitrament  between  the  dilferent  hypotheses  This 
arbitrament  is  formalized  by  a referee  function. 

in  practice,  it  b noteworthy  that  there  b no  need  foe  a mathematical  definition  of  the 
referee  function.  The  only  important  paint  is  to  be  able  to  compute  the  arbitrament . 
We  have  here  a new  approach  for  defining  fusion  rules  of  evidences.  Fusion  rules 
may  be  defined  entirely  by  the  means  of  an  algorithm  fot  computing  the  conditional 
arbitrament. 


Assertion.  There  are  three  equivalent  approaches  for  defining  fusion  ruler  in  the 
paradigm  of  referee 

• fly  defining  a formula  uhlcA  maps  the  entry  Mo’i  mi,  to  the  fatal  66a  mi  © 
- - • © m,  ( claaticnl  approach/, 
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• By  defining  a referee  function  F,  vhich  makes  the  cxmditional  arbitrament 

F{X\Y*,;mu.), 

• By  omsiruriin^  an  algorithm  which  act  natty  makes  the  conditional  arbitrament 
Le.tu'zzn  Y\  * in  favor  of  X . 

It  id  sometimes  rnudi  enaer  and  more  powerful  to  just  construct  the  algorithm  for 
cunditiocial  arbitrament.. 

The  following  section  illustrates  tlir  afore  tlimret  ical  discussion  on  well  known  exam* 

P»=. 

6.4  Example  of  referee  functioua 

Let  be  given  a sources  of  information  characterised  by  their  bba's  mi*. 


6.4.1  Dempster-Shafor  rule 

The  fused  bba  mosT  obtained  from  mi,«  by  means  of  Dempster- Shafer  fusion  rule 
is  dr  lined  by  equation  (6.1).  It  has  an  immediate  interpretation  by  means  of  referee 
functions. 

Definit  ion  by  referee  function.  Tlie  definition  of  a referee  function  for  Derupster- 
Btulr  is  immediate* 

nuarr  = $(mi:«|FA|  where  FA(X|yi:«;mi^)  = 1 


Algorithmic  definition.  The  algorithmic  Implementation  of  R » described 
subsequently  and  typically  implies  possible  conditional  rejections. 


Conditional  arbitrament: 

1 SK^=rc„»;, 

2 If  X = $ . thru  reject  tire  sample  Otherwise,  keep  the  sample 


6.4.2  Disjunctive  rule 

The  fused  bba  m>  obtained  from  mi . bv  mean a of  the  disjunctite  rule  is  debited  by 
equation  (6  3).  It  has  an  immediate  interpretation  by  means  of  referee  funrtuma. 
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Definition  by  referee  function.  'Hu*  definition  oi  n referee  function  for  the 
disjunctive  rale  is  inunedinle  from  (63): 


where 


mv  = $|miia|fv] 
fv(-V|»V.;m„ 


Algorithmic  definition.  The  algorithmic  implementation  of  Fv  in  described 
subsequently.  It  does  not  imply  rejections: 


Conditional  arbitrament 

lSeiX=lf^lYk. 


6.4.3  Dubois  & Prade  rule 

The  fused  bha  mbll,,  obtained  bum  mi,  by  means  of  the  rule  uf  Dubois  A I’rode  is 
defined  by  equation  (6.4).  It  has  on  interpretation  by  means  uf  referee  functions. 


Definition  by  referee  function.  The  definition  of  a referee  function  for  Dubois 
A-  Frade  rule  is  deduced  from  (6.4): 


where: 

fWWVV.-.m,,) 


mDi,p  = *Imi.|fWl 


-l[QV4HWt'  i^li  •)  + / [qH 

“ 0 n ^ ' [n  «■  - »] ' [v = 0 «■ 


= i\x 


The  first  formulation  o l Four  is  particularly  inlet  eating,  since  it  illustrates  how  to 
construct  a referee  (miction  by  means  of  a conditional  branching  to  ahead)  existing 
referee  functions.  In  the  case  of  Dubois  A Frade  rule,  the  rule  has  a disjunctive 
behavior  when  there  is  a conjunctive  conflict,  i.e.  HJwj  and  a conjunctive 

behavior  otherwise.  Thus,  the  referee  function  is  obtained  as  the  summation  of  the 
exclusive  sub- arbitraments: 


and 


[qH 

qH 


f,v(X|V’,,;mn,)  (disjunctive  caw) 


f'A(XlKi,.;tni,)  (conjunctive  raw) 
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Algorithmic  definition.  The  algorithmic  implementation  of  fbw  is  described 
subsequently.  It  dual  not  imply  rejections: 


l s*  * = n;_,  v.  • 

1 If  X = #.  then  set  X = UU,  Y,  . 


0.4.4  Averaging  rule 

Let  be  given  the  averaging  parameters  m . > 0 such  that  a.  = 1 . The  averaged 
bba  m„[a)  = a,m,  could  be  obtained  b>’  means  of  a referee  function. 

Averaging  by  referee  function.  The  definition  of  a referee  function  hr  aver- 
aging is  immediate: 

m„|a|  = ®[mi  ,|f'„|aH 

where: 

/I-V  = Y,\  . 

iwl 


Proof  by  applying  the  separability.  Il  b noticed  tiiat  F b separable: 

B 

= E°«  idi(A|V'i,m,) . 

tmX 

wbert*  the  referw  function  id,  b defined  by: 

<di(A'|y„  m.)  = l[X  = Y.)  hr  any  X,  Y,  € G* 

By  applying  the  separability  property  (ti  ft),  a — 1 times,  it  comes- 


#[">i  .IfaWI  = ^ a.  €•  |m,|id,|  . 


It  happens  that: 


.lid.]  = m,  . 


tp[mi,|FM[a]]  = Va,  m,  = rn„|o]  . 


so  that: 
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Algorithmic  implementation  of  averaging,  it  is  interesting  here  lo  imple- 
ment tin*  separability  id  the  referee  function.  Therefore,  the  entire  sampling  algorithm 
is  derived  from  the  separability  property: 

Choice  of  n sampling  sub-process: 

1.  Generate  a random  integer  i € (1.  s]  according  to  probability  a , 

2.  Jump  to  Sampling  pincers  related  to  id,, 

Sampling  process  related  to  kl,: 

Entries  generation:  Generates  6 Cl”  orriwdlng  to  the  basic  belief 
amignmmt  mi , 

Conditional  arbitrament:  Return  X = Y% . 


0.4.5  PCRQ  rule 

The  fused  bba  mpctis  obtained  from  mi,  by  means  of  the  PCR6  rule  is  defined  by 
equation  <65).  It  has  an  interpretation  by  means  of  referee  functions. 


Definition  by  referee  function.  Definition  (6.5)  could  be  reformulated  into: 


mccHs(.V)  = m/,(A:)  + ^ E 

ec* 


/(*  = y.  I "*.W>  n 


E"**W 


and  then: 


JZnX  ^YtlmAY,) 

mpchs(A)  = m,<X)-t-  E — T (6®> 


Y,.  ,V.eCB 


je« 


At  lost,  it  b derived  a formulation  of  PCH6  by  means  nf  a referee  function: 


where  the  referee  function  /Veils  is  defined  by. 
/Va».(A:|Pl,;ml.)  = 


^/|Ar  = y,,]m,(yI) 


• (6.10) 


Em^«) 
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Algorithmic  definit  ion.  Again,  tlir  algfxritlunk?  iinplemeotatiun  is  LxnmediaU*: 
Conditional  arbitrament: 

l u n:„  Yk  / • . th™  *•!  .v = nu,  ft 

2.  Otherwise 

a)  Define  the  probability  P over  |l.  •]  bjr. 

b)  Generate  a random  integer  k g |1,  aj  according  to  I' , 

c)  set  X = Yt  . 


It  ia  noticed  that  this  process  docs  not  produce  any  rejection  case  X = #.  As  a 
consequence.  the  last  rejection  step  has  been  removed. 

Essentially,  this  algorithm  distinguish^  two  cases' 

• there  is  a consensus;  then,  answer  the  consensus. 

• there  is  not  a rouse  us  us;  then  choose  an  entry  among  ail  entries  proportionally 
to  its  belief.  It  ia  noteworthy  that  there  is  no  attempt  to  transform  the  entries 
in  this  cose 

This  algorithm  is  efficient  and  is  not  time-consuming.  The  whole  sampling  approach 
should  be  a good  alternative  for  approximating  PCH6,  particularly  on  large  frames 
of  discernment. 


6.4.6  Non  conjunctive  rejection 


As  seen  in  section  6.3,  the  rejection,  resulting  from  a fusion  baaed  on  referee  functions, 
is  not  necessary  a conjunctive  conflict:  this  rejection  is  the  result  of  the  arbitrament 
rejections  F(fl|ft  ,;  mi.) . An  example  of  rule  with  disjunctive  rejection  to  proposed 
now.  This  example  is  rather  unnatural;  it  is  only  constructed  for  illustration-  The 
context  of  fusion  is  the  following: 

Case  a:  Bntrloi  which  union  is  11  (i  e.  is  totally  imprecise)  are  rejected;  the  idea 
here,  is  to  reject  entries  which  are  insufficiently  focused, 


Case  b:  An  averaging  of  the  bba  is  done,  otherwise. 

The  referee  function  is  thus  obtained  by  means  of  a conditional  branching  to  the 
rejection  (cnoe  a)  in  to  the  averaging  (cane  b).  As  a consequence,  the  referee  (unction 
is  obtained  as  the  summation  of  the  following  exclusive  sub-arbitraments: 


Case  a:  1 


LyH 


/(*=*! 


202  Chapter  6.  Definition  of  evidence  fusion  ruies  based  on  referee  functions 


Ciia*  b;  / 


U**n 


^ ' 1*  = K] 


The  referee  function  fee  thb  rule  b: 


nX|V',.;m,  .)  = / 


UK.  = n 


EH££ 


[X  = Y,] 


Let  uo  apply  this  rule  to  the  example  of  a = 2 bbo’a  mi  and  mj  defined  an 
by  mi({a)>  = 0.1 . mi({a.6>)  = 0.9.  mj({6})  = 0.2  and  mj({fc,c})  = O.B.  Then,  the 
(used  bbn  m = mi  6 ma[fT  la  obtained  na: 


r = mi({u})mj((6.  c}|  + m,«a.fc))rn*«fc, c))  = 0.8  , 

m(M)=  = <>-«■  "(KH)  = mi<iy’l=o.«, 

m({6()  = = o.5  . 

In  thia  examine,  the  rejection  rate  s ia  not  conjunctive,  ainre  it  involve*  ja.  b)  and 
{fc.c}  auch  that  <a.6>n{6,c>#«. 


6.4.7  Any  rule? 

It  ii  pa  mbit  la  cmulmcl  a irferrr  /unction  for  any  mating  fusion  rule? 

Actually,  the  answer  to  thia  queation  b ambiguous.  If  It  b authoclred  that  F depends 
on  mi,  without  reatrictioo,  then  the  theoretical  answer  b trivially  yea. 


Property.  Let  be  given  the  fusion  rule  mi  d*  <hni,  , applying  on  the  bbo 'a  mi ,. 
Define  the  referee  function  F by: 

P(-V|Vi,.; min)  = m,  ®™ e m.(A)  fur  any  X , 6 Ci"  . 

Then  F b actually  a referee  function  and  ®|mi,|P|  -mi0--®m,. 

/'mo/  ia  immoflolr. 

Of  course,  thb  result  b usefesa  in  practice,  since  such  referee  function  b inefficient 
It  b inefficient  because  it  does  not  provide  on  intuitive  interpretation  of  the  rule,  and 
b aa  difficult  to  compute  aa  the  fualun  rule  Then,  it  b useless  to  have  a sampling 
approach  with  such  definition. 

Aa  a conclusion,  referee  functions  have  to  be  considered  together  with  their  efficiency. 
The  efficiency  of  referee  function  b not  a topic  which  b studied  in  thb  chapter. 
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6.5  A new  rule:  PCRfl 

Definition.  For  any  k 6 [l,s],  il  to  defined: 

C[*i.I  = bC|l..|/canl(-,)  = fc}  , 
the  set  of  fc-cnmbinntkins  t>f  |1,  a] . Of  count*.  thr  cardinal  uf  0[Ar]a]  is 
Fur  aurmimer,  tlir  undefined  object  C|«  + l|a]  b actually  defined  by 

c[«  + i|.i  = {{•>}. 

tu>  aa  to  ensure- 

min  < I 

■,€Cp+l|«)  y 

0.5.1  Limitations  of  PCRG 

Tbe  algorithmic  interpretation  of  PCRG  has  shuwn  that  PCR6  distinguishes  two  cases: 

• The  entry  information  are  compatible;  then,  the  conjunctive  consensus  b de- 
cided. 

• The  entry  information  are  not  compatible;  then,  a mean  decision  b decided, 
weighted  by  tbe  relative  beliefs  of  the  entries. 

In  other  words.  PCRG  only  considers  consensus  or  uu- consensus  cases.  But  for  mote 
than  2 sources,  there  are  many  cases  of  mtrrmediott  consensus.  By  construction, 
PCK6  is  not  capable  to  manage  intermediate  consensus.  'ITUs  is  a notable  limitation 
of  PCRG. 

Tbe  new  rule  PCRfl.  which  b defined  now.  extends  PCRG  by  considering  partial  con- 
sensus in  additiun  to  full  consensus  and  absence  of  consensus.  Thb  rule  is  constructed 
by  specifying  tbe  arbitrament  algorithm-  Then,  a referee  function  b deduced 


0.5.2  Algorithm 

The  following  algorithm  tries  to  reach  a maximal  consensus.  Il  first  tries  the  full 
consensus,  then  consensus  at  a — 1 sources,  s - 2 sources,  and  so  on,  until  a consensus 
b finally  found.  When  several  consensus  with  k sources  b possible,  the  final  answer 
b chosen  randomly,  proportionally  to  the  belieb  of  the  consensus.  In  the  following 
algorithm,  comments  axe  included  preceded  by  //  (c++  convention). 


Conditional  arbitrament; 

L Set  stop  = foist  and  k = a, 

II  k is  the  n:t  o/  the  amsrruus.  which  urr  seumhral.  At  beginning,  it  ii  maxi- 
mal 
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2.  Fbr  each  7 6 C|fc|s| , do: 

//  All  possible  consensus  o/  sue  t air  tested 

•»)  If  n,*,  F.  * B . thm  set  ur,  = H,.,  rn,<V,)  and  slop  = true  , 

//  //  u om^mnu  o/  me  k is  found  to  be  /unefnmui.  (Am  it  u no  morr 
nrrrjaary  to  dimmish  the  rue  of  the  atiueruiu.  '/Yiis  is  done  by  changing 
the  value  of  Boolean  stop. 

U Moreover,  the  functional  roarenmi  air  unghted  hy  ihe.tr  beliefs. 

b)  Otherwise  sei  ur-,  = 0 , 

//  Nonfunctional  consensus  arr  ueiyAtal  zero. 

3.  If  stop  = false . then  act  k = k - 1 and  go  back  Ui  2 , 

/!  If  no  functional  consensus  of  sue  k has  been  found,  then  it  is  necessary  to 
test  smaller  sued  consensus.  Tfie  process  u thus  repeated  for  size  k — 1. 

4.  Choose  7 € C|Ar|#]  randomly,  according  to  the  probability: 

p ^ 


//  Otheranre,  cAnnse  a functional  cn  ns  emus  Herr,  the  deeUtan  is  random  and 
proportional  to  Ole  consensus  belie/. 


5.  At  la*,  sei  AT  = Y,  ■ 

//  Publish  the  sample  related  to  the  consensus. 


Algorithm  without,  comment. 


Conditional  arbitrament' 

1.  Set  slop  = /alee  and  k = s. 

2.  For  each  7 e C|k|  s| . do: 

“)  M n.e,  Y‘  * 0 • lhrn  *•'*>■»  = ILc,  ”!<(>'.)  “od  stop  = I rue 
b)  Otherwise  set  ur,  = D , 

3.  If  slop  = false . then  set  * = * - 1 and  go  back  to  2 , 

4.  G'hocee  1 € CJfc|«]  randomly,  according  hi  the  probability: 


-’-1 


5.  At  last,  set  X = f\eT  Y,  . 
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6.5.3  Referee  function 


Hiaturically.  PCRj  line  been  defined  by  mrana  of  an  algorithm.  not  by  means  of 
a formal  definition  of  the  referee  function.  It  la  however  posaible  to  give  a formal 
definition  of  the  referee  function  which  b equivalent  to  the  algorithm; 


X min  < max 
T€CI*M 


iH} 

, r , £ 4* =n**«]n  •"•(*> 

{/  n**®  ) i *'  ■ j,~:t 

1 u’  J £ i n«Hn 

T€CU|.)  1<«T  J i«7 


(6.11) 

Sketch  of  the  pn»i/.  He  following  correspondences  are  established  between  the  ar- 
bitrament algorithm  and  the  referee  functiun: 

• The  summation  is  a formalization  of  the  loop  from  k = a down  to  k = 1 , 

• At  step  fc,  the  component : 


7«ei»+« 


ensures  that  there  is  not  a functional  cunaeuaua  of  larger  a lie  j > k.  Typically, 
the  component  is  0 If  a larger  sued  fund  itnal  consensus  exists.  and  1 otherwise. 
This  component  O complementary  to  the  summation,  aa  it  formalizes  the  end 
of  the  loop,  when  a functional  consensus  «a  actually  found, 

• At  step  fc,  the  component: 


n = 


£ ' 
T«CI*|.| 


=n*H  n-«: 

**2 J 

e / 

€Ci*|.)  l««7  J l«7 


encodes  the  choice  of  a functional  consemma  of  sire  fc,  pruport  iounily  to  Its 
belief.  The  chenen  conaenaus  results  In  the  production  of  the  sample  X , 

• At  step  fc,  the  component: 


max  < 1 

ifC-l.l.) 


.qH} 


if  there  id  a functional  cunarnaua  of  dixv  k.  The  component 
auch  conamaud  exiats.  and  0 otherwise  It  ia  combined  with 
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the  form: 


max  < / 


.cH}n 


where  ft  S 1 


The  U some  kind  of  ~if ...  then'  ; if  a functional  consensus  of  aiae  k exists,  then 
the  value  ft  is  nun  puled.  Otherwise,  it  to  the  value  0 . Since  the  value  ft  encodes 
a sampling  decision,  we  have  here  sampling  decision,  which  is  conditioned  by 
the  fact  that  a functional  consensus  exists. 

The  equivalence  is  a consequence  of  these  correspondences. 

□ 


6.5.4  Variants  of  PCRfl 


Actually.  canl(C“[t|s|)  = 


Algorithm. 

Let  r € |1.  *]  and  let  hi  , e [1.  »J  be  a decreasing  sequence  such  that: 

*>*!>--•>*,  £1. 

Fee  convenience,  the  undefined  object  fc>  is  actually  defined  by: 

*•  = • + 1. 

so  tut  to  ensure: 

'lhen,  tbe  rule  PCHfll*!  r|  is  defined  by  the  following  algorithm. 


Conditional  arbitrament: 

1.  Set  slop  = false  and  h = l, 

2.  Fi*  each  y C C|*t,|«) , do: 

“)  if  D.<,  >i  / 0 . then  set  ur,  = filer  "'.(>'1)  *t“P  = true  , 
b)  Otherwise  set  u*,  = 0 . 

3.  If  slop  = false,  then: 
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a)  set  A = fi  + 1 , 

b)  If  h S r.  go  bock  to  2 . 

4.  If  h > r.  then  reject  the  entries  and  end, 

5.  Otherwise,  choose  -»  € C[k,  |«|  randomly.  according  to  the  probability-. 

D — ^ 

*i  — v T ‘ 

6.  Set  X = n.e,  Y,  . and  end. 


Referee  function 
ft  c*ut*i  ,)(A’l'i  = 


v - « jft«  {'  [n « - •] } *i  {'  [n*-- - *] } 


i{'[c 


l >€-r  J 


£ ' n-w 

7«C1»,|.l  U«1  J «€l 


proof  u le/(  to  the  render. 


PCR6  and  PCRfi.  Assume  that  PCR6  is  appbed  to  » entries  mi, . Then. 

PCR6=PCKJ[f,  11 


DST  and  PCRf.  .Aaume  that  DST  is  applied  to  s entries  mi,  . Then: 

DST=PCRfl[.] 


Variant  with  truncation  and  rejection.  Let  r e |1,  a] . 'Hie  rule  PCRj)|s, «- 
It • ■ • ,r|  will  search  for  maiimally  sited  functional  consensus  II  it  is  not  prasihle  tn 
find  functional  consensus  with  site  greater  or  equal  to  r,  the  algorithm  rejects  the 
entries. 

Variant  with  truncation  and  final  mean  decision.  Let  re  |1, s) . Hie 
rule  PC'RJ[s.  • — 1,  • * • , r,  lj  will  search  fur  maiimally  sited  functional  consensus.  If 
it  is  not  ptasible  to  find  functional  consensus  with  site  greater  or  equal  to  r,  the 
algorithm  chooee  an  entry  proportionally  to  its  belief. 
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6.6  Numerical  examples 

It  is  assumed 

G®  = {B,  (a),  {*}, {c\,  <6, c),  {c, «,}.  (a. 6>.  {a,  6(e» 

Various  examples  of  bba's,  mi« f are  cumodered  on  G*3  and  fused  by  rue  ana  of  rules 
baaed  on  different  referee  functions.  Tbr  fused  mle,  m = $[mi,0|F|,  b computed  both 
mat herna  t ic  ally  ur  by  means  of  the  sampler.  When  the  fusion  is  obtained  by  sampling 
a particle  cloud,  the  fused  bba  estimate  b deduced  from  an  empirical  averaging  The 
complete  process  arises  as  follows: 

1.  Repeat  from  n = 1 to  n = N : 

a)  Generate  the  particle  Xn  € Cf*  by  sampLing  ^r|mi.,|F] , 

b)  If  the  sampling  process  failed,  then  set  Xn  = rejected  , 

. ** 

2.  Compute  x,  the  estimate  of  x,  by  setting  z = — ^ I\Xn  = rejected)  f 

3.  For  any  X € compute  m(.X)f  the  estimate  uf  by: 


It  b known  tbat  the  accuracy  of  tbb  estimate  is  of  the  magnitude  of  . 'typically, 
when  the  rejection  rate  b rero,  i.e.  x = 0t  the  variance  <r(m(>T))  la  given  by: 


«(mW)  = 


(A)  l.l-m(A|| 
y 


6.6.1  Convergence 

Example  1.  'llir  bba's  mi  and  m3  are  defined  by: 

mi((a,6y>  = 0.2.  rm<{ii.c})  = 0.4 . mi(|6,c()  = 0.3 . mi({a, b.c))  = 0.1 , 
m3((a,6})  = 0.4,  m3<{a.c})  =02.  m3({h,c})  = 0.3,  m3(<a.6,c»  = 0.1 . 
Throe  bba  a are  fused  by  means  of  DST.  resulting  In  m = biost: 

s = 0,  m({a})  = 0.2,  = 0.18,  m({a,fc})  = 0.14.  m({c))  = 0.18, 

m({a.c})  = 0.14,  m({b,c}>  = 0.15,  m({a,6,c»  = 0.01. 

The  estimate  rri  of  rn  b obtained  by  the  following  procras: 

1.  Repent  from  n = 1 to  =n  = N: 

a)  Generate  l'i  and  Yi  by  means  of  rrii  and  m3  rapeetivcly. 


Chapter  C.  Definition  of  evidence  fusion  rides  based  on  referee  /unctions  209 


b)  If  Y«  flFi  = »,  then  **  AT-  = rejected , 

c)  Otherwise,  set  AT.  = ft  R V, . 

2-  Set?=  4- E /[A’.  = rejected). 

n-*i 

3.  For  any  X 6 C*  . compute  m(X)  by: 

The  following  table  company  the  empirical  estimates  of  rn.  computed  by  means  uf 
particle  clouds  of  different  sites  ,V: 


| 1 

2 

3 

4 

5 

6 

7 

J | 

•#- 

u 

U 

0 

0 

0 

0 

0 

0 

*"<M> 

0.2 

0.18 

0.202 

0.201 

0.200 

0.200 

0200 

0 200 

0.2 

m«6}) 

0.1 

0.19 

0.173 

0.182 

0.181 

0.180 

0.180 

0.180 

0.18 

m«a.6>)  | 

0.3 

0.14 

0.139 

0.138 

0.139 

0.140 

0.140 

0.140 

0.14 

MW) 

0.1 

0.15 

0.179 

0.177 

0.181 

0.180 

0.180 

0.180 

0.18 

0.3 

0.17 

0.141 

0.136 

0.140 

0.140 

0.140 

0.140 

0.14 

m<{6.c» 

0 

0.15 

0.153 

0.155 

0.149 

0.150 

0.150 

0.150 

0.15 

m({a.fc.c}) 

0 

0.02 

0.013 

0.011 

0.010 

0.010 

0.010 

0.010 

0.01 

For  this  choice  of  mi  and  in,,  there  is  no  conflict.  The  theoretical  accuracy  defined 
preciously  thus  applies.  The  results  are  compliant  with  the  theoretical  accuracy. 


Example  2.  This  is  an  example  with  rejection.  The  bba's  mj  and  m,  are  defined 
by: 

= 0.4,  mi((a,»l)  = 0.5.  iru({a, 6, c})  = 0.1 , 

»»»a({c}>  = 0.4.  m-j({b,c})  = 0.5 . mj((a, 6,  c})  = 0.1 . 

These  bba’s  are  fused  by  means  uf  DST.  result  ing  in  m = moar' 

r = 056,  m({o})  = 0 091,  m({6}>  = 05M,  m<(o.6J)  = 0 114,  m({c})  = 0.091, 
ni({6,c})  = 0.114,  m([a.b.c))  = 0022. 

The  estimate  m of  m is  obtained  by  the  same  process  as  foe  example  1.  The  following 
table  compares  the  empirical  estimates  of  m.  computed  by  means  of  particle  clouds 
of  different  sires  i V: 


>■*.«"  I 

l> 

1 2 

I3 

4 

5 

6 

7 

Is 

oc 

z 

07 

06 

056“ 

” — 

0.560 

"0559" 

0.560 

0.560 

056 

m«o» 

0.G67 

0.15 

I 0 .109 

0.088 

0.092 

0.090 

0.091 

0.091 

0.091 

*(«> 

0 

0 375 

0573 

0.565 

0566 

0 569 

0.563 

0.568 

0.568 

*«a.6» 

0 

0.125 

' 0 .107 

0.114 

0.114 

0.114 

0.114 

0.114 

0.114 

*«c» 

0 

333 

’ 0.225 

! 0.091 

0.091 

0.091 

0.091 

0.091 

1 0.091 

0.091 

««».*»  1 

(' 

0.125 

1 0.107 

0.125 

0115 

: 0.114 

0.114 

1 0 114 

0 114 

m«u.6.c» 

0 

' 0 

0013 

0.017 

0.022 

' 0.022 

0.022 

1 0.022 

0.022 
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Notice  that  the  theoretical  accuracy  should  be  corrected,  since  c > 0. 


Example  3.  'llie  bba's  mi  and  m3  are  defined  by 

m,<{a»  = 05.  mi({a,6})  = 0.1,  m,«a.  6.  c»  = 0.4. 
"*a(W)=0J,  mj((a, cj)  = 0.3 , m3(Ja.fc,c))  = 0 4 . 

These  bba's  are  (used  by  means  of  PCR6,  resulting  in  in  = mpcau: 


m({a»  = 0.385.  m({6»  = 0.<M,  m({o,  6})  = 0.007.  m({c})  = 0.199, 
m((a,cj)  = 0.12.  m({i,c})  = 0.249. 

It  is  noticed  that  r = 0 in  this  case  of  I'CRO  Then,  the  estimate  m is  obtained  by 
the  following  prorata: 

1.  Repeat  from  n = 1 to  =n  = JV: 

a)  Generate  Vi  and  lj  by  means  of  rrii  and  m3  rapectively, 

b)  If  ft  Y,  # 0,  then  set  Xn  = Y,  ft  V*,. 

c)  Otherwise,  du: 

L Compute  6 = 1', | • 

iL  Generate  a random  number  x uniformly  distributed  on  [0, 1|, 
liL  If  x < 0.  set  X„  = Yi . otherwise,  set  Xn  = Y, . 

2.  For  any  X 6 , compute  m(AT)  by 


The  following  table  compares  the  empirical  estimate  of  m,  computed  by  means  of 
particle  clouds  of  ditlerent  sixes  N: 


1 2 

3 

4 

5 

6 

7 

8 

OD 

m(la» 

0 7 

roir 

0.39 

0.388 

0.382 

0.384 

0 385 

0385 

U 3*5 

m{{6)) 

0.1 

0.08 

0.045 

0.041 

0.040 

0.040 

0.010 

0.040 

0.010 

m«n.6» 

0 

0.01 

0.008 

0.008 

0.008 

0.008 

0.007 

0.007 

0.007 

"•(W) 

0.2 

0.13 

0.19 

0.198 

a 200 

0.199 

0.199 

0.199 

0.199 

m({a,c» 

0 

0.12 

0.108 

0.121 

0.121 

0.120 

0.120 

0.120 

0.12 

0 

0.25 

0.259 

0.244 

0.219 

0.249 

0 249 

0.249 

0 249 
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6.6.2  Comparative  tests 

Example  4.  It  b assumed  3 bbo'a  ml;,  tin  G e defined  by: 
m,<{o.6»  = tni({a,c})  = m,({c})  = 1 . 

The  bbo'a  mi  anil  mi  are  incompatible.  However,  mj  la  rumpatihle  willi  bath  mi 
and  ms  . which  implies  that  a partial  cunseuaua  ia  poasible  between  mi  anti  ttij  or 
between  m*  and  m.  As  a cnnsetpience.  FC'HJ  ahnuld  provide  better  answers  by 
allowing  partial  combinations  of  the  bba's.  The  fusion  of  the  3 bha'a  are  computed 
respectively  by  means  cif  DST,  PCK6  and  I'C'K| . and  the  rrwulta  confirm  the  intuition: 

• n>*r  = 1 and  mn  ST  ia  undefined. 

• mecna({o,6}>  — mecne({a.c})  = mi*eae({e))  = J. 

• mecnj<{“})  = mecm({c}>  = } derived  from  the  cunsensua  {a,b}n{a,c}  , 
Re}  n{c(  and  their  beliefa  mi<  Rb))m2(Re})  , mj(Rc})mj(Jc)). 


Example  5.  It  i»  assumed  3 bha’a  on  G”  defined  by: 

"*«({“»  = 0.6.  mj({a.6»  = 0.4, 
mj({o})  = 0.3 , mi(jo.c))  = 0.7 , 
mj({b}>  = 0.8 , mi((a.6.c))  = 0.2. 

The  computation  of  1'CKt  ia  done  step  by  step: 

Full  OTucnnu.  Full  functional  consensus  are: 


Yi 

Rtt 

r*j ; 

{■> 

<■> 

*a 

[«.c\ 

R 

M 

W 

Va 

<a.6.c} 

a.h.c) 

!■.*.«> 

n.K 

W 

<al 

1°) 

M 

1 1, 

Tx 77T 

i)  Ml  ■ 

Trasr 

8 DR 

Partial  amsentui  aired  2.  Then  the  possible  partial  consensus  unr. 


Yi 

R*> 

R*> 

1 R> 

{a} 

Y, 

(a) 

M 

“RT 

Yi 

~w~ 

~~W~ 

“TT 

Fi  n Yi 

M 

M 

M_ 

~RT 

>i  n Yi 

■ 

o 

Yi  n Yi 

n*r 

~w 

I 

i' 

0.467 

0.273 

l 

1 

| 0.633 

0.727 

0 

0 

II.  -mKJ  |; 

I 0.224 

0.096  0.336 

ina 
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Notice  that  there  is  never  a 2- sized  consensus  involving  the  pair  (Vi,  Va).  As  a 
consequence,  the  belief  ratios  fur  the  partial  consensus,  i.e.: 


fur  7 e C1213]  , 


are  simplified  as  fallows; 

""•’I  = — = ^rni^TT-.!  . 

m.tv.lm.mt  _ -.(Vi) 

The  case  > = (2, 3}  does  nut  hnkl. 

1- nrerf  cntuonu.  'Dirac  is  no  remaining  1-sized  consensus. 

Belief  compilation.  The  different  caws  resulted  in  only  two  propositions,  i.e.  (a) 
and  (ft).  By  combining  the  entry  be  lie  Is  ] |,  m,(K)  and  ratio  beliefs,  the  fused  bba 
m = mi- cm  is  then  deduced: 

m({a})  = 0.056  + 0 024  + 0.084  + 0.036  + 0.467  x 0.224 

+ 0.273  X 0.096  + 1 X 0.336  + 1 X 0.144  = 0.611  , 

m({6»  = 0.533  X 0.224  + 0.727  X 0.096  = 0.189  . 

As  a conclusion: 

micm({a})  =0.811  and  rnpcmCM)  = 0 

It  is  noticed  that  z = 0 foe  this  general  case  of  PCRj.  Then,  the  estimate  m is 
obtained  by  the  following  proee®,  winking  for  any  choice  uf  rni  > : 

1.  Hrpeat  from  n = 1 to  =n  = N: 

a)  Generate  Yi , Yj  and  Ya  by  means  of  mi , mj  and  mj  respectively, 

b)  If  O Y,  fl  Ya  # % , then  set  X.  = Yt  O Ya  O Y,  and  return, 

c)  if  (>',  n Ya)  u <y,  n y,)  u (y,  n y,)  ? fl , then  dm 

L Pur  any  7 6 C[2|3]  = { {1. 2},  { 1. 3}.  {2, 3) } . do: 

A.  If  f)  y.  = fl,  then  set  = 0, 

B.  Otherwise.  *t  = fj  m,(yt)  , 

iL  Far  any  7 6 C(2|3|,  ^ , ■ 

iiL  Choose  7 6 Cl2|3|  randomly  accordingly  to  tbe  probability  u , 
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iv.  Set  A-  = f)  Y. 

v.  return, 
d)  Otherwise,  do: 

L Compute  <*  = m,(y-  ) + ",'!£)  - madi)  ’ 

ii.  Chow  k £ ( 1. 2.  3)  randomly  accordingly  to  the  probability  u/. 

Ui.  SelXu  = Yh, 

iv.  return, 

i For  any  X 6 6*® , compute  m(X)  by: 

mW=i^/|Jfn=An. 

The  fallowing  table  compares  the  empirical  estimate?  of  rn.  computed  by  mean?  of 
particle  clouds  of  different  sizes  N: 


k*.o  N 

1 2 

3 | 4 

5 

6 7 

8 

II  oo 

m((a)| 

[ 1 i 0.77 

0.795  0.812 

0.812 

0.811  0.811 

0.811 

0.811 

"»«*>) 

I 0 | 0.23 

0.205  | 0.188 

0.188 

0.189  0.189 

0.189 

| 0.189 

These  results  could  be  compared  to  DST  and  PCR6: 

• = 0-8  and  mus-rlM)  = 1, 

• mn-HB({a})  = 0.391 , mi<cHe({6})  — 0.341 , 

"ri*Ctu({o,6})  = 0.0T3,  >npcH6<<a.c})  =0.195, 

DST  produces  highly  conflicting  results,  since  source  3 conflicts  with  the  other 
sources.  HflWWt,  there  are  tome  partial  consensus  wliich  allow  the  answer  {6} . 
DST  is  blind  to  these  partial  consensus.  On  the  other  hand,  PCR6  is  able  to  handle 
hypothesis  {6}  , but  is  too  much  optimistic  and.  still,  is  unable  to  fuse  partinl  con- 
sensus Consequently.  PCR6  is  also  unable  to  diagnose  the  high  inconstancv  of  belief 
ma<{*»  = 08. 


6.7  Conclusion 

This  chapter  has  investigated  n new  frame  work  for  the  drtinition  and  interpreta- 
tion of  fusion  rules  of  evidences.  This  framework  is  based  on  the  new  concept  of 
referee  function.  A referee  function  models  an  arbitrament  process  conditionally  to 
the  contributions  of  several  independent  sources  of  information.  It  has  been  shown 
that  fusion  rules  based  ou  the  concept  of  referee  functions  have  a straightforward 
sampling- based  Implementation.  As  a consequence,  a referee  function  has  a natural 
algorithmic  interpretation  Owing  to  the  algorithmic  nature  of  referee  functions,  the 
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conception  of  new  rules  of  fusion  is  made  easier  and  intuitive.  Examples  of  exist- 
ing fusion  rules  have  been  implemented  by  means  of  referee  functions.  Moreover,  an 
example  of  rule  construction  has  been  provided  on  the  basis  of  an  arbitrament  algo- 
rithm. The  new  rule  a a quite  general  extension  of  both  PCR6  and  Dempster-Shufer 
rule.  'Hub  chapter  also  adilrestes  the  issue  of  fusion  rule  approximation.  There  are 
cases  for  which  the  fusion  computation  a prohibitive  The  sampling  process  implied 
by  the  referee  function  provides  a natural  method  for  the  approximation  and  the 
computation  speed-up.  There  are  still  many  questions  and  improvements  to  be  ad- 
dressed. lor  example,  samples  regularization  techniques  may  reduce  possible  samples 
degeneration  thus  allowing  smaller  particles  clouds.  Some  theoretical  questions  arc 
also  pending:  especially,  the  algebraic  properties  of  the  referee  functions  have  almost 
not  been  studied.  However,  this  preliminary  work  fa  certainly  promising  for  future 
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Abstract  : In  this  chapter,  ue  propose  a new  practical  codification 

oj  the  elements  of  the  I'cnn  diogmm  in  order  to  rasiip  manipulate 
the  focal  elements.  In  order  to  reduce  the  rumplesi/y,  the  eventual 
constraints  must  he  integrated  in  tAe  edification  at  the  beginning. 
Hence , ur  only  consider  a reduced  hyper -fxjmer  set  D ? tAul  cun  6e  2® 
or  D*.  We  describe  all  the  steps  of  a general  belief  function  frame • 
u»yrA.  The  step  of  derision  if  studied  in  particular  tcAcn  u»e  Aare  Us 
decide  on  intersections  of  the  singletons  of  the  discernment  space  no 
actual  decision  functions  are  easily  to  use.  Hence . tuv  approaches 
are  proposed,  an  estension  of  previous  one  and  an  approach  based 
on  the  specificity  of  the  elements  on  uhich  to  decide.  The  principal 
goal  of  this  chapter  is  to  provide  practical  codes  of  a general  belief 
/unction  framework  for  the  researchers  and  users  nteding  the  belief 
/unction  theory. 
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7.1  Introduction 

Today  the  belief  function  theory  initiated  by  |0,  2G)  is  recognized  to  propose  one  of  the 
mure  complete  theories  for  human  reasoning  under  uncertainty,  anil  has  been  applied 
in  inuny  kinds  of  applications  (33].  This  theory  is  based  on  the  use  of  functions  defined 
on  the  power  set  2°  (the  set  of  all  the  sublets  of  0).  where  0 b the  set  of  considered 
elements  (called  discernment  space),  whereas  the  probabilities  are  delined  only  on  0. 
A moss  function  ur  6asir  belief  ainqnment,  m b defined  by  the  mapping  of  the  [lower 
set  2”  onto  (0,  1)  with: 

E MX)  = 1-  (7-1) 

One  element  X of  2”.  such  as  m(A')  > 0.  b called  focal  element  The  set  of  focal 
elements  fur  m b noted  fm  A mam  function  where  0 b a focal  element,  b called  a 
ncm-dajmatic  mam  funclx>m. 

One  cif  the  muin  goals  of  this  theory  to  the  combination  of  informal  itMi  given 
by  many  experts.  When  this  infurmatiun  can  be  written  an  a man  function,  many 
combination  rules  can  be  uswi  |23j.  The  brat  combination  rule  propmr«i  by  Dempster 
and  Shafer  to  the  normalized  conjunctive  cumbination  rule  given  fur  two  basic  beLief 
assignments  rm  and  m3  and  for  all  AT  6 2d,  X # by: 

mnal-V)  = -i—  mi(A)mj(fl).  <7.2) 

* " ATlBmX 

where  * = £ mi(A)mi(fl)  b the  inconsistency  of  the  cumbination  (generally 

-trifle* 

called  conflict). 

However  the  high  computational  complexity,  especially  compared  to  the  probabi- 
lity theory,  remains  a problem  for  more  industrial  uses.  Of  course,  higher  the  cardi- 
nality ol  0 is,  higher  the  complexity  becomes  [38).  The  combination  rule  of  Dempster 
and  Shafer  b ffP-com pletc  [25).  Moreover,  when  combining  with  thb  combination 
rule,  rum-dogmatic  maos  functions,  the  number  ol  focal  dements  can  not  decrease 

Hence,  we  can  distinguish  two  kinds  of  appnnches  to  reduce  the  complexity  of  the 
belief  function  framework  First  we  can  try  to  find  optimal  algorithms  in  order  to  code 
the  belief  functions  and  the  combination  rulra  based  on  Mubius  transform  [18,  33] 
or  hosed  on  local  computations  [28]  or  to  adapt  the  algorithms  to  particulars  mass 
functions  [3,  27],  Second  we  can  try  to  reduce  the  number  of  focal  elements  by 
approximating  the  moss  functions  [4,  9,  16,  17,  36,  37],  that  could  be  particularly 
important  fur  dynamic  fusiun. 

In  practical  applications  the  mass  functions  contain  at  first  only  few  focal  elements 
[1,  7].  Hence  it  seems  interesting  to  only  work  with  the  focal  elements  and  not  with 
the  entire  space  2e.  That  b not  the  case  in  all  general  developed  algorithms  [IS.  33). 

Now  if  we  consider  the  extension  of  the  belief  function  theory  proposed  by  |10], 
the  mass  function  is  defined  on  the  extension  of  the  power  net  into  the  hyper-power 
set  I>e  (that  b the  set  of  all  the  disjunctions  and  conjunctions  of  the  dements  of 
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0).  This  extension  can  be  seen  ns  a generalisation  uf  the  clnasicnl  approach  (an id  it 
is  also  called  DSmT  foe  Dual  and  Smarandache  'ITimry  |29.  30] ).  This  extension  a 
justified  in  .in me  applications  aoch  as  in  (20,  2l|.  TYy  to  generate  U*  is  not  easy  and 
becomes  untrartable  (or  more  than  6 elements  in  0 |11|. 

In  [12],  a first  proposition  has  been  propmed  to  order  elements  uf  hyper-power 
set  for  matrix  calculus  such  an  [IS,  33]  mode  in  2*.  But  an  we  said  heroin,  in  real 
applications  it  is  better  to  only  manipulate  the  focal  elements.  Hence,  some  authors 
propose  algorithms  considering  only  the  focal  elements  [9.  15,  22] . In  the  previous 
volume  [15,  30]  have  proposed  MATLAB™  codes  for  DSinT  hybrid  rule.  These 
codes  are  a preliminary  woxlc.  but  first  it  is  really  not  optimised  for  MATLAB1**  and 
second  have  been  developed  for  a dynamic  fusion. 

MATLAB1**  is  certainly  not  the  best  program  language  to  reduce  the  speed  of 
processing,  however  meet  uf  people  using  belief  functions  do  it  with  MATLAB™. 

In  this  chapter,  we  propose  a codification  of  the  focal  elements  based  on  a cod- 
ification uf  0 in  order  to  program  easily  in  MATLAB™  a general  belief  function 
framework  working  fur  belief  functions  defined  on  2*  but  also  on  D*. 

Hence,  In  the  following  section  we  recall  a short  background  of  belief  (unction 
theory.  In  section  7.3  we  introduce  our  practical  codification  for  a general  belief 
function  framework  In  this  section,  we  describe  nil  the  steps  to  fuse  basic  belief 
assignments  in  the  order  of  necessity:  the  codification  of  0.  the  addition  of  the 
constrninta,  the  codification  of  focal  elements,  the  step  of  combination,  the  step  of 
decision,  if  necessary  the  generation  of  a new  power  set:  the  mfucrif  hyper-power  irl 
D?  and  for  the  display,  the  decoding.  We  particularly  investigate  the  step  of  the 
decision  fur  the  DSmT.  In  section  7.5  we  giro  the  major  part  of  the  MATLAB™ 
codes  of  this  framework. 

7.2  Short  background  on  theory  of  belief  functions 

In  the  DSmT.  the  maw  functions  m are  defined  by  the  mapping  of  the  hyper-power 
set  Da  ooto  [0, 1]  with: 

£ •»(*)  = L (7.3) 

*«o# 

In  the  more  general  model,  we  can  add  constraints  on  some  elements  of  Da, 
that  means  that  some  elements  can  never  be  focal  elements.  Hence,  if  we  add  the 
constraints  that  all  the  intersections  of  elements  of  0 nre  impoasihle  (i.e.  empty)  we 
recover  2”.  So.  the  constraints  given  by  the  application  can  drastically  reduce  the 
number  of  possible  focal  elements  and  so  tbe  complexity  ol  the  framework.  On  the 
contrary  of  the  sugcesUun  given  by  the  flowchart  on  the  cover  of  the  buuk  [29]  and  the 
proposed  codes  in  [15],  we  think  that  the  constraints  must  be  integrated  directly  in 
the  codification  of  the  focal  elements  of  the  man  fuocUous  os  we  shown  In  section  7.3. 
Hereunder,  the  hyper-power  set  D"  taking  into  account  the  constraints  is  called  the 
rttfocnf  hyper-power  tel  and  noted  £•?.  Hence.  Dr  can  be  D’’.  2'1,  have  a cardinality 
between  these  two  power  sets  or  inferior  to  these  two  power  sets  So  the  normality 
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condition  ia  given  by: 

E ">w=i.  (7‘) 

xen? 

where  we  consider  less  tarns  In  tlie  sum  than  in  the  equation  (7.3). 

Outre  (he  piA*g<  functions  coming  (rotn  nuixiproua  mjutcvb  are  dehottl,  many  cumin* 
nation  mire  are  posable  (see  [5.  20,  23,  31,  35]  for  recent  reviews  of  the  combination 
mire).  Meat  of  the  combination  rules  are  based  on  the  conjunctive  combination  rule, 
given  lor  mam  functions  defined  on  2*  by: 

"*•(*>=  z n •»*«>.  <™> 

ytn...nv.*x  j>i 

where  Y,  € 2”  is  the  response  of  the  source  J,  and  m,(Y,)  the  rmrrapoodiug  basic 
belief  assignment,  This  rule  is  commutative,  associative,  not  idempotent,  and  tbe 
major  problem  which  tbe  majority  of  tbe  rules  try  to  resolve  is  the  increase  of  tbe 
belief  on  the  empty  set  with  the  number  of  sources  and  the  cardinality  of  0 [19]. 
Now,  in  D”  without  any  constraint,  there  is  no  empty  set,  and  the  conjunctive  rule 
given  by  tbe  equatiun  (7.5)  for  all  X € D*  with  Y,  e Df  can  be  used.  If  we  have 
some  constraints,  we  must  transfer  the  belief  m,(l')  on  other  elements  of  the  reduced 
hyper-po»er  set.  Three  h no  optimal  combination  rule,  and  we  cannot  achieve  this 
optimality  foe  general  applications. 

The  last  step  in  a general  framework  for  information  fusiun  system  is  the  decision 
step.  Tbe  decision  is  also  a difficult  task  because  no  measures  are  able  to  provide  tbe 
best  decision  in  all  the  cases.  Generally,  we  consider  the  maximum  of  one  of  tbe  three 
(unctions:  credibility,  plausibility,  and  pignistie  probability  Note  ihat  other  decision 
functions  have  been  pc  opened  [13] . 

In  tbe  context  of  tbe  DSmT  the  corresponding  generalised  funrtums  have  been 
proposed  [14,  29],  The  generalised  credibility  Bel  is  defined  by: 

Bel(X)  = E m<y>  <™> 

VtDf.YiX.V** 

The  generalised  plausibility  PI  is  defined  by. 

Pl(.V)  = £ m(Y)  (7.7) 

YtOfjt 

The  generalised  piguistic  probability  is  given  foe  all  X € I’”,  with  A’  * 0 is  defined 
by: 

GPT(A>=  E Cr?iCr>w|>-)-  <7B> 

YSD?.Y*t 

where  I'm  (A)  is  the  DSm  cardinality  currraponding  to  the  number  of  parts  of  X in 
the  Venn  diagram  of  tbe  problem  [14,  29]  associated  with  a model  M Generally  in 
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2®,  the  maximum  <if  these  functions  is  taken  on  the  elements  in  0.  In  this  case,  with 
the  goal  to  reduce  the  complexity  we  only  have  to  calculate  these  functions  on  the 
singletons.  Huaevn.  first,  there  exist  methods  providing  decision  on  2“  such  ns  in  [2] 
and  that  can  be  interesting  in  some  application  [24].  and  secondly,  the  singletons  an- 
nul the  more  precise  elements  on  D*.  Hence,  to  calculate  these  functions  on  the 
entire  reduced  hyper-power  set  could  be  necessary,  but  the  complexity  could  not  be 
inferior  to  the  complexity  of  D?  and  that  can  be  a real  problem  if  then-  an-  a few 
constraints 


7.3  A general  belief  function  framework 

We  introduce  here  a practical  codification  in  order  to  consider  all  the  previous  remarks 
to  raiuc*  the  complexity 

• only  manipulate  focal  dementa, 

• add  constraints  on  the  focal  elements  before  combination,  and  so  work  on  Of. 

• a codification  easy  for  union  and  intersection  operations  with  programs  such 
as  MATLAB™. 

We  first  give  the  simple  idea  of  the  practical  codifiratioo  for  enumerating  the 
distinct  parts  of  the  Verm  diagram  and  therefore  a codification  of  the  dixerament 
space  0.  1'hen  we  explain  how  simply  mid  the  cimstraints  on  the  distinct  elements 
of  0 and  how  to  do  the  codification  of  the  fucal  elements.  The  subsections  7-3.4 
and  7.3.5  show  haw  to  combine  and  decide  with  this  practical  codification,  giving 
a particular  reflexion  on  the  decision  in  DSmT.  The  subsection  7.3.6  presents  the 
generation  of  D?  and  the  subsection  7.3.7  the  decoding. 


7.3.1  A practical  codification 

The  simple  idea  of  the  practical  codification  is  based  on  the  atfectatlon  of  an  integer 
number  in  (1;  2*  - 1]  to  each  distinct  part  of  the  Venn  diagram  that  contains  2"  - 1 
distinct  l arts  with  n = |0|.  The  figures  7.1  and  7.2  illustrate  the  codification  for 
respectively  0 = {0r,  tfi.dj}  and  0 = with  the  code  given  in  section  7.5. 

Of  cuuise  other  repartitions  of  these  integers  are  possible 

Hence,  for  example  the  element  «i  is  given  by  the  concatenation  of  1.  2,  3 and  5 
for  |0|  = 3 and  by  the  concatenation  of  1.  2.  3.  4,  6,  7,  9 and  12  for  |0|  = 4.  We  will 
note  respectively  0i  = |1  2 3 5)  and  0,  = [1  2 3 4 6 7 9 12]  for  |0|  = 3 and  for  |0|  = 4. 
with  Increasing  order  of  the  integers.  Hence,  0 is  given  respectively  for  |0|  = 3 and 
|0|  = 4 by: 

0 = {il  2 3 5],[1  2 4 6],[1  3 4 7]} 

and 

0 = (|1  2 3 4 6 7 9 12],  [1  2 3 5 6 8 10  13],  |1  2 4 5 7 8 11  14],  |1  3 4 5 9 10  1 1 15j|. 
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Figure  7.1:  Codification  lor  9 = {0,,  0j, 0,}. 


The  number  ill  integers  lur  thr  codification  nf  one  element  0,  6 9 is  given  by: 

<™> 

i»i 

with  n = |0|  nnd  CJ  the  number  uf  p-uplets  with  n numbers.  The  number  1 will  be 
always  by  convention  be  the  intersection  u!  all  the  elements  of  0.  The  codification  of 
0i  ll  0i  is  given  by  |1  3]  for  |0|  = 3 and  [1  2 4 7]  fur  |0|  = 4.  And  the  codification  nf 
0i  U 0i  is  given  by  [1  2 3 4 S 7]  fu»  |0|  = 3 and  [1  2 3 4 6 7 9 12)  for  |0|  = 4. 

In  order  to  reduce  the  complexity,  especially  using  more  hardware  language  than 
MATLAB™.  we  could  use  binary  numbers  instead  of  the  integer  numbers. 

The  Smarandache’s  codifies  Li  cm  [11|.  was  introduced  fur  the  enumeration  of  dis- 
tinct parts  of  a Venn  diagram.  If  |0|  = n,  < i > denotes  the  part  of  0,  with  no 
covering  with  other  1 f }.  < tj  > denotes  the  part  uf  0,  O0,  with  no  covering 
with  other  parts  of  the  Venn  diagram.  So  if  n = 2,  0i  O0j  = {<  12  >}  and  if  n = 3, 
0,  0 03  = {<  12  >,<  123  >},  see  the  figure  7.3  fur  an  illmtrntioo  for  n = 3.  The 
authors  note  a problem  for  n > 10.  but  if  we  introduce  space  in  the  codification  we 
can  conserve  integers  instead  of  other  symbols  and  we  write  < 1 2 3 > instead  of 
< 123  >. 

Contrary  to  the  Smarandache’s  codification,  the  prufxaed  codification  gives  only 
one  integer  number  to  each  part  of  the  Venn  diagram.  This  codification  is  more 
complex  for  the  reader  then  the  Smarandache’s  codification  Indeed,  the  reader  can 
understand  directly  the  Smarandache's  codification  thanks  to  the  meaning  of  the 
numbers  knowing  the  n each  disjuint  part  of  the  Venn  diagram  is  seen  os  an  inter- 
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Figuie  7.2:  Codificutinn  for  0 = (0,,  03,0j.0,l. 


section  of  the  clement?  of  0.  Mon*  exactly,  this  a a pari  of  the  intersection*!.  For 
example.  Pi  ft  6b  la  given  with  the  Smarandacbe'l  codification  by  (<  12  >}  if  n = 2 
and  by  {<  12  >.  < 123  >}  if  n = 3.  With  the  practical  codification  the  same  element 
ha-  also  diflrrent  codification  according  to  the  number  n Fur  the  previous  example 
Pi  O 0i  is  given  by  (1)  if  n = 2.  and  by  [1  2)  if  n = 3. 


The  prupused  codification  ia  more  practical  for  computing  union  and  intrruectioa 
operations  and  the  DSm  cardinality,  because  only  one  integer  rep  resen  to  one  of  the 
distinct  ports  ot  the  Venn  diagram.  With  Smarandache's  codification  computing 
union  and  intersection  operations  and  the  DSm  cardinality  could  be  very  similar 
than  with  the  practical  codification,  but  adding  a routine  in  order  to  treat  the  code 
of  one  part  of  the  Venn  diagram. 


Hence,  we  pc  opine  to  use  the  proposed  codification  to  compute  union,  intersection 
and  DSm  cardinality,  and  the  Smarandache'a  codification,  easier  to  read,  to  present 
the  results  in  order  to  save  eventually  a scan  of  D?. 
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Figure  7.3:  Smaraudache's  codification  for  8 = {0i,0],0]}. 


7.3.2  Adding  constraints 

With  thi?  codification,  adding  constraints  b very  simple  and  can  reduce  rapidly  the 
number  of  integers  For  example  aaMime  tliat  in  a given  application  we  know  Si  PiSi  = 
fl  (lc.  Bi  ntfj  $ Of),  that  means  that  the  integers  |1  3]  fi*  |0|  = 3 and  |1  2 4 7] 
for  |0|  = 4 do  not  exist.  Hence,  the  codification  of  0 with  the  reduced  discernment 
space,  noted  0.,  b given  respectively  for  |0|  = 3 and  |0|  = 4 by: 

0r  = {[2  5],[2  4 6],|4  7)> 

and 

0.  = {[3  6 9 12].  [3  5 6 8 HI  13].  (5  8 11  14],  |3  5 9 10  11  15]}. 

Generally  we  have  |0|  = 0P|,  but  it  b not  necessary  if  a constraint  gives  0,  = fl.  with 
th  6 0.  Thb  can  happen  in  dynamic  fusion,  if  one  element  of  the  discernment  space 
can  disappear 

Thereby,  the  introduction  of  the  simple  constraint  0,  fl  Hi  = <t  in  0.  includes  all 
the  other  constraints  that  follow  from  it  such  as  the  intersection  of  all  the  elements 
of  0 b empty.  In  [15]  all  the  constraints  must  be  given  by  the  user. 


7.3.3  Codification  of  the  focal  elements 

In  D? . the  codification  of  the  focal  elements  b given  from  the  reduced  discernment 
space  0r.  The  codification  of  an  union  of  two  elements  of  0 b given  by  the  cun- 
mteD&tinci  oi  tire  cndilicntioci  uf  the?  twu  rlf  mrnta  using  Br.  Tire  codification  of  an 
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intersection  ol  two  elements  of  $ b by  the  common  numbers  of  flu*  codilicn- 

tluD  uf  the  two  elements  using  B,  In  the  same  way,  the  codification  of  ao  uniiin  of 
two  focal  elements  is  given  by  the  concatenation  of  the  codification  of  the  two  focal 
dements  and  the  codification  of  an  intersection  of  two  focal  dements  is  given  by  the 
common  numbers  of  the  codification  of  the  two  focal  elements.  In  fact,  fur  union  and 
intersection  operations  we  only  consider  one  element  os  the  set  of  the  numbers  given 
in  its  codification. 

Hence,  with  the  previous  example  (we  assume  0,  O 0,  = fl,  with  |0|  = 3 or 
|8|  = 4),  if  the  fallowing  elements  8,  Cl  8i.  8,  U 0,  and  (0r  fl  tfj)  U 0j  are  some  focal 
elements,  there  arc  coded  far  |0|  = 3 by: 


ff,nfc  = pi. 

»iU*,  = (2  4 5 6|, 

= [2  4 7], 

and  &>  |0|  = 4 by: 

0,n#a  = |3  6]r 

Oi  U 02  = [3  5 6 8 9 10  12  13). 

(0i  r»0j)  U0a  = |3568  11  14], 

The  DSin  cardinality  Cm  (X)  of  one  focal  dement  X is  Simply  given  by  the  number 
of  integers  in  the  codification  of  X.  The  DSm  cardinality  ol  one  singleton  is  given 
by  the  equation  (7.9),  only  if  there  is  no  constraint  on  the  singleton,  and  b inferior 
otherwise. 

The  previous  example  with  the  focal  element  (tfi  fl  Hi)  U illustrates  well  the 
easmeoi  to  deal  with  the  brackets  in  one  exprewioa.  The  codification  of  the  focal 
elements  can  be  made  with  any  brackets. 


7.3.4  Combination 

In  order  to  manage  only  the  focal  dements  and  their  anmeinted  bade  belief  assign- 
ment. we  can  use  a lbt  structure  [9,  15,  22],  'lhr  intersection  and  uninn  operations 
between  two  focal  dements  coming  from  two  moss  functions  are  inode  as  described 
before.  If  the  intersection  between  two  focal  dements  is  empty  the  associated  cod- 
ification a | |.  Hence  the  conjunctive  combination  rule  algorithm  can  be  done  by 
algorithm  1.  The  disjunctive  combinntlnn  rule  algorithm  is  exactly  the  same  by 
chancing  O in  U. 

Oner  again,  the  interest  of  the  uxi  ill  ration  in  fur  the  ini  era  rot  ion  and  union  op- 
erations.  Hence  in  MATLAH™,  we  do  not  need  to  redefine  these  operations  as 
in  [15]. 

Far  more  complicated  combination  rules  such  as  l‘CR6,  we  have  generally  to  con- 
serve the  intermediate  calculus  in  order  In  transfer  the  partial  conflict.  Algorithms 
for  these  rules  have  been  proposed  in  |22|,  and  MAThAB™  codes  are  given  in  sec- 
tion 7.5. 
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Algorithm  1:  Conjunctive  rule 
Data:  n experts  ex:  tj(l) . ..cj*[n],  t\r(iJ./oai/t  £j,[t|.&!ici 
Result.  Fusion  of  ex  by  conjunctive  rule  conj 
extmp  •—  c*j(1]; 
tor  e = 2 ton  do 
comb  *—  #; 

foreach  foci  m extmp, focal  do 
foreach  foci  in  ex[c]./ocaf  do 

tmp  — extmp.focuHfocl)  fl  ex\e\, focal (foc2); 
comb,  focal  — tmp ; 

comb.bbn  — extmp  bba{  foci)  x ex\e].bbu(foc2); 

Concatenate  same  focal  in  comb: 
extmp  — comb, 
conj  ♦—  extmp ; 


7.3.5  Decision 

As  we  wrote  before,  we  can  decide  with  one  of  the  functions  given  by  tbe  equa- 
tions (7.6),  (7.7),  ux  (7.8).  These  functions  are  increasing  functions.  Hence  generally 
in  2°,  tbe  decision  tt  taken  on  tbe  elements  in  0 by  the  maximum  of  these  function* 
In  this  case,  with  the  goal  to  reduce  the  complexity,  we  only  have  to  calculate  these 
functions  on  the  singletons  However.  Erst,  we  can  provide  a decision  on  any  element 
of  2*  such  on  in  |2]  that  can  be  interesting  in  some  applications  |24j,  and  second,  tbe 
singleUins  are  not  the  more  precise  or  interesting  elements  on  D? . The  figures  7.4 
and  7.5  show  the  DSm  cardinality  Cm(X),  VX  € D*  with  respectively  |0|  = 3 and 
|0|  = 4.  The  specificity  of  the  singletons  (given  by  the  DSm  cardinality)  appears  at 
a central  position  in  the  set  of  tbe  specificities  of  the  elements  in  D*9 . 

Hence,  to  calculate  these  decision  functions  on  all  tbe  reduced  hyper' power  set 
could  be  neemsary.  but  tbe  complexity  could  nod  be  inferior  to  tile  complexif  y of  D? 
and  that  can  be  a real  problem.  The  more  reasonable  approach  is  to  cunsider  either 
only  the  focal  elements  or  a subset  of  D?  on  which  we  calculate  decision  functions. 

7.3. 5.1  Extended  weighted  approach 

Generally  in  2e,  the  decisions  are  only  made  on  tbe  singletons  [8.  34],  and  only  a few 
approaches  proptxte  a decision  on  2d.  In  order  to  provide  decision  on  any  elements 
of  />*,  we  can  first  extend  the  principle  of  tbe  prupostd  approach  in  |2]  on  D? . This 
approach  b based  on  tbe  weighting  of  the  plausibility  with  a Bayesian  mass  function 
taking  into  account  the  cardinality  of  the  elements  of  2®. 

In  a general  case,  if  there  is  no  constraint,  the  plausibility  b not  interesting 
because  all  elements  contain  tbe  intersection  of  all  thr  singletons  of  0.  According  to 
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Figure  7.1  DSrn  cardinality  Cm<X),  VX  € Da  with  |0|  = 3. 


the  constraints  the  plausibility  could  be  used. 

Hence.  we  generalise  here  the  weighted  nppniodi  to  D”  lor  every  decision  func- 
tion ft  (plausibility,  credibility,  pignistic  probability,  We  note  /v«  tbe  weighted 
decision  function  given  for  all  .V  6 D?  by: 

LAX)  = mAX)  UX),  (7.10) 

where  mi  b a baric  belief  assignment  given  by: 

<7J1' 

s is  a parameter  in  (0, 1]  allowing  a decision  from  the  intersection  of  all  the  singletons 
(s  = 1)  (instead  of  tbe  singletons  in  2®)  until  the  total  indecision  0 (a  = 0).  Ax 
allows  tbe  integration  of  the  lack  of  knowledge  on  one  of  the  elements  .V  in  B?.  The 
constant  Kt  is  the  normalisation  factor  giving  by  the  condition  uf  the  equation  (7.4). 
Thus  we  decide  tbe  element  d: 


,4  = argmox/^V),  (7.12) 

KfDf 

If  we  only  want  to  decide  on  whichever  focal  element  of  D?.  we  only  cunsider 
X e Xm  and  we  decide: 
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Figure  7.5:  DSm  cardinality  Cu**),  VX  € DB  with  |0|  = 4. 


A = argmax/.„(A:).  (7.13) 

with  fu*i  civvn  by  the  equation  (7.10)  and: 

"•<<*)  = Kd\*  (4x^7)  . VAT  € fm,  (7.14) 

* and  Ki  arc  the  two  parameters  defined  above. 


7.3. 5. 2 Decision  according  to  the  specificity 

The  cardinality  Cm  (A')  can  be  seen  an  a specificity  measure  of  A'.  The  figures  7.4 
and  7.5  show  that  fur  a given  specificity  there  is  ditlcrent  kind  uf  elements  such  as 
singletons,  unions  of  intemectiona  or  intersections  uf  unions.  The  figure  7.6  allows  well 
the  central  role  of  the  singletons  (the  DSm  cardinality  of  the  singletons  foe  |0|=5 
is  16),  but  also  that  there  are  many  other  elements  (619)  with  exactly  the  same 
cardinality.  Hence,  it  could  be  interesting  to  precise  the  specificity  of  the  elements 
on  which  we  wont  to  decide.  This  is  the  role  of  s in  the  Appriou  approach.  Here  we 
propose  to  directly  give  the  wantrd  specificity  or  an  interval  of  the  wanted  specificity 
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Figure  7.0:  Number  of  elements  of  De  for  |0|  = 6,  with  the  same  DSm  cardi- 
nality. 


In  order  to  build  the  subset  of  Dr  on  which  we  calculate  decision  functions.  Thus  we 
decide  the  clement  A: 


.4  = ore  mux 


(7.15) 


where  /a  is  the 


deciinon  function  (credibility,  plausibility,  pignistic  prubability. 


5 = {*  e Df  -.m, n3  < C.„(X)  < msxj)  , (7.16) 

with  mins  and  moxj  respectively  the  minimum  and  maximum  of  the  specificity  of 
the  wanted  elements.  If  mins  j*  mars,  if  hare  to  chose  a pondered  decision  function 
hit  /a  such  as  /„ a given  by  the  equation  (7.10). 

However,  in  order  to  find  all  X € S we  must  scan  O”.  To  avoid  to  scan  all  £»”. 
we  have  to  find  the  cardinality  of  S,  but  we  can  only  calculate  an  upper  bound  of  the 
cardinality,  unfortunately  never  reached.  Let  us  define  the  number  of  dements  of  the 
Venn  diagram  ny.  This  number  is  given  by: 
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where  ri  b the  cardinality  of  0r  and  Recall  that  the  DSlu  cardinality  b 

nun  ply  given  by  the  number  uf  integers  of  the  rodifiratiun.  Tbe  uppt*r  bound  of  tbe 
cardinality  of  S is  givro  by: 

\s\<  ff  CZV,  (7.18) 

•’■inr 

where  C“ v b the  number  u(  combinations  u(  ■ eleinenta  among  n\».  Note  that  it  also 
works  if  mins  = 0 for  the  empty  set. 

7.3.0  Generatiou  of  D? 

The  generation  of  D?  could  have  the  same  complexity  than  the  generation  of  D”  if 
there  b no  constraint  given  by  the  user.  Today,  the  complexity  of  the  generation  of 
Da  is  the  complexity  of  the  proposed  rude  in  [11|.  Assume  for  example,  the  simple 
constraint  0,  ntfj  = i)  First,  the  figura  7.7(a)  nnd  7.7(b)  allow  the  DSm  cardinality 
for  the  elements  of  D?  with  |0|  = 1 and  the  previous  given  constraint.  On  the  left 
part  of  the  figure,  the  elements  are  ordered  by  increasing  DSm  cardinality  and  on  the 
right  part  of  the  figure  with  the  same  order  os  the  figure  7.5.  We  can  observe  that  the 
cardinohty  uf  the  elements  hove  naturally  decreased  and  the  number  of  non  empty 
elements  ainj.  Thin  in  mure  interesting  if  the  cardinality  of  0 in  higher.  Figure  7.8 
presents  for  a given  positive  DSm  cardinality,  the  number  of  elements  of  Df  fur 
|0|  = 5 and  with  the  some  constraint  61  OOi  = fl.  Compared  to  figure  7.6.  the  total 
number  of  non  empty  elements  (the  integral  uf  the  curve)  is  considerably  lower. 


(a)  Elements!  hit  onJcml  by  iccrtnaing 
DSm  cardinality 


(b)  Elements  arc  ordered  with  the 
same  order  than  the  figure  7.5. 


Figure  7.7:  DSm  cardinality  CM{X).  VX  € Df  with  |0|  = 4 and  0,  O 02  = U. 
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Thus,  we  have  to  generate  D ? ami  not  //*.  Tbe  generation  of  De  {see  [11]  for 
more  details)  b baaed  on  tbe  generation  of  monotone  boolean  functions*  A monotone 
boolean  function  /«k  b a mapping  of  (n,  ...,X6)  6 {0, 1}*  to  a single  binary  output 
such  as  Vx.x'  6 (0,1  }4,  with  x -$  x’  then  /m6<x)  < Hence,  a monotone 

boolean  function  b deiined  by  tbe  value*  of  the  2fc  elements  (xi,...fx*),  and  there 
b |D*j  differ  rut  monotone  boolean  functions.  All  the  values  of  all  these  monotone 
boolean  functions  can  be  represented  by  a |Dk|  x2k  matrix.  If  we  multiply  this 
matrix  by  tbe  vector  of  all  tbe  poaailile  intersections  of  the  singletons  in  0 with 
|0|  = 6 (there  ore  2k  intersections)  town  an  union  of  intersections,  we  obtain  all  the 
elements  of  f>e.  We  can  also  use  tbe  basb  of  all  the  unions  of  0 (and  obtain  the 
intersections  of  unions),  but  with  uux  codification  tbe  unions  are  coded  with  mure 
integer  numbers.  So,  the  intersect  ion  basis  b preferable 

Moreover,  if  we  have  some  constraints  (such  as  0j  fl  0j  = fl),  some  elements  of 
tbe  intersection  basb  can  be  empty.  So  we  only  need  to  generate  a \D%\  X ti*  matrix 
where  nt  is  the  number  of  non  empty  intersections  of  elements  in  0r.  FW  example, 
with  tbe  constraint  given  in  example  fix  |0|  = 3,  tbe  basb  b given  by:  l>,  0i,  0*.  0s, 
0i  0 03.  0a  003.  and  there  are  no  0j  O0i  and  0i  0 0a  O0j. 

Hence,  tbe  generation  of  D?  can  run  very  fast  if  the  basb  b small,  i.e.  if  there 
are  some  constraint*.  The  MATLAB™  code  b given  in  section  7.5. 


7.3.7  Decoding 

Once  tbe  decision  on  one  element  A of  D?  b taken,  we  have  to  transmit  thb  decision 
to  the  human  operator.  Hence  we  must  to  decode  the  clement  A (given  by  the  integer 
numbers  of  the  codification)  in  terms  of  unions  and  Intersections  of  elements  of  0. 
If  we  know  that  A b in  a subset  of  elements  of  D?  given  by  the  operator,  we  only 
have  to  scan  thb  autwet.  Now.  if  the  decision  A comes  from  the  focal  elements  (o 
prion  unknown)  or  from  all  the  elements  at  D?  we  must  scan  all  D?  with  possibly 
high  complexity.  What  we  propose  here  b to  consider  the  elements  of  £)?  ordering 
with  first  the  elements  must  encountered  in  applications.  Hence,  we  first  scan  the 
elements  of  2®  and  in  the  same  time  the  intersect  ion  basb  that  we  must  build  fix  the 
generation  of  Df.  Then,  only  if  the  element  b not  found  we  generate  D?  and  stop 
tbe  generation  when  found  (see  tbe  section  7.5  for  more  details). 

Smarandachr’s  codification  b an  alternative  to  tbe  decoding  because  tbe  user  can 
directly  understand  it.  Hence  we  can  represent  the  focal  element  as  an  union  of  the 
distinct  part  of  tbe  Venn  diagram.  Smarnndarhe's  codification  allows  a clear  under- 
standing of  the  different  ports  of  the  Venn  diagram  unlike  the  proposed  codification. 
Thb  representation  of  the  results  (fix  the  combination  or  tbe  decision)  does  not  need 
tbe  generation  of  £>*.  However,  if  we  need  to  generate  D?  according  to  the  strategy 
of  dechinn.  the  decoding  will  give  a better  dbplny  without  more  generation  of  D?. 
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Figure  7.8:  Number  of  ebnwnti  of  Df  fur  |0|  = 5 and  9\  O = C.  with  the 
same  positive  DSm  cardinality. 

7.4  Coucludiug  remarks 

This  chapter  presents  a general  belief  function  framework  baaed  on  a practical  cod- 
ification of  the  focal  elements.  First  the  codification  of  the  elements  uf  the  Venn 
diagram  gives  a codification  of  0.  Then,  the  eventual  constraints  are  integrated  giv- 
ing a reduced  discernment  space  0r.  From  the  apace  0r,  we  obtain  the  codification 
of  the  focal  elements.  Hence,  we  manipulate  elements  of  a reduced  hyper- power  set 

and  not  the  complete  hyper* power  set  DB.  reducing  the  complexity  according  to 
the  kind  of  given  constraints. 

With  the  practical  codification,  the  step  of  combination  b easily  made  using  union 
and  intersection  functions. 

The  step  of  decision  was  particularly  studied,  because  of  the  difficulties  to  decide 
on  D*  or  D*.  An  extension  of  the  approach  given  in  |2)  in  order  to  give  the  possibility 
to  decide  on  the  unions  in  2B  was  propaad.  Another  approach  based  on  the  specificity 
was  proposed  in  order  to  simply  chotwe  the  elements  on  which  to  decide  according  to 
their  specificity. 

The  principal  goal  of  thb  chapter  b to  provide  practical  codes  of  a general  belief 
function  framework  for  the  researchers  and  users  needing  the  belief  function  theory'- 
However,  fur  sake  of  clarity,  all  the  MATLAB™  codm  are  not  in  the  listing,  hut  can 
he  provided  on  demand  to  the  author.  The  proposed  codes  are  not  optimized  either 
for  MATLAB™,  or  in  general  and  can  still  haw  bugs.  All  suggestions  in  order  to 
improve  them  are  welcome. 
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7.5  MATLAB™  codes 

We  give  and  explain  here  wane  MATLAB™  coda  uf  Ihe  general  belief  (unction 
framework1 . Note  that  the  prupused  codes  are  not  optimised  either  for  MATLAB’1*. 
or  in  general. 

First  the  human  operator  ban  to  describe  the  problem  (nee  function  1)  giving  the 
cardinality  of  0,  tlie  list  of  tlir  focal  elements  and  the  rarrapooding  bba  for  each 
experts,  the  eventual  constraints  ('  ' if  there  is  no  constraint),  the  list  of  elements  on 
which  he  wonts  to  obtain  a decision  and  the  parameters  corresponding  to  the  choice 
of  combination  rule,  the  choice  of  decision  criterion  the  mode  of  fusion  (static  or 
dynamic)  and  the  display.  When  this  b done,  he  just  has  to  call  Ihe  fuse  functioo  2. 

FUhcbbfa  1.  . L'ommond  configuhhm 

X description  of  the  prohlen 
CardTheta-4;  7.  cardinality  of  Theta 

X list  of  experts  uitli  focal  vlaaents  and  associated  bba 
export  (1). focal-Cl*  'lu3'  '3‘  1lu2u3'); 
expert (1). bba- (0.5421  0.2953  0.0924  0.0702); 

expertl  2).  focal-Cl1  ‘2'  'lu3‘  'Iu2u3'>; 
expert (2). bba- (0.2022  0.6891  0.0064  0.1003); 

expert  ( 3).  focal-Cl1  ‘3041  'Iu2u3'}; 
expert (3). bba- (0.2022  0.6691  0.1087); 

constraint-/ 1 ln2'  ‘InS1  '2n3');  X set  of  caoty  elenents 
elenDec-('F');  X set  of  decision  elenents 

X 

X paranctors 

criterionCoob-1;  X combination  criterion 
criterionDcc-0;  X decision  criterion 
node- 1 static  * ; X node  of  fusion 
dl splay-3;  X kind  of  display 

X 

X fusion 

fuse  (expert  .constraint  .Car  dike  t a.  enter  lonCoab,  enter  lonDoc, . . . 
node .eleaDec , display) 


’Copyright  © 2(09  Anuud  Martin.  May  be  used  free  of  charge  for  non  commercial 
products  Selling  without  prior  written  consent  is  prohibit**!  Obtain  permission  before 
redistributing. 
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The  first  step  of  the  fuse  function  2 is  the  coding  The  cardinality  of  0 gives 
the  codification  of  the  singletons  of  0,  thanks  to  the  functiun  3,  then  we  add  the 
constraints  to  0 with  the  function  4 and  obtain  0,.  With  0,.  the  function  0 calling 
the  function  5 codes  the  focal  elements  of  the  experts  given  by  the  human  operator 
The  combination  is  made  by  the  functiun  7 in  static  mode.  Fur  dynamic  fusion, 
we  just  consider  one  expert  with  the  previous  combination.  In  this  case  the  order 
of  the  experts  guru  by  the  user  can  have  an  important  signification.  The  decision 
step  is  made  with  the  function  11.  The  lost  step  concerns  the  display  and  the  hard 
problem  of  the  decoding.  Thus.  4 choices  are  possible:  no  display,  the  results  of  the 
combination  only,  the  results  of  decision  only  and  both  results.  These  displays  could 
take  a long  time  according  to  the  parameters  given  by  the  human  operator.  Hence, 
the  results  of  the  comliination  could  have  the  complexity  of  the  generation  of  D?  and 
must  be  avoided  if  the  user  does  not  need  it.  The  complexity  of  the  decision  results 
could  alsi  be  high  If  the  user  does  not  give  the  exact  set  of  elements  on  which  to 
decide,  ur  only  the  singletuns  with  ’S'  or  on  2”  with  ’2T'.  In  other  casra.  with  luck, 
the  execution  time  can  be  abort  thanks  to  the  function  18 

ftmrtiim  2.  - Aar  function 

function  fuse(expert  .constraint  .n.cntennnCcab  .cntenrnDec.  ... 

. . .node . olcnloc .display) 


X To  iuflo  exports'  opinions 

x 

fuse(exp«rt  .constraint  .n.criterioiCcob.  enter  lonDoc  ,1 
. olenDoc .display) 


Inputs: 

expertC  - contains  the  structuro  of  the  list  of  coded  focal 
elenents  and  corresponding  bba  for  all  the  oxperts 
constraint  • the  copty  elenents 

olenDcc  • list  of  elenents  on  which  we  can  decido 
n ■ size  of  the  disccrnnent  space 
critenonCoob  • is  the  conbination  criterion 
enter  ionConb~l  Snots  criterion 

cntononConb~2  Deeps ter- Shafer  criterion  (nomalized) 
cntenonConb-3  Yager  criterion 

cntononConb-d  disjunctive  combination  criterion 
enter ionConb~&  Plorea  criterion 
cntononConb-6  PCR6 
cnterionConb-7  Hoan  of  tbo  bbas 
enter  ionConb-6  Dubois  criterion  (normalized  and 

disjunctive  conbination) 
cntenocConb-9  Dubois  and  Prado  criterion 
(mxt  conbination) 
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cntenonCcxxb'lO  Mixt  Conbination 
(Martin  and  Osswald  criterion) 

cr l t er icnCcab- 1 1 DPCR  (Martin  and  Osswald  criterion) 
critenonCcab-12  MDPCR  (Martin  and  Osowald  criterion) 
cntenonC«xb-13  Zhang 'n  rule 

criterionOec  - is  the  conbination  criterion 
critenonDec~0  nax  inn  o£  tho  bba 

critenonDoc-1  nax  nun  of  the  pignistic  probability 
critenonDec«2  naxixun  o£  tho  credibility 
critcrionDec-3  naxixun  of  the  credibility  with  reject 
criterionDoc~4  nax  Inn  of  tho  plausibility 
criterionDec~5  Appriou  criterion 
critcrionDec-6  DSoP  criterion 

node  - 'static*  or  •dynanic1 

olenDcc  - list  of  elenents  on  which  we  can  decide, 

or  A for  all,  S for  singletons  only,  F for  focal  elenents 
only,  5F  for  singleton  plus  focal  olenento,  Ca  for  given 
specificity,  2T  for  only  2ATheta  (DST  case) 
display  • kind  of  display 

display  ~ 0 for  no  display, 
display  - 1 for  conbination  display, 
display  - 2 for  decision  display, 
display  ■ 3 for  both  displays, 
display  ■ 4 for  both  displays  with  dnarandache 
codification 

Output : 

res  " contains  the  structure  of  the  list  of  focal  elc&ento  and 
corresponding  bbas  for  the  ccmbinated  experts 

Copyright  (c)  2006  Arnaud  Martin 

X Coding 

[Thota .ScodJ -codingTheta(n) ; 

Thet  aKod-addCcnstramt  ( constraint . Theta)  ; 

expert Cod**coding£xpert  (expert  .ThetaRcd) ; 

X 

switch  nargin 
case  1:8 
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unde-' static1 ; 
a 1 a nDo  c — Th  e t aB  ed ; 
display— 1; 
case  6 

cleaDoc-TlietaRod ; 
di  splav-4; 
caao  7 

eleaDoc-Btring2code(el«tDoc) ; 
display— 1; 


if  (display— 1)  ||  (display— 2)  II  (display— 3) 
[DThotar ,D_n]  -BcncratioiiDThotar(ThvtaR©d) ; 

tin 

switch  vltaDtc(l) 
cast  (»A*> 

[DThotar.  D_n)* 
otherwise 

DTbetar.s-((J}; 

ITThotar  .c»(0>; 

cad 

end 

x 


tionDThot ar(ThetaRed) ; 


X Conbination 

if  st reap (node,  'static*) 

(oxpartCoobJ  -coobinat ion (axpart Cod , The t ailed , cntananCnab ) ; 
visa  X dynanic  case 

nbexp-size (expert Cod, 2) ; 
expert Top ( 1 ) -axpart Cod< 1 ) ; 
for  exp-2 rnbexp 

expert Tnp( 2) -cxpartCod( exp) ; 

expert Tnp(  1 ) -ccob  mat  ion  (expert Tup . TbetaRad , . . . 

. . .cntenonCoxb)  J 

cod 

expert Ccib-cxpcr t Tnp( 1) ; 

end 


X Decision 

[decFocElvn) -decision  (expertConb.  The  taRad.Drbetar.c, . . . 
* . . critorloolec .elenDec) ; 


X Display 
switch  display 
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case  0 

‘no  display* 
case  1 

X Desuit  of  the  coobination 
sFocal-size(expertConb.focal,2) ; 

focolDec-decodingExpert  (expert  Coab,ThotaAed,DThetar) ; 

focal-code2strin£(focalRoc) 

for  i-l:sFocal 

disp  ( 1 focal(l).  *•*  .nun2atr (expert Ccxib.  bba(i))  ) ) 

end 
case  2 

X Desuit  of  the  decision 
if  lsfltruct (decFocElen) 

focalI>ec -decoding  Focal  (decFocElea  focal . olcoDec , . . . 
...ThotaRed); 

disp( L ‘docision: * , code2string(f ocalDoc)] ) 

olee 

if  decFocElea— 0 

disp( ['decision:  rejected']) 

else 

if  decFocElea— 1 

disp( ['decision:  cannot  be  taken']) 

end 

end 

end 
case  3 

X Desuit  of  the  coobination 
sFocal-size(expertConb. f ocal ,2) ; 

expcrtDec-decodingExpert ( expertConb . TbetaRed . DThe  tar) ; 
focal-code2string(oxpertDcc . focal) 
for  i-l:sFocal 

disp  ( [ focal(i). *-' .nun2str(expertDec.bba(i))  ] ) 

end 

X Result  of  the  decision 
if  i sot rue t (decFocElen) 

f ocalDec-docodingFocal (decFocElea. f ocal, oleaDoc, . . . 

. . The  taRed.  DThe  tar) ; 
disp( l 'decision: ' .codc2st ring (f  ocalDec)] ) 

else 

if  decFocElea— 0 

disp( ['decision:  rejected']) 

else 

if  decFocElea 1 

disp( [ 'decision:  cannot  be  taken']) 
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end 

end 

end 
case  4 

7,  Rosults  with  Saarandachs  codification  display 
X Result  of  the  coabination 
sFocal-BizeloxpcrtCoxb . focal .2) ; 
ezpertDecwcod2Scod£xpert (expert Ccxb, Scod) ; 
for  i-l:sfocal 

disp  ( (expert Dec. focal (i). 

. . nun2str (expertDoc . bba(i) )) ) 

end 

X Rosult  of  tho  decision 
if  laatnict (decFocElen) 

f ocalDec-cod2ScodFocal (decFocElen .focal . Scod) ; 
disp( ('decision: ' .focalDecJ ) 

else 

if  decFocElen— 0 

disp( ('decision:  rejectod'l) 

else 

if  decFocElen—  1 

disp( ('decision:  cannot  be  taken*]) 

end 

end 


otherwise 

'Accident  m fuse:  choice  of  display  is  uncorrect ' 


7.5.1  Codification 

The  codificatiun  a bused  on  the  (unction  3.  The  order  of  the  integer  numbers  could  be 
dillerait,  here  the  choice  is  mode  to  number  the  inter  sect  ion  of  all  the  elements  with 
1 and  the  smallest  integer  among  tbe  ;0|  = n bigger  integers  (or  the  first  Sngleloo. 
At  the  name  time  this  (unction  gives  the  correspondence  between  the  integer  numbers 
of  the  practical  codification  and  Stnnraudarhe's  codification.  This  (unction  3 is  baaed 
on  the  MATLAB™  (unction  nchoonk/lab.k)  given  the  array  o(  all  the  combination 
of  fc  elements  ol  the  vector  luA  If  the  length  o(  IaA  is  n.  this  functiun  return  an  array 
of  Cj  rows  and  k columns. 


Function  3.  • codmgThrta  /unction 


function  [Theta, Scod]~codingTheta(n) 
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X Codo  Theta  for  DSoT  fraaework 
X 

X IThota.Bcodj-codingTbetafn) 

X 

X Input: 

X n • cardinality  at  llieta 

x 

X Out put e: 

X Theta  - the  Hot  of  codod  elements  in  Tbota 
X Scod  - tko  bisection  function  fcetBoen  tho  integer  of 
X the  coded  elenents  in  Tbota  and  the  Bnarandache  codification 
X 

X Copyright  (c)  2006  Arnaud  Martin 

i-2'n-I; 
tablnd-L] ; 
for  j-n:-l:l 

tabled- [tabled  j); 

Theta(j)-[i]; 

5cod(i)-(jJ  j 

i-i-ls 


i-i»l; 

fnr  card-2 :n 

tabPero-nchoooek ( tabled . card) ; 
for  J-l:n 

[1 . c]  -f  ind  ( t abPorn--  j > ; 
tabi-i . *onec  ( 1 .sized . 1) ) ; 
Tbeta(j}-[sort<iabi-l‘)  Thota(j)l ; 
for  nb-1 :size(l, 1) 

ScodU-l(nb>>-[Ecod(i-l(nb))  j]  ; 

end 

end 

»-i-oize<tahPero, 1) ; 


The  addition  of  the  nimtmlnt<  is  made  In  two  atepv  Ural  the  codification  of  the 
elements  in  the  list  constraint  is  made  with  the  function  5.  then  the  integer  numbers 
in  the  codification  of  the  constraints  are  suppressed  frum  the  codification  of  0.  'Ihe 
function  stnnyScode  is  just  the  translation  of  the  brackets  and  union  and  intersection 
operators  in  negative  numbers  (-3  for  '(*,  -t  foe  •)’,  -1  for  *U'  and  -2  for  TV)  in  irder 
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to  manipulate  faster  laUygl  than  strings.  This  simple  function  b nut  provided  here. 


l\mctloQ  4.  • oddConsframf  function 
function  (ThetaR  J -addCons t ra i n t ( conn traint.Thota) 

X Code  ThetaR  the  reduced  torn  of  Theta 

X taking  into  account  the  constraints  given  by  the  user 

X 

X [That aRj -addCons  tramt( constraint  .Theta) 

X 

X Inputs: 

X constraint  • the  list  of  eleaent  considered  as  constraint 
X or  ,2T*  to  work  on  2ATheta 

X Theta  ■ the  description  of  Theta  after  coding 
X 

X Output: 

X ThetaR  • the  description  of  coded  Theta  after  reduction 
X taking  into  account  the  constraints 
X 

X Copyright  (c)  2008  A maud  Martin 

if  s trenp (constraint (1),  *2T') 
n-size (Theta. 2); 
nbCons-1; 
for  i-l:n 

for  j-i*l:n 

constraint  (nbCons)-(U  -2  jj); 
nbCons-nbCons* 1 ; 


end 


else 


constraint*Bstring2codo(coostraint) ; 


constraintC~codingFocal (constraint .Theta) ; 

sConstraint"aise(cnnstraintC,2) ; 

unionCons*U  j 

for  i*l : sCons tr&int 

un l onCons-un l on ( uni onCons . c ons t rain t C{ i > ) ; 

end 


sTheta-aizoOhota.2); 
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Inr  1*1 : e Theta 

ThetaB(i)-Betdlf f (Theta<i>,unlonConsl ; 


Tilt*  function  5 simply  transforms  the  list  of  focal  elements  given  by  the  user 
with  the  endiheatfoa  of  0 to  obtain  the  list  of  constraints  nml  with  0,  for  the  focal 
elements  of  each  expert.  The  function  6 prepares  the  coding  of  focal  elements  and 
ret  inns  the  list  of  the  experts  with  the  coded  focal  elements. 

function  B.  - caftnjthul  /unction 
function  If  ocalCj-codragFocaM  focal.  Theta) 

X Code  the  focal  elenent  for  DSxT  francuort 
X 

X If ocalCj-codlngFocal (focal, Theta) 

X 

X Inputs: 

l focal  ■ the  liat  of  focal  elexent  for  ono  expert 
X Theta  ■ the  deocription  of  Theta  after  coding 
X 

X Output: 

X focalC  • the  list  of  coded  focal  elenent  for  one  expert 
X 

X Copyright  (c)  2006  Arnaud  Martin 


nbf oc*si:e(f ocal ,2) ; 

If  nbfoc 

for  foc”l: nbfoc 

eleaC-troat (focal (foe) .Theta) ; 
focalC<foc)-ele*C; 

end 

else 

focalO(U); 


function  [clnnEj-evaHoper . a.b) 

if  op«r—  2 

olca£-mtorcoct(a,b) ; 

else 

oica£~union(  a , b)  ; 

end 
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cod 

XX 

function  [eleoC . cnpj -treat (focal .Theta) 

nbelex-cire(f ocal ,2) ; 

PolcnOO; 

operH); 

o-l; 

if  nbele* 

while  e <—  nt'clen 
eleo-focal(o) ; 
switch  cion 
case  -1 

«>P  «r—  1 ; 

cose  -2 

°P«r—  2; 
cose  -3 

(olenC.nbe) -treat  ( focal (e* 1 : end)  .Theta) ; 
c-c«nfce; 

if  oper'-O  k ' isoqual (PelenC.O) 
cleaC-evaHopcr.PelcaC.oleaC) ; 
oper-O; 

end 

PoloaC-eloaC; 

case  -4 
cap-e; 
e-nbelex.* 
otherwise 

oleoOThet  a(olen) ; 
if  oper'-O  k ' isoqual (PelenC.O) 
elex£-eval ( oper . PolcnC , eleoC) ; 
oper-O; 

end 

PaleoC-elexC; 


end 

else 

elenC-G; 

end 
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function  (cxpcrtCl  "codingExj^rt  (expert  .Theta) 

X Code  the  local  elcncnt  lor  DStT  franevork 
X 

X lexpertC) -codicg£xpert (expert . Theta) 

X 

X Inputs: 

X expert  - structure  containing  the  list  of  local  clcnents  lor 
X each  expert  and  the  bba  corresponding 

X Theta  • the  description  o 1 Theta  alter  coding 
X 

X Output : 

X erpertC  - structure  containing  the  list  ol  coded  local  eleaent 
X lor  each  expert  and  the  bba  corresponding 

X 

X Copyright  (c)  2008  Arnaud  Hart  in 

nbExp-sizc( expert .2) ; 
for  exp-1  mbExp 

f ocal-stnng2codo (expert (exp)  .local)  ; 
exportC(exp) . local-codingPocal (focal .Theta) ; 
expertC(exp) .bba-expert(cxp) .bba; 

end 

end 


7.5.2  Combination 

The  (uDctiuQ  7 propones  many  combination  rales.  Meat  of  than  ore  based  an  I lie 
function  S,  but  far  some  combination  rule*  we  need  to  keep  mom  information,  ao 
we  use  the  (unction  9 for  the  conjunctiie  combination-  E. y.  in  the  function  10 
note  the  simplicity  of  the  code  for  the  PCR6  combination  rule.  The  codes  for  other 
combination  rules  are  not  given  here  for  the  sake  of  clarity. 

Function  7.  • combination  /unction 

function  (re9],accabination(expertC,ThotaK, criterion) 

X Give  the  conbination  of  oany  esperts 
X 

X lres]”c<ttbinatioc(erpert , constraint  .n.  enter  ion) 

X 

X Inputs: 
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expert C - contains  the  structure  of  the  list  of  focal  elements 
and  corresponding  bba  for  all  the  experts 
The taR  • the  coded  and  reduced  discemaent  space 
criterion  - is  the  c cab  mat  ion  criterion 

criterion-1  Snets  criterion  (conjunctive  rule  m open  world) 
critenon-2  Dcnpster- Shafer  criterion  (normalized) 
(conjunctive  rulo  m closed  world) 
criterion-3  Yager  criterion 

criterion-4  disjunctive  coabination  criterion 
critenon-5  Florea  criterion 
criterion-6  PCR6 
criterion-7  Kean  of  the  bbac 
criterion-8  Dubois  criterion 

(nornalized  and  disjunctive  coabination) 
criterion-9  Dubois  and  Prado  criterion  (oizt  cunbmation) 
criterion-10  Mixt  Conbi nation  (Martin  and  Osswald  criterion) 
criterion-11  DPCR  (Martin  and  Osswald  criterion) 
criterion-12  MDPCR  (Martin  and  Osowald  criterion) 
critcnon-13  Zhang's  rule 


Output : 

res  - contains  the  structure  of  the  list  of  focal  ele 
corresponding  bbac  for  the  c cab mated  experts 

Copyright  (c)  2008  Amaud  Martin 


tents  and 


switch  criterion 
case  1 


7fSaets  criterion 
res-conjuncti7o(expertC) ; 
case  2 

ZDeops ter- Shafer  criterion  (normalized) 
expConj -con junc tive(expertC) ; 
ind-f indeqc oil (expConj .focal,  □ ) ; 
if  'isenpty(ind) 

k-oxpConj . bba ( ind) ; 

expConj . bba-expCon j . bba/ ( 1-k) ; 

expConj . bba ( ind) -0 ; 

end 


res -expConj ; 
case  3 

Z Yager  criterion 

expConj -conjunct lve(expertC) ; 

ind-f indeqc ell (expConj .focal , [) ) ; 
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if  'ioeapty(ind) 

k-expCon j . bba( ind) ; 
oThc  t a-Thc  t all<  1 ) ; 
for  i"2:n 

cThota-[union(eTbeta.ThetaR{i))J ; 

•fid 

lfidTbota-f  lDdoqcolKoxpConj  . focal  .eTbota) ; 
if  "laenpty(ifidThota) 

cxpCon  j . bba  ( indTbet  a)  -oxpConj  . bba  ( lndThet  a)  *k; 
QxpConj.bba(ifid)-0; 

«1m 

sPocal-sizo(expConj.focal .2) ; 
cxpCon  j . focal  (nFocalM  ) -{oTheta)  ; 
oxpCon j . bba ( cFocal ^ l ) -k ; 
cxpCon  j . bba ( ind) -0 ; 

•fid 

end 

rec-expConj ; 
case  4 

Xdiojounc: ive  criterion 
Irco] -die i unc t lve(expertC) ; 
case  5 

X Florea  criterion 

expConj -conjunct iyo ( expert C) ; 

expDiB-diojunctive(expcrtC) ; 

ind-f indeqcell CexpConj . focal , IJ ) ; 
if  " locopty (ind) 

k-expCon j .bba(ind) ; 
alpha-k/(l-k*k*k); 
bota-(l-k)/(l-k*k»k) ; 

expFlo-cxpConj ; 
expFlo . bba- bet a . •expFlo . bba ; 
expFlo . bba( ind) -0 ; 
nbFocConj-oireCexpConj .focal. 2) ; 
nbFocDis-size(expDis. focal ,2) ; 

expFlo . f ocal (nbFocCon j 4 1 : nbFocCon j • nbPocDis ) - . - . 

. . .expDiB. focal; 

expFlo  . bba  (nbFocCon  j*l -.nbFocCon  j»nbFocDiB)-. . . 

• . . alpha. ‘expOis .bba; 


cxpFlo-roduccExpert (expFlo) ; 
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else 

expFlo-expConj ; 

end 

res-expFlo; 
cane  6 

X PCIV6 

(res) -PCR6 ( expert  C) ; 
case  7 

X Keans  of  the  bba 
(res) -neanbba( expert C) ; 
case  0 

7.  Dubois  criterion  (nornalized  k disjunctive  ccabination) 
expD lo -disjunct  170 ( expert C> ; 

ind-f  indoqc ell (expDis. focal.  U)  ; 
if  'isenpty(ind) 

k-oxpDio . bba( ind) ; 

expDis .bba-expDis .bba/(l-k) ; 

cxpDis . bba ( led) -0 ; 


res-expDis; 
case  9 

7,  Dubois  and  Prado  criterion  (nixt  ccabination) 

(res) -DP (expert C) ; 
case  10 

X Kart in  and  Ossavald  criterion  (oixt  coabination) 
(res)-Hlx(expertC) ; 
case  11 

X DPCR  (Martin  and  Ossvald  criterion) 

(res) -DPCR ( expert C) ; 
case  12 

X MDPCK  (Martin  and  Osswald  criterion) 

(res) -MDPCD (expert C) ; 
case  13 

X Zhang's  rule 
(roa) -Zhang (oxpart) 

otherwise 

'Accident:  in  coabination  choose  of  criterion:  uncorrect  * 


Function  8.  • cvnjuncln*  funclwn 
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function  [res)~conjunctive(  expert) 

X Conjunctive  Rulo 
X 

X (rea)"Conjunctivo (expert) 

X 

X Inputa: 

X expert  - contains  the  ntructurea  of  the  lint  of  focal  olenento 
X and  corresponding  bba  for  all  the  experts 
X 

X Output: 

X rea  • is  the  resulting  expert  (structure  of  the  liat  of  focal 
X olexect  and  corresponding  bba) 

x 

X Copyright  (c)  2008  Araaud  Martin 

nbexpert~slzo (expert ,2) ; 
for  1*1 : nbexport 

nbf ocal (i)~size( expert (l) .focal. 2) ; 
nbbba(i)-size (expert (i) .bba. 2) ; 
if  nbf ocal (i)'-nbbba(i) 

'Accident:  in  con):  the  nun hers  of  bba  and  focal..* 
elenent  are  different* 

end 

end 


intern "expert ( 1 ) ; 
for  exp"2 . nbexpert 

nbf ocal Intern-aize( intern. focal. 2) ; 
i-1; 

coab.f ocal~() ; 
coab . bba" G 2 

for  foe 1*1 : nbf ocal Intern 
for  foc2-l; nbf ocal (exp) 

tnp"interaect( intern. focal (foci) t . . . 

.. .expert (exp) . focal{foc2)> ; 
if  ioeaf)ty(txp) 
tnp-G; 

end 

caab . focal (i)-(tnp) ; 

coxb  bba (i)-int cm . bba(focl)  ♦expert  (exp)  . bba(foc2) ; 
i-i*l; 
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inters— red  aceZxpert  (coab) ; 

end 

res-mterx; 


Function  9.  - fflobalConjundm  /unction 

function  (res , tabled] -global Conj uac 1 1 v« < expert ) 

X Conjunctive  Rule  conserving  all  tbo  focal  elements 
X during  the  coabination 
X 

X [roe , tabled] -global Conjunct ive (expert ) 

X 

X Input: 

X expert  - contains  the  structures  of  the  list  of  focal  elenents 
X and  corresponding  bba  for  all  the  experts 
X 

X outputs: 

X res  - is  tho  resulting  expert  (structure  of  the  list  of  focal 
X elenent  and  corresponding  bba) 

X tablnd  - table  of  tho  indices  given  the  coabination 
X 

X Copyright  (c)  2008  Araaud  Hart in 

nbexpert-size (expert , 2) ; 
for  l-l :n bo xpert 

nbf ocal (i) -s ize (expo rt(i). focal. 2); 
nbbba(i) -a izo( expert (i) .bba, 2) ; 
if  nbf ocal (i) '-nbbba(i) 

'Accident:  in  conj:  the  cun be re  of  bba  and  focal... 

...  elexent  are  different4 

end 

end 

intern-expert (1) ; 
tabIndPrev-[l: 1 nbfocal(l)] ; 
for  exp-2 . nbexpert 

nbf ocal Intern-size (inters  focal, 2); 
i-l; 

coxb. focal-{) ; 
coab.  bba- 1)  { 
tablnd-CJ  ; 

for  foe 1-1 : nbf ocal Intern 
far  foc2-l * nbf ocal (exp) 
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tDp”intcr30ct(ln»era. focal (foct) . . . . 

. . .ejpert(cxp).focal(foc2)); 
tabled- [tablnd  [tab!ndPre»( : .foci) ;f oc2) ] i 
If  loeafty(t*p> 
tnp-[j; 

end 

ccab. focal (i)-(tnp) ; 

c cab.  bba  (i) -intern,  bba  (foci)  •expert  (exp) .bba(foc2) ; 
i-i4l; 

end 

end 

tablndPrev-tablnd ; 
intern* coab; 

end 

res-intern; 


kKinctlon  10.  - P&Ad  fmetion 

function  lroaJ-PCR6 (expert) 

X PCH6  coabmat  ion  rule 
X 

X Ireo)*POl6( expert) 

X 

X Input* 

X expert  • contains  the  structures  of  tho  list  of  focal  elcnents 
X and  corresponding  bba  for  all  the  experts 
X 

X Output: 

X ros  " is  tho  resulting  expert  (structure  of  tho  list  of  focal 
X elesent  and  corresponding  bba) 

X 

X Reference:  A.  Martin  and  C.  Osswald,  ' 'A  new  generalization 
X of  tho  proportional  conflict  redistribution  rule  stable  m 
X terns  of  decision, **  Applications  and  Advances  of  DSnT  for 
X Information  Fusion,  Book  2,  Axencan  Research  Pross  Rehoboth, 
X F.  Sxarandacbe  and  J.  Dozert , pp.  69-88  2006. 

X 

X Copyright  (c)  2006  Arnaud  Martin 


[expcrtConJ , tablnd] -global Conjunctive (expert ) ; 
ind -£ indcqcell (expertConj . focal . □ ) ; 
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nbcxp-a ire(t ablnd. 1) ; 
if  'isanpty(ind) 

cxpertConj .bba(ind)-0; 
slnd-n ire (ind .2) ; 
for  i**l:  nlnd 
P-1; 

S-0; 

for  exp-1  cbexp 

bbacxp- expert (exp) .bba(tablnd(cxp. ind{i)) ) ; 
P-P»bbaexp; 

S-S*b6aexp; 

end 

for  cxp-1 : nbexp 

expertCooj . focal (end* 1)- . . * 

.. . expert (exp) .f ocal(tablnd(oxp, ind(i))) ; 
expertCooj . bba (end* 1)-. . . 

• . .expert (exp) . bba (t ablnd (exp, ind(i)))*P/3; 


rcB-roduceExpcrt (export Ccnj) ; 


7.5.3  Decision 

The  function  II  gives  the  decision  on  l lie  expert  focal  element  lint  fur  the  correspond- 
ing bba  with  one  o i the  chosen  criterion  and  on  the  element*  given  by  the  user  for 
the  deciaion.  Note  that  the  choictu  *A’  and  ‘Cm’  fur  tbe  variable  clemDcc  could  take 
a king  time  becaune  it  needs  tbe  generation  of  D? . This  function  can  call  one  of  tbe 
decision  functions  13.  14.  15,  16.  If  any  decision  is  possible  on  tbe  chosen  elements 
given  by  clemDec.  tbe  function  returns  -L  In  case  of  rejected  element,  tbe  function 
returns  0. 

function  11.  « keorion  function 

function  (decFocEUca) -decision (expert .Theta. criterion tolcnI>ec) 

X Give  the  decision  for  one  o Xpert 
X 

X [docFocEle®] -decision (expert .Theta, criterion) 

X 

X Inputs: 

X expert  - contains  the  structure  of  the  list  of  focal  elenents 
X and  corresponding  bba  for  all  tho  experts 

X Theta  - list  of  ceded  (and  reduced  with  constraint)  of  the 
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X eleoents  of  the  discemenent  space 

X criterion  • is  the  coabination  criterion 
X cntorion-0  cixikui  of  tho  bba 

X criterion-1  naxuun  of  tho  pignistic  probability 
X cntenon-2  cuixuo  of  the  credibility 

X criterion-3  naxixun  of  tho  credibility  with  roject 

X criterion*^  naxixun  of  the  plausibility 

X criterion-5  DSoP  criterion 

X criterion-^  Appnou  criterion 

X criterion-7  Credibility  on  DTheta  criterion 

X criterion-8  pignistic  on  DTheta  criterion 
X olcnDec  - list  of  eleoents  on  which  wo  can  decido, 

X or  A for  all,  S for  singletons  only.  P for  focal  eleoents 
X only,  SF  for  singleton  plus  focal  eleoents.  Co  for  given 
X specificity.  2T  for  only  2‘Theta  (DST  case) 

X 

X Output: 

X decfocElea  - the  retained  focal  elenent . 0 in  case  of  reject,  -1 
X if  the  decision  cannot  be  taken  on  elcoDcc 

X 

X Copyright  (c)  2008  Arnaud  Martin 


type-1; 

switch  elenDec(l) 
case  'S1 
type-0; 

oleuDecOThet  a; 
expertDec-expert ; 
case  'F* 

elesDecC-expert . focal ; 
expertDec-expert . 
case  ‘SF1 

expertDec-expert ; 
n-s ire (Theta, 2); 
for  i-l:n 

expertDoc  focal {cnd«l)-Theta(i}; 
expert Dec . bba ( ond* 1 ) -0 ; 


expert Dcc-reduceLxpert {expert Doc) ; 
elesDecC-expertDec . focal ; 
case  ’On* 

sElea-size(elenDec,2) ; 
switch  sElco 
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case  2 


*in3po-3tr2nis»(elenDoc(2» ; 
xaxSpcTriniJpe ; 


xinSpo-3tr2nua(olcnI>cc{2}) ; 
xax5pe-3tr2nua(elenD«c{3)) ; 
othizviM 

* Accident  in  decision:  with  the  option  Cn  f 
. ..elcxDoc  give  tho  spocifity  ot  decision  elen 
...(eventually  the  ninixun  and  the  naxinua  of 
. . .desired  specificity* 
pause 


elcoDecOf  indFocal {Th«ta.nin3pe  .laxSpo) ; 
expert Dec  f ocal-eleiDecC; 

expertDec . bba -zeros ( 1 . size (elcoDecC, 2) ) ; 
for  foc-1: size (expert .focal ,2) 

ind-fiDdeqcell(elenI>ecC,  expert  .focal  (foe)) ; 
If  * isexpty{ind) 

expertise. bba(ind) -expert .bba(foc) ; 

else 

expertise . bba(ind)-0; 

end 

end 


e '2T* 
typ«-0; 

natona-aize(Tfceta.2> ; 
oipartDoc.  foe  al(t  )■<[]); 
indFoc-f indoqcell ( export . focal , < □ » ; 
if  iseoptydodPoc) 

expertDec.  bba(l>-0: 

also 

expertDec . bbe ( 1) -expert . bba  < sndFoc ) ; 

end 

stop  -2; 
fnr  l-l • natoos 

expertDec . focal ( atop) -codmgFocaH  < [i] > . Theta)  j 


indFoc-f lodeqcoll (expert .focal . . .. 

. . -cxpertDec. focal (step)) ; 

If  lsenpty(indFoc) 
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expert Dec .bba (step) -0; 

aloe 

expert Doc .bba (a top) "expert . bba( lndFoc) ; 

mad 

step-Btep*l; 

lndatca-etcp; 

for  otep2-2: indatax-2 

export  Doc  .focal  (stop)**.  . . 

. . .{ [uni on ( expertDec. focal{Btep2) # . 

. . .exportDcc  focal {indaton-1)))); 

mdFoc-f indcqccllC expert . focal, . . . 

.. .oxportDoc. focal (stop)); 
if  i scant y ( lndFoc) 

oxportDoc . bba ( stop) -0 ; 

olio 

oxportDoc . bba ( stop) -expert . bba ( lndFoc ) ; 

end 

otep-atep^l ; 


elesDecC-expertDec . focal ; 
case  *A' 

elcxDccOgenorat  lonDThetar(Theta) ; 
elesDecOreduceFocal(elcnDocC) ; 
expertDec . focal-eleoDocC; 
expertDec . bba-zeros ( 1 , size (olcoDecC , 2) ) ; 
for  foc-1 : size (expert . focal, 2) 

expertDec. bba (f  indeqcelHelcaDocC, ... 

. . .expert .focal(foc))) -expert  .bba(foc) ; 


othervise 

typ«-0; 

olcs£)cc-string2codo(eleiiDcc) ; 
elesDecC-codingFocaMeleiiDoc , Theta) ; 
expert Dec-expert ; 
nbElenDec-size(el<aDecC,2) ; 
for  foc-1  rnbElcxiDoc 

if  "iBElea(olcxxDecC{foc>.  expertDec  focal) 
expo rt Doc . f ocal{cnd* 1 )-elenDecC{f oc> ; 
cxportDoc .bba(end*l)-0; 

end 
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nbFocal-Diao (expert Doc .focal. 2> ; 
switch  criterion 

case  0 

7.  aaxinux  of  the  bba 
nhFocai-siref  cxpcrtDec .focal. 2) ; 
nbElax-O; 
far  foc-1 rnbFocal 

ind-f  lndeqcolKclenlecC.  expert  Dec.  focal(foc)); 
if  'isexpty(ind) 

bba ( ind) -oxportDec . bba ( f oc) ; 

end 

end 

(bbaMax . indHaxJ  -oax(bba)  ; 
if  bbaMax’-O 

docFocElen . bba-bbaHax ; 

decFocElen . f ocal-{elenI>ccC{  indKax)  > ; 

else 

decFocElen— 1 ; 

end 

case  1 

7.  aaxinux  of  the  pignistic  probability 
(Det.Pj-pigmst  ic(cxpcrtl>ec) ; 
dccFocElea-HaxFoc  CDctP  .elaxDecC  .typo) ; 
case  2 

7 aaxinux  of  the  credibility 
[Bel) -credibility (expert Dec) ; 
decFocEl oo-MaxFoc (Del. eleoDecC. type) ; 
case  3 

7,  aaxinux  of  the  credibility  with  reject 
(Bel) -credibility (expert Dec) ; 

TabSing- □ ; 

f oc Theta- () ; 

for  i-l:size(Theta.2) 

f ocThet a-union( foe Theta. The ta{i)) ; 


for  foc-1 rnbFocal 

if  isElea(Bel . focal (foe) . elenDecC) 
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TabSing- [TabSing  [foe  ; Bel  Bel(foc)J); 
«od 


end 

(BclMax . indHax)  max  (TabSing  (2 . : ) ) ; 
if  &clXax"-0 

focMax-Bol .foe al<TabSing(l, indHax)}; 


f ocCcapleaentary-sctdif  f ( t ocThet a . f ocMax  > i 
if  iseopty(focCoaplenentary) 
f ocCcaxpl  eaent  ary-  U ; 

end 


lnd-f  indeqcoll  (Eel . focal , f ocConplonent ary)  ; 
if  Be  Max  < Bol.Bol(ind) 

X if  ind  is  expty  this  is  always  false 

docFocElca-O;  X That  neans  that  we  reject 

else 

if  lcenpty(iDd) 

docFoc£lea-0;  7.  That  means  that  we  reject 

else 

decFocElea. focal-(Bel.f ocal(Tah5ing(l , indHax))); 
decFocElca. Bel-BelMax ; 
end 

end 

olee 

decFocElca-- 1;  7*  That  neanc  that  we  reject 

end 

case  4 

X noxixun  of  tho  plausibility 
[PI] -plausibility (expertDec) ; 
decFocElcx-HaxFoc (PI . elcnDecC . type)  ; 
case  5 

X DSaP  criterion 

epsilon-0.00001;  X 0 can  allows  prohlea 

IDS*?] -DSxPepC expert Dec . epsilon) ; 
decFocElcx-MaxFoc(DSnP. elcnDecC, type) ; 
case  6 

X Appnou  criterion 

LP1J -plausibility (expertDec) ; 

lanbda-1; 

r-0.5; 

tc-BayosiaiiHasn  (expertDec  .laibda.r) ; 
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BJevbba-Pl  Pl.*ba.bba; 

7.  normalization 
Ncvbba-Ncvbba/oun(Mevbba) ; 
funcDoc . focal-Pl. focal; 
funcDoc . bba-tfeirbba; 

decrocEleo-.KaxFoc  (funcDoc  .clenDecC.t  yp«> ; 
caao  7 

Z Credibility  on  DTheta  criterion 
(Del) "credibility (expert Dec) ; 
lnbda-1; 
r-0.5; 

bx-Bayec ianKaco (expert Dec .lanbda . r) ; 

Scinba-Bel . Bel . *bx . bba ; 

7,  nomalization 
Ncvbba-Nevbba/  sun  ( Mevbba)  ; 
fnncDec  focai-Bel . focal; 
f uncDec . bba-Mevbba; 

decFoc  El  ea-KaxFoc(f  uncDec. elcnDccC.  type)  ; 
case  0 

7.  pignistic  on  DTheta  criterion 
(DetP) -pignistic(expertDec); 
lanbda- 1; 
r-0.5; 

hx-Bayec ianKaco (expert Dec .lanbda . r) ; 

Nevbba-BetP . BetP  ♦bn . bba ; 

X nomalization 
Nevbba-Kevbba/oun (Mevbba) ; 
f uncDec . f ocal-BetP .focal ; 
funcDoc . bba-Me vfcba ; 

decFocElco-KaxFoc ( f uncDec . elcnDecC .type); 
otherwise 

'Accident:  in  decision  choose  of  criterion:  uncorroct ' 


xi 

function  (bool ) “ lsElen (focal , listFocal) 

X The  g oal  of  this  function  is  to  return  a boolean  on  the  test 
X focal  in  listFocal 
X 

X (bool)-lsElen(focal.  listFocal) 

X 
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X Inputs: 

X focal  ” one  focal  elenent  (natrix) 

X liatFocal  - the  list  of  elonents  in  TTiota  (nil  different) 

X 

X Output: 

X bool  - boolean:  true  if  focal  in  in  liatFocal,  elsewhere  false 
X 

X Copyright  (c)  2006  Arnaud  Martin 

n-aiz«( liatFocal, 2) ; 
bool~£ also; 
for  1*1:  n 

if  isequal(liBtPocal{i>, focal) 
bool*true; 
break; 

end 


XX 

f unct  ion  IdocFocElen) -NaxFoc ( f uncI>oc . cleixDecC , t ypo) 

fioldk-f ieldnanoc(funcDoc) ; 

switch  fieldM(2) 
case  *BotP' 

funcDec .bba-funcDoc BetP; 
case  *Bel4 

funcDec . bba-funcDoc . Bol ; 
case  ‘PI1 

funcDec  bba-funcDoc .PI; 
case  ’DSoP' 

funcDec . bba-funcDoc . DSaP ; 


if  type 

[f  uncHax . indMoxJ  *uax  (funcDec . bba)  ; 
FocMax- (funcDec  f ocal{indMaj»; 


nbFocal*size( funcDec . focal, 2) ; 

TabSing-U ; 

for  foc-1 ■ nhFocal 

if  isElen(funcDoc.f ocal{foc),  el 


cC) 
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TabSing- [TabSing  [foe  j funcDec .bba(foc)]] ; 

end 

end 

(funcMax . indMaxJ  -nax< TabSing (2. : ) ) ; 

FocKax-(funcDec . f ocal {TabSing ( 1 . ic/dNax)  >> ; 

end 

if  funcMax'-O 

decFocEicn . f ocal-FocMox ; 
owitch  fieldK(2> 
caso  *DetP# 

decFocElen . BctP-funcMax ; 
case  ‘Del1 

decFocElen . Del-1 uicKax ; 
case  'PI1 

decFocElen . Pl-f uncKax ; 
case  *DS*P* 

decFocElen . DSxP-f  uncMax ; 

end 

elu 

decFocElen—  1 ; 

end 


Fusictiim  12.  • find}* coil  /unction 

i one t ion  [elcnDecC] -1 indFocal (Theta . oinSpe . naxSpe ) 


X Find  the  olcnent  of  Olheta  with  the  niniux  of  spocifity  ainSpc 
X and  the  oaxinua  naxSpe 
X 

X [eleoDecCj-f indFocal (Theta. nmSpe, naxSpe) 

X 

X Input: 

X Theta  - list  ol  coded  (and  eventually  reduced  with  constraint) 
X of  the  eleaents  of  the  discemaent  space 

X nmSpe  - nininun  of  the  wanted  specificity 
X ninSpe  - naxinun  of  the  wanted  specificity 
X 

X Output: 

X olcnDec  - list  of  eleaents  on  which  we  want  to  decide  with  the 
X mnixun  of  specifier  xmSpe  and  the  oaxinua  naxSpe 
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X 
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olcnDocC(l)-() ; 

n-3 ire (Theta , 2) ; 

ThetaSot-U; 
far  i-l:n 

ThctoSet-imionlThetaSot  .Theta(i)) ; 

end 

lor  s~ninSpo : naxSpc 

tabB-nchoooekdhetaSet.a) ; 

elenDecC(cnd*l:end*3izo<tabB.l)>-nai2cell<tabB.2) ' ; 


elenI>ocC*eleaDocC(2 : end) ; 


lunctian  [BetPl -pignsstieCespert) 


X Generalized  Pignistic  Transioraation 
X 

X LBetPl-plgnistic(e»5iert> 

X 

X Input; 

X expert  • contains  the  structures  of  the  list  of  focal  eleaeots 
X and  corresponding  bba  for  all  the  experts 

X expert. focal  • list  of  focal  elencnts 
X expert. bba  - xatnx  of  bba 
X 

X Output: 

X BetP  - contains  the  structure  of  the  list  of  focal  oleaents  and 
X the  natnx  of  the  plausibility  corresponding 

X BetP. focal  - list  of  focal  eleaents 
X BetP. BetP  - natrix  of  the  pignistic  trannf ornation 


X Ccanent 

X 

X 

X 

X 


1-  tho  code  of  the  focal  eleaents  aust  inculdo 

the  constraints 

2-  Tho  pignistic  is  given  only  on  the  eleaents 

in  the  list  of  focal  of  expert  (the 
bba  can  be  0) 
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nbFocal-o izo (expert .fecal ,2) ; 

BetP . focal-expert . focal ; 

BetP  .BetP-zerosd  .nbPocal) ; 

for  f ocA-1 '.nbFocal 

for  focB-l.nbfocal 

focl-lntereect  (expert  .f ocal(focA) . export  facal(focB)) ; 
if  'iaonpty(focl) 

BetP.Bet.P(f  ocA) -BetP  .BetP(f  ocA) ‘size  (foci  .2)/. . . 

. . . m=e(expert . f ocal{f ocB) .2) ‘export . bba(f ocB) ; 
elae 

if  iao<|ual(oipert.focal(focB).  []> 

X for  the  enpty  aot: 

X cardinality  leapt y 3et)/cardinallty(oapty  aot>-l, 

X ao  ve  odd  tha  bba 

BetP.BetPIfoc A) -BetP. BetP (foe A) ‘expert .bba(focB) ; 

and 

ead 

ead 

and 


^t^uictimild^-ereAAil^^ 
function  iBal] -credibility (oxport) 


X Credibility  function 

X 

X [Bel] -credibility (expert) 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 


Input : 

expert  • contains  the  structures  of  the  list  of  focal  olenenta 
and  corresponding  bba  for  all  the  experts 
expert. focal  - list  of  focal  olenenta 
expert . bba  - natrix  of  bba 


Output: 

Bel  - contains  the  structure  of  tho  list  of  focal  ele 
the  natrix  of  tho  credibility  corresponding 
Bel. focal  - list  of  focal  olenents 
Bel. Bel  - natrix  of  tho  credibility 


lent  a and 
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Coonent  : 1-  the  code  o i the  focal  el  clients  Bust  inculde 
the  constraints 

2-  The  credibility  is  given  only  on  the  elements 
in  the  list  of  focal  of  expert  (the 
bho  can  be  0) 

Copyright  (c)  2006  Arnaud  Martin 

nbFocal-size( expert  focal, 2) ; 

Bel . focal-expert  focal ; 

Bel . Eel-zeros ( 1 . nbFocal ) ; 

for  f ocA-1 : nbFocal 

for  focB-1 : nbFocal 

lndMen-isxcnber (expert  .f ocal(focB) . expert. focal <focA>)  ; 
if  sua(indHen)— size  (expert  .focal  {focB),  2).  * . 
kk  * isoqual (expert  .f  ocal{f  ocB)  , 0) 

Bel .Bel(f ocA)-Bel .Bel(focA) ^expert  bba(focU) ; 
else 

if  i oequal(  expert.  focal(focB).U)..  * 
kk  inoqual (expert . focal{focA) . () > 

X the  enpty  set  is  included  to  all  the  focal  elements 
Bol .Bel(focA)-Bel.Bel(focA) ^expert  bba(focB); 

end 

end 

end 


TunctioxT 


function  [PI] -plauaibility(  expert ) 


X Plausibility  function 
X 

X [P1J -plausibility (expert) 

X 

X Input: 

X expert  - contains  the  structures  of  tho  list  of  focal  elcnents 
X and  corresponding  bba  for  all  the  experts 

X expert. focal  - list  of  focal  elcnents 
X expert. bba  - matrix  of  bba 


262 


Chapter  7:  Implementing  general  belief  function  framework  . . . 


X 

X Output: 

X PI  “ contaias  the  structure  of  the  list  of  focal  eloaents 
X the  natrix  of  the  pleas ibility  corresponding 

X PI. focal  - list  of  focal  elcnents 
X PI. PI  - natnx  of  the  plausibility 


and 


X Consent  : 1-  the  code  of  the  focal  elements  mist  include 
X the  constraints 

X 2-  The  plausibility  is  given  only  on  the  elcnents 

X in  the  list  of  focal  of  expert  (the 

X bba  can  be  0) 

X 

X Copyright  (c)  2008  Araaud  Martin 


nbFoc al-s lze (expert . focal. 2); 

PI . f ocal-expert . focal ; 

PI. Pl-zeros (l.nbFocal) ; 

for  f ocA-1 inbFocal 

for  focB-1  mbFocal 

f ocl-mtersect  (expert . f ocal(f  ocA) . expert . f ocal(f ocB>) ; 
if  ’iseopty(focl) 

PI  PI ( f ocA) -PI . PI (f ocA) ♦expert . bba (f ocB) ; 
else 

if  lsequal (expert . f ocalff oefi) 

AA  i sequaK expert  .focal (focA>.  (J) 

X far  the  enpty  set  ve  keep  the  bba  for  the  PI 
PI .Pl(focA)-Pl.Pl(focA)*cxpert .bba(focB); 

end 

end 

end 

end 


Kunctlim  16.  • DSmFep  /unction 


i unction  [DSnP)  -ESnPep  ( expert . ops  lion  > 

X DSnP  Transforeation 

X 

X [DSnP]-EGnPcp( expert  .epsilon) 

X 
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X Inputs: 

X expert  • contains  the  structures  of  tho  list  of  focal  elenents 
X and  corresponding  bba  for  all  tho  exports 

X export. focal  • lint  of  focal  elenents 
X expert. bba  • matrix  of  bba 
X opsilon  - epsilon  coefficient 
X 

X Output: 

X DSxPop  - contains  the  structure  of  the  list  of  focal  eloDcnts 
X and  the  aatnx  of  the  plausibility  corresponding 

X DSxPep. focal  - lint  of  focal  elenents 
X DSxPep. DSoP  - natrix  of  the  pignistic  transformation 
X 

X Reference:  Dezert  k Snarandache.  * 'A  new  probbilistic 
X transformation  of  belief  mass  assignaent ' 1 , 

X fusion  2008,  Caiogno,  Ceruany. 

X 

X Copyright  (c)  2006  Arnaud  Kart  in 


nbFocal*s izo ( expert . focal, 2) ; 

DSoP . f oeal-expert .focal ; 

DSoP . DSxP-zeros ( 1 . nbFocal ) ; 

for  f ocA-1 : nbFocal 

for  focB^l : nbFocal 

focl-mtersect  (expert  .focal(focA)  .expert . f ocal{focB>)  ; 
sunbbaFocB^O ; 

sFocB-s izc ( expert . focal{f ocB >, 2) j 
for  elB-l-.sFocB 

md*f  indoqcell ( expert . focal .expert .focal{focB)  (elB)  ) ; 
if  'ineaptyUnd) 

auibboFocD-suabbaFocD-expert . bba(ind) ; 

end 

end 

if  'isanpty(focl) 
sunbbaFocI-0; 
sFocI-sizeff ocl , 2) ; 
for  elB-l:sFocI 

ind-f indeqcoll (expert . focal .foci (olB) ) ; 
if  “iscopty(ind) 

aaxbbaFocI-sunbbaFocI ‘expert  bba(ind); 
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end 

DStxP  DSnP(£ocA)-DSaP.  DSrP(focA)  ‘export  bba(focB)  . . . 
• . .•(sunbbaFocI+epsilon^aFocI)/. . . 

* . * (simbbaFocB*epBilon»sFocB) ; 

end 

cod 

end 


7.5.4  Decoding  and  generation  of  Df 

For  the  displays,  we  must  decode  the  focal  dements  and/or  the  final  decision  The 
function  17  decode*  the  local  element*  in  the  structure  expert  that  contain*  normally 
only  cine  expert.  This  function  calls  the  function  18  that  really  doe*  the  decoding  for 
the  user.  This  function  is  based  on  the  genera  boo  of  D?  given  by  the  function  21 
that  is  a modified  and  adapted  code  from  [11).  'ft>  generate  D * we  first  must  create 
the  intersection  ba*ia.  Hence  in  the  function  18  we  use  a loop  of  26  in  order  to 
generate  the  basis  and  at  the  same  time  to  scan  the  power  set  2e  and  also  the 
element*  of  the  intersection  boui*.  The*?  two  boiia  (intersection  and  union)  are  in 
fact  concatenated  during  the  construction,  no  we  scon  also  some  element*  such  a* 
intersections  of  previous  unions  and  unions  of  previous  intersections  This  generated 
set  of  elements  da«a»  not  cover  D? . When  ail  the  searching  focal  elements  (that  can 
be  only  one  decision  element)  are  found,  we  stop  the  function  and  avoid  to  generate 
ail  D?.  Hence  if  the  searching  elements  are  not  all  found  after  this  loop,  we  begin  to 
generate  D?  and  atop  when  ail  elements  are  found.  So.  with  luck,  that  can  be  fast. 

We  can  avoid  to  generate  Df  for  only  the  display  if  we  use  Smarandnche’s  delin- 
eation. The  function  19  transforms  the  used  code  of  the  focal  elements  in  the  structure 
expert  in  Smarandacbe’s  code,  easier  U>  understand  by  reading.  Tllifl  function  calls 
the  function  20  that  really  doe*  the  transformation.  The  focal  element*  an?  directly 
in  string  for  the  display. 


Function  17.  - decoding  Ezpert  /unction 


function  [export  Dec  cod)  *decodingEx  pert  (expert  .Theta.DTheta) 


X The  goal  of  this  function  is  to  docodo  the  focal  eleaents  m 
X expert 
X 

X [expertDeccdJ -decodingExpert (expert .Theta) 

X 

X Inputs: 

X expert  • contains  the  structure  of  the  list  of  focal  elenents 
X after  coabination  and  corresponding  bba  for  all  the  experts 
X (generally  use  for  only  ono  after  conbmation) 

X Theta  • list  of  ceded  (and  reduced  vith  constraint)  of  the 
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X elenents  of  tho  discerncnent  space 

X DThota  - lint  of  coded  (and  reduced  with  constraint)  of  the 
X elements  of  DTheta 

X 

X Output : 

X expertDecod  - contains  the  structure  of  the  list  of  decoded 
X (for  huxan)  focal  eleacnts  and  corresponding  bba  for 

X all  the  experts 

X 

X Copyright  (c)  2006  Arnaud  Martin 

nbSLxp-s  ine  ( expert  ,2)  ; 
for  exp*l:nb£xp 

focol-e rpert (exp) .focal; 

expertDecod(exp)  . f ocal-decodmgFocal  (f  ocal ,{ * A ' ) .Theta . . . . 
4.. DTheta); 

expert  C*ccod(  exp)  . bba- expert ( exp)  .bba; 

end 


Function  18.  ■ jgggftgl  Junctum 

function  [f ocalDocod]~decodingFocal( focal , el enDec .Thota, DTheta) 

X The  goal  of  this  function  is  to  decode  the  focal  elesents 
X 

X If ocalDecod) -decodingFocal ( f ocal . oleoDcc . Theta) 

X 

X Inputs: 

X expert  • contains  the  structure  of  the  list  of  focal  elenents 
X after  conbmation  and  corresponding  bba  for  all  the  oxperts 
X elenDcc  - the  description  of  the  subset  of  un coded  eleoents 
X for  decision 

X Theta  • list  of  coded  (and  roduced  with  constraint)  of  tho 
X elenents  of  the  discemenent  space 

X DTheta  - liot  of  coded  (and  reduced  with  constraint)  of  the 
X eleacnts  of  Dlheta,  eventually  enpty  if  not  necessary 

X Output: 

X focalDoccd  - contains  tho  list  of  decoded  (for  kunan)  focal 
X eleacnts 

X 
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switch  elenDec(l) 

case  {,F\,A,.*SF-.'C»,> 
opt-1; 
case  ’S' 
opt*0; 

elooDocOThota; 
for  1*1 : oizef Theta .2) 
cltmD«cU)-{[i]>; 

end 

caao  *27* 
opt*0; 

natonfl-8izc(7hota,2) ; 
olonDocC(l)”( [J  ); 
eleaDec(l)  •{()}; 
stop  -2; 
for  i-l  nstcsE 

eleoDocC(stpp)-ccdinjFocal((Cl])  .Thota) ; 

clcnl^c lstop)-{ [i] ) ; 

step-stop*!; 

Indifwtip; 

for  Btep2-2 • indaton-2 

elcxDec (step)*{ (eleaDec{stop2}  -1  ... 

. . . elarDoci indatoo- 1> J > ; 
oleaDocC(Btop)-((union(oleiiDecC(Btop2) . . . . 

. . .«loaDocC(indato*-l»l>; 

Btep-atepH; 


otherwise 

opt-0; 

eleaDocK-string2code(eleaDoc) ; 
eloaDocC-codiBgFocaKolooDocN.Thota)  ; 


8Dd 


if  'opt 

B Foc-a ize ( f oc al . 2) ; 
for  foc-l:aFoc 

(ind)-f  lndeqcclMelexDocC  .f  ocal(foc)) ; 
if  loenpty(ind) 

•Accident  in  decodingFocal : eltnDoc  dooa  not  bo  2TJ 


else 
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focal9ecod(f  oc)-elcaDcc(ind) ; 

end 


f ocalDecod-ccll(Bize(focal) ) ; 

atp-0; 

sFocal-Bizo (focal . 2) 2 
cDTbeta-oixaCDTbeta. c.2) ; 
i-i; 

while  KaDTheta  tk  cnp<aPacal 
DThetai-UTheta . c{l) ; 
indeq-f indeqcell (focal .DThetai) ; 
if  " lsoBpty(indoq) 
cap-cop*l; 

focalDocod(indoq)-DThota.fl(i); 

end 

i-i*l; 

end 

end 


Function  19.  - codHScodBrpctt  function 

function  [expertDecod]"accd2Scod£xpert (expert  .Scod) 

X The  goal  of  this  function  ia  to  code  the  focal  elements  in 
X expert  with  the  Soarandacko ' b codification  Iron  the  practical 
X codification  in  order  to  display  the  expert 
X 

X (expert DecodJ  -cod2Scod£xpert  (expert  .Scod) 

X 

X Input* 2 

X expert  • contains  the  structure  of  the  list  of  focal  element a 
X after  conbination  and  corresponding  bba  for  all  the  experts 
X (generally  use  for  only  ono  after  combination) 

X Seed  - list  of  distinct  part  of  the  Venn  diagraa  ceded  with  the 
X Snarandacho *a  codification 

X Output: 

X expertDecod  " contains  the  structure  of  the  list  of  decoded 
X (for  hunan)  focal  elesents  and  corresponding  bba 

X for  all  the  experts 

x 
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nbExp-sizo (expert ,2) ; 

£ or  exp* 1 : nb£xp 

f ocal-oxport (exp) . focal ; 

expert  Decod  (exp) . f ocal-cod2Scc-dFccal  (focal  ,Scod) ; 
expert Decod (exp) . bba*«xpert (exp) . bba; 

end 


end 


Function  20.  • cod2ScodFocol  function 
function  If ocalDecodJ  -cod2ScodFocal  (focal  .Seed) 


X The  goal  of  this  function  id  to  code  the  focal  elenents  vith 
X tho  Soarandacho ' s codification  Iran  the  practical  codification 
X in  order  to  display  the  focal  elenents 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 


[f  ocalDecod] -cod2ScodFocal  (focal , Sc  «d) 

Inputs: 

expert  • contains  tho  structure  of  tho  list  of  focal  elenents 
after  conbination  and  corresponding  bba  for  all  the  experts 
Scod  - list  of  distinct  part  of  the  Venn  diagran  coded  irith  the 
Soarandacbo's  codification 

Output: 

focalDecod  - contains  the  list  of  decoded  (for  hitman ) focal 
elenents 
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sFocal-s iso (focal . 2) ; 
for  foc-l:sFocal 

sElen-siro(f ocal(foc) .2) ; 
if  sElen—0 

focalDecod(foc)-' (}• ; 

else 

ch- ' { ' ; 

ch-strcat(ch, ■<’> ; 

ch-strcat (ch. nua2str (5ccd(f ocal<f oc> ( 1 ) » ) ; 

ch-strcat(ch,‘>'); 

for  elen-2:sElea 

ch-strcat (ch, ',<*); 

ch-strcat  (ch.  nun2str(5cod(focal(foc)  (el  eo)»)  ; 
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ch-strcat(ch,  *>•) ; 

cod 

focalDecod{f oc)-s treat (ch , 1 > * ) ; 

cud 

end 


Function  21.  - gencruUonDThctar  Junction 

1 unction  (DThet a] -gener at lonDThet ar (Theta) 

X Generation  of  DThetar:  xodifiod  and  adapted  code  Iron 
X Dezert  k Soarandacbe  Chapter  2 DSaT  book  Vol  1 
X to  gecorato  CTcta 
X 

X (DTTicta) -gene rat  lonDThet  ar (Theta) 

X 

X Input; 

X Theta  • list  of  coded  (and  eventually  reduced  with  constraint) 
X of  the  elenents  of  the  discemnent  space 

X 

X Output: 

X DTheta  - list  of  coded  (and  eventually  reduced  with  constraint 
X in  this  case  cooe  elenents  can  be  the  sane)  of  the 

X elenents  of  the  BTheta 

X 

X Copyright  (c)  2006  irnaud  Martin 

n-size(Theta.2); 
step  -1; 
for  i-l:n 

base top (st ep) -{ [Thota(i)J  >; 

stop-step*!; 

indat outstep; 

for  step2-l  :mdaton-2 

basetnp(Btep)-{interoect(basetop{iDdatoa-l># . . . 
...baset*p{Btop2>»; 
step-step^l; 


sDaccTnp-slzo (base tup. 2) ; 
step-1; 

for  i-1 : sfiaseTxp 

if  ' isexpty(basetap(i» 
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baaeCotep) -t^cetrp(i) ; 
ot«p-atep*l; 


cad 

and 

sBaao^size(baso(2) j 

DTh.ta<l)-0i 

s t op— 1 2 

nbC-2; 

atop-0; 

D.nl  -[0  ; 1); 

aDnl-2; 

for  no* 1 : n 

D_n  -[  J ; 


clirst-l*<nu~ n) ; 
for  1 -ltaDnl 
Li-D_nl(i. 
sLi-cize (Li ,2) ; 

if  <2»aLi>aBaeo)M  a»<aLi-(aBaflo-BLi>)--l) 

■top-1; 

broak 


for  j-i-.oDnl 

Lj-D_nl(J,:); 

if  (andCLi.Lj)— Li)fc(or(Li.LJ)~Lj) 
D.D-[D.n  : Li  LJ  J ; 


if  Bizo(D_n.l)>6top 
stop-stop*l; 

DTheta(otep>-U  : 
for  c-cf irat :nbC 
if  D_n(ood.c) 

if  iccopty(DTheta<atop)> 

0Thota{Blop)-baao(oBaae*c-nbC); 

alas 

DTbata(Btop)-imion(DTbota(atep)  , - . . 
. . . baacl  aBaac'c-nt-CH  ; 
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end 

if  stop 
break 

end 

D_nl-0_n; 

BDnl-oiza(D.Bl.l); 
cbC-2«Bizc(D_nl.2) ; 


7.6  Acknowledgments 

Tbe  author  t Lanka  Pascal  Djiknnvorian  for  the  tolerating  diacuabon  on  the  geoer- 
atinn  of  D J*f  Flurrntto  Smarandache  fur  his  rmnrxirnta  un  the  codification  and  Jean 
D exert  for  hia  advices  on  the  representation  of  the  DSni  cardinahty  Cm(X). 


7.7  References 

(1.  A.  Appriou.  Uncertain  Data  Aggregation  in  Ctamficalion  an  Tracking  Praam. 
in  Aggregation  and  Fusion  n I Imperfect  Information.  Springer,  ed.  B Bouchon- 
Mrunifr,  pp.  231-200,  1998. 

[2‘  A.  Appriou.  Approche  grnengne  de  la  geitian  dr  I ‘incertain  dam  lea  proceaaoa  de 
/mi on  muftuenjrur,  'IYaitement  du  signal.  24(4).  pp.  307-319.  2005. 

[3)  J.A.  Bauirlt,  Computational  methoda  for  a mathematical  theory  of  evidence.  In- 
ternational Joint  Conference  on  Artificial  Intelligence  (IJCAJ),  pp  868-875.  Van- 
couver, Canada.  1981. 

[4_  M.  Baud.  Approximation  algorithm!  and  decision  mating  m the  U emptier- Shafer 
/henry  af  evidence.  International  Journal  of  Approximate  Reasoning.  17,  pp.  217- 
237,  1997. 

[5j  M.  Daniel,  Clam  oil  combination  rules  generalized  to  DSm  hyper- power  tele  and 
their  companion  with  the  hybnd  DSm  rule.  Chap.  3.  pp.  89-112,  in  J7J. 

[6,'  A.P.  Dempster.  Upper  and  Lower  probabilities  induced  bp  a multivalued  mapping. 
A nali  id  Mathematical  Statistics,  38,  pp  .125-339,  1967. 

[7]  T.  Demrux.  A fc-iVenresf  Neighbor  Claanfiratum  Rule  Bated  on  Uempster-Shafer 
'I henry,  IEEE  'Ban auctions  ou  Systems,  Man.  and  Cybernetics  - Part  A:  Systems 
and  Humans,  25(5).  pp.  804-813.  May  1995. 

(9)  T.  Deiumnc,  Analysis  of  evidence -throne  den.no n rules  for  pattern  clainfication. 
Pattern  Recognition.  30(7),  pp.  1095-1107,  1997. 

(9j  T Dnueux.  Inner  arid  outer  approximation  of  belief  structures  min.y  a hierarchical 
clustering  approach,  Int.  Journal  of  Uncertainty.  Purxiorwi  and  Knowledge-Based 
Systems,  9(4),  pp  437-460.  2001. 


272 


Chapter  7:  Implementing  general  belief  function  framework  . . . 


|10j  J.  Deeett,  foundations  fur  a neir  theory  of  plausible  and  paradoncal  reasoning. 
Information  <L-  Security:  An  International  Journal.  9,  2002. 

)11]  J.  Deiert  and  F.  Stnarandache.  The  generation  of  the  hyper-power  sets,  Chap 
2,  pp.  37-48,  in  (29], 

|12j  J.  Desert  and  F.  Smnrondache,  Partial  ordering  on  hyper-power  sets,  Chap.  3, 
pp.  49-60,  in  [29], 

|13]  J.  Doot  and  F.  Sniarondarhe.  .4  ner  probabilistic  transformation  of  belief 
man  assignment,  In  Eleventh  International  Conference  on  Inlininalioo  Mishin, 
Cologne,  Germany,  July  200A 

|14]  J.  Derert  and  F.  Smarandacbe  and  M.  Daniel.  7Tle  Generalized  Pigmihc  7hms- 
formation,  In  Seventh  International  Conference  on  Infurmatiun  Miaou.  Stock- 
holm. Sweden,  June  2004. 

|15]  P.  Djiknavurinu  and  D.  Grenier.  Reducing  DSmT  hybrid  rule  complexity  thought 
optimuahon  of  the  calculation  algorithm  Chap  15,  pp.  345-440,  in  [30]. 

|16’  K.  Hamm  and  N.  Lehmann.  Reiaarce- Bounded  and  anytime  appmnmalian  of 
belief  function  computations,  International  Journal  of  Appnnimnle  Reasoning, 
32|l-2),  pp  103-154,2002 

|17]  R.  Haenni  and  N.  Lehmann.  Implementing  belief  function  computations.  Interna- 
tional Journal  at  Intelligent  Systems.  Special  noue  on  the  Dempoter-Shnfer  theory 
of  evidence.  18{1).  pp.  31-49.  2003. 

|18]  R Keanes.  Computational  Aspect  of  the  Modus  Ihmi/ormalian  of  Graphs,  IEEE 
'IVane actions  on  Systems.  Mon.  and  Cybernetics  - Port  A:  Systems  and  Humans. 
22(2).  pp  201-223,  1992. 

1 19]  A.  Martin  and  A.-L  Jou®clme  and  C.  Oswald,  Conflict  measure  for  the  dis- 
counting operation  on  belief  functions.  In  International  Conference  on  Information 
Kink®.  Cologne.  Germany.  July  2008 

[20]  A.  Martin  and  C.  Osswald, Generalized  proportional  cimflict  ndistnbuhon  rule 
applied  to  Sonar  imagery  and  Radar  targets  classification.  Chap  11,  pp  289-304, 
in  [30], 

[21]  A.  Mart  in  and  C Osswald, Human  eiperts  fusion  far  image  classification.  Infor- 
mation 4c  Security:  An  International  Journal,  Special  ionic  on  Mining  Uncertain, 
Imprecise  and  Paradcocist  Information  (DSmT).  2006. 

|22]  A.  Mnrtin  and  C.  Osswald. A neu1  generalization  of  the  proportional  cimflict  re- 
distribution ndc  stable  in  terms  of  decision.  Chap.  2.  pp  69-88,  in  |30|. 

|23]  A.  Martin  and  C.  Osswald,  Toward  a combination  rule  lo  deal  with  partial  canfbct 
and  speci/icity  in  belief  functions  theory.  In  International  Conference  on  Informa- 
tion Fusion.  Quebec.  Canada.  July  2007. 


Chapter  7:  Inip/enienciiig  genera/  behef  function  framework  . . . 


273 


[24]  A Martin  and  I.  Quidu,  Decision  support  u-ith  belie/  functions  l/ioirv  /or  imbed 
ehararfe  rUalion. , In  International  Conference  on  Information  Fiislun.  Cologne. 
Germany,  July  2008. 

[25]  I*.  Orponen.  Dempster's  rale  of  combination  la  #P- complete.  Artificial  Intelli- 
gence, 44,  pp.  245-253,  1990. 

[26]  G.  Shafer,  A mathematical  theory  af  evidence,  Princeton  University  Prew.  1976. 

[27]  G.  Shafer  and  R.  Logan.  Implementing  Dempster’s  Ride  for  Hierarchical  Ed- 
dence , Artificial  Intelligent*,  33,  pp  271-298,  1987. 

[28]  P.P.  Shenoy  and  G.  Shafer.  Propagating  belief  function  ait  (A  local  mmputahonr. 
IEEE  Expert,  1(3),  pp  43-51,  1986. 

[29]  P.  Sinorandoche  and  J.  Dereit  (EdiUm).ddt'untr a and  Applications  of  DSmT 
for  Information  Fusion,  Collected  uxirfci,  Vol  1,  Hrhoboth,  USA..  2004. 

[30]  P.  Sinnrandoche  and  J.  Desert  (Editors). Adeuntra  and  Applications  of  DSmT 
for  Information  Fission,  Collected  uvirla,  Vol  2,  Hehobuth,  USA.,  2006. 

[31]  P.  Smarandache  and  J.  Dexert,  Proportional  conflict  redistribution  rules  for  in- 
formation fusion.  Chap.  1.  pp.  3-68,  in  [30]. 

[32]  Ph.  Smets,  Practical  uses  of  behef  functions.  In  K.B.  Laakey  and  H.  Prade. 
editors,  Fifteenth  Conference  on  Uncertainty  in  ArtliHrin]  Intelligence,  volume 
99,  pages  612-621.  Stockholm.  Sireden,  July  1999. 

[33]  Ph.  Smets,  The  appluahon  of  rnitlnr  odculua  for  belief  functions,  International 
Journal  of  Approximate  Renauning.  31:130,  2002- 

[34]  Ph.  Smets.  Decision  making  In  the  TBM:  the  necessity  of  the  pigntshc  transfor- 
mation, International  Journal  of  Approximate  Reasonning.  .18- 133- 147.  2005 

[35]  Ph.  Smets,  Analyzing  the  combtnaftim  of  con/lictmy  belief  functions.  Information 
Fusion.  8,  pp.  387-412,  2006. 

[36]  II.  Tewem,  Approirmattonr  for  efficient  compulation  In  the  theory  of  evidence. 
Artificial  Intelligence,  61,  pp.  315-329,  1993. 

[37]  P.  Voorbraak.  A computationally  efficient  appwnmation  of  Dempster-Sha/cr 
theory.  International  Journal  Man-Machine  Studies,  30,  pp  525-536,  1989. 

[38]  N.  Wilson,  Algorithms  for  Dempster-Shafer  theory.  In  D.M.  Gabliay  and  Ph. 
Smets,  editors,  Hanbook  of  defeasible  reasoning  atul  uncertainty  management, 
volume  5:  Algorithms  for  uncertainty  and  Defeasible  Reasoning,  pp.  421-475. 
Kluuer  Academic  Publisher,  Breton.  2000. 


Chapter  8 


Fusion  of  qualitative  information 
using  imprecise  2 -tuple  labels 


Xiude  Li'.  Xinhan  Huang',  Jean  Desert* , 
Floreutin  Swaraudaehe*.  Li  DuauJ 


1:  Key  Lab.  of  Mcas.  and  Coaliui  of  CSE.  School  of  Automation. 
Southeast  Univ.,  Nanjing.  210096.  China. 
xindeliCtBeu.edu.  ail 

2 Dept  of  Gontr.  Sci.  and  Kng.,  Huaihung  Univ.  of  Sci  and  TVdi., 
Wuhan.  Hubei.  China. 

xhhuang'Umail.hust  rdu.cn.  duanlidragncrdl2fi  com 
3:  The  FYench  Aeroepnce  Lab.,  ONERA/DT1M/SIP 
29  Av.  Division  Lederc.  03330  Ghatilkin.  Krn 


Chair  of  Math.  L Sciences  Dept..  Univ.  of  New  Mexico, 
200  College  Hi  tod,  Gallup,  NM  87301,  U.S.A. 
9inamndUunxn.edu 


Abstract:  In  this  chapter,  Herrera- Marline*'  2 -tuple  linguistic 

representation  model  is  extended  for  cumfrinmj  imprecise  quohta- 
line  information  u*iny  fusion  rules  dm  ten  fnm  Dexeri  Srnarundache 
Theory  (DSmT)  or  from  Dempster -Shafer  Theory  (DSTf  frume- 
uwrif.  The  proposed  approach  presences  the  precisian  and  the  ef- 
ficiency of  the  combination  of  linguistic  information.  Some  basic 
operators  on  imprecise  2- tuple  labels  are  presented  We  also  give 
simple  examples  to  show  how  prarue  and  imprecise  qualitative  in- 
formation can  he  combined  for  reasoning  under  uncertainly.  It  is 
ivncioded  that  DSm T am  deal  efficiently  with  both  precise  and  im- 
precise quantitative  and  gtsahiaiive  beliefs,  uAi ch  extends  the  scope 
of  this  theory. 
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8.1  Introduction 


Qualitative  methods  6b  reaeooing  under  uncertainty  have  gained  man*  and  more 
attention  by  Inlunnntioo  Fhaton  community,  especially  by  the  researchers  and  system 
designers  socking  in  the  development  a(  modern  multi-source  systems  (or  information 
retrieval,  fusion  and  management  in  defense,  in  robotics  and  so  on.  This  is  because 
traditional  methods  hosed  only  on  quantitative  representation  and  analysis  are  not 
able  to  adequately  satisfy  tbe  need  of  the  development  of  science  and  technology 
that  integrate  at  higher  fusion  levels  human  beliefs  and  reports  in  complex  systems 
Therefore  qualitative  knowledge  representation  and  analysis  become  more  and  mace 
important  and  necessary  in  next  generations  of  decision-making  support  systems. 

In  1954.  Polya  was  one  of  the  pioneers  to  characterize  formally  the  qualitative 
human  reports  (15)  Then  Zadrh  126-30]  mode  important  contributions  in  this  field 
in  proposing  a fuzzy  linguistic  approach  to  model  and  to  combine  qualitative/ vague 
information  expressed  in  natural  language  However,  since  the  combination  process 
highly  depends  on  the  fuzzy  operators  chosen,  a possible  issue  has  been  pointed  out 
by  Yager  in  (2S|.  In  1994.  Wellman  developed  Qualitative  Probabilistic  Networks 
(QI’N)  based  on  a Qualitative  Probability  language,  which  relaxed  precision  in  rep- 
resentation and  reasoning  within  tbe  probabilistic  framework  124].  Suhrahmanian 
introduced  the  annotated  logics,  which  was  a powerful  formalism  for  classical  (i.e. 
consistent),  as  well  os  poraconsisteut  reasining  in  artificial  intelligence  (11.  22).  QPN 
and  Annotated  Logics  belong  actually  to  tbe  family  of  imprecise  probability  [23]  and 
probability  bounds  analysis  (PBA)  approaches  [6j.  Parsons  proposed  a Qualitative 
Evidence  Theory  (QET)  with  new  interesting  qualitative  reasoning  techniques  but 
his  QfcTT  unfortunately  cannot  deal  efficiently  with  complex  problems  of  qualitative 
information  fusion  encountered  in  real  world  [12-14],  Dubois  and  Prade  proposed  a 
Qualitative  Possibility  Theory  (QPT)  in  Decision  Analysis  (DA)  for  the  representa- 
tion and  the  aggregation  of  preferences.  QPT  was  driven  by  the  principle  of  minimal 
specificity  [4].  They  use  refined  linguistic  quantifiers  to  represent  either  the  possibil- 
ity distributions  which  encode  a piece  of  imprecise  knowledge  about  a situation,  or  to 
reprewnt  the  qualitative  belief  masses  over  the  elements  in  2”.  However,  the  combi- 
nation process  might  produce  approximate  results  because  of  the  finite  probabilistic 
scale  of  the  label  set  |5|.  Hajek  et  al.  in  |7]  proposed  a Qualitative  Fuzzy  Possibilistic 
Logic  (QFPL)  which  was  used  to  deal  with  both  uncertainty  (possibility)  and  vague- 
ness (fuzziness).  QFPL  is  different  from  our  qualitative  learning  in  DSmT,  though 
the  propositional  variables  were  mapped  to  a set  of  values  Le.  [0.  l/n,2/n,--  - .1} 
similar  to  1-tuple  linguistic  model,  since  it  built  modality-free  formulas  from  propo- 
sitional variables  using  connectives,  Le.  A,  V, 

The  purpose  of  this  chapter  is  to  propose  a model  of  imprecise  qualitative  belief 
structures  fur  solving  fusion  problems  for  applications  and  not  to  compare  all  pre- 
vious theoretical  approaches.  We  adupt  here  a pragmatic  point  of  view  in  order  to 
deal  with  poor  and  imprecise  qualitative  siurces  of  information  since  in  reality  tbe 
requirement  that  precise  labels  are  assigned  to  every  Individual  hypotheses  is  often 
regarded  as  too  restrictive. 
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Some  research  wurks  on  quantitative  imprecise  Mini  structures  hare  been  dune  at 
the  end  of  nineties  by  Denceux  who  propiucd  a representation  model  in  D9T  frame- 
work for  dealing  with  imprecise  belief  and  plausibility  functions,  imprecise  pignistic 
probabilities  together  with  the  extension  of  Dempster's  rule  |l)  for  combining  impre- 
cise belief  mnaxs.  Within  the  DSmT  framework,  Derert  and  Smarandacbe  further 
proposed  new  interval- valued  beliefs  operators  and  generalised  DSm  combination 
rules  from  precise  belief  structural  fusion  to  imjirecsse/sub-unitary  Intervals  fusion, 
and  more  generally,  to  any  set  of  sub-unitary  intervals  fusion  [17].  In  [9).  Li  proposed 
a revised  version  of  imprecise  division  operator  and  the  Mm  and  Afar  operators  for 
imprecise  belief  structures,  which  can  be  appbrd  to  fuzxy -extended  reasoning  com- 
bination rules.  Since  all  the  extensions  of  belief  structures  proposed  so  far  in  the 
literature  concern  only  imprecise  ftuinlifafire  fsefie/  structures.  »e  introduce  here  for 
the  first  time  a representation  fin  imprecise  quafiiif afire  Mief  structures.  The  rep- 
resentation model  presented  in  this  chapter  is  based  on  the  2-tuple  linguistic  labels 
model  developed  earlier  [8]  which  offers  an  acceptable  computational  complexity  by 
working  with  a finite  reduced/coarse  granularity  set  of  linguistic  labels  [3,  19,  20].  The 
approach  adopted  here  must  be  viewed  as  a particular  case  of  the  more  theoretical 
approach  based  on  DSm  Field  and  Linear  Algebra  of  Refined  Labels  (DSm-FLARL) 
proposed  in  Chapter  2 in  this  volume. 

The  2-tuple  linguistic  labels  representation  allows  to  take  into  account  some  avail- 
able richer  information  content  (if  any),  like  less  good,  good  enough,  very  good  which 
is  not  represented  within  the  1-tuple  linguistic  labels  representation.  It  can  be  in- 
terpreted somehow  os  a remainder  technique  for  linguistic  labels.  Actually,  Herrera 
and  Martinas  in  [8]  were  the  first  to  propose  a 2-tuple  furry  linguistic  representation 
model  for  computing  with  words  (CW)  foe  offering  a tractable  method  for  aggregat- 
ing linguistic  information  (represented  by  linguistic  variables  with  equidistant  labels) 
through  counting  indexes  of  the  corresponding  linguistic  labels.  The  advantages  of 
the  2-tuple  Linguistic  representation  of  symbolic  method  over  methods  based  on  the 
extension  principle  in  CW'  in  term  of  complexity  and  feasibility  have  been  shown  in  (8). 
In  2007,  Li  et  nl.  [10]  hare  extended  the  1-tuple  linguistic  representation  model  to 
Qualitative  Laricbed  Labels  (QEL).  denoted  L,(c,).  in  the  DSmT  framework.  It  must 
be  noted  that  QEL  L ,(c,)  Is  different  from  H error  a- Mart  iner'  2-tuple  labels  denoted 
(L„  o*).  The  difference  lies  in  the  fact  that  o'  expresses  a kind  of  refinement  correct- 
ing term  of  the  standard  linguistic  label  L,,  whereas  c,  of  QEL  expresses  a powiible 
confidence  factor  one  may  base  on  the  standard  linguistic  label  L,.  In  this  work, 
we  use  Herrera- Martin  ex'  2-tuple  linguistic  representation  model  and  introduce  Dew- 
operator?  for  combining  imprecise  qualitative  belief  masses  based  on  it. 

This  chapter  is  organized  as  follows:  In  section  8.2,  we  remind  briefly  the  basis 
of  DSmT.  In  section  8.3,  we  present  some  2-tuple  linguistic  operators  and  in  section 
8.4  we  present  the  fusion  rules  fur  precise  and  imprecise  qualitative  beliefs  in  DSmT 
framework.  In  section  8.5,  we  provide  examples  to  show  bow  these  operators  work 
hit  combining  2-  TUple  qualitative  beliefs.  Concluding  remarks  are  then  given  in  8 6. 
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8.2  DSmT  for  the  fusion  of  beliefs 

8.2.1  Basic  belief  mass 

la  Dempater-Shnfer  Theory  (DST)  framework  (16],  one  considers  a frame  of  dis- 
cernment 0 = as  a finite  »el  of  n exclusive  and  exhaustive  elcmenta 

(it  Shafer 'b  model  demited  Ad®(0)).  The  power  net  of  0 is  the  set  of  all  sub- 
set* of  0.  The  cardinality  of  a power  set  . if  the  frame  of  discernment  cardinality 
|0|  = n to  2".  The  power  set  of  0 to  denoted  2**.  Rir  example.  If  0 = (ft.fij},  then 
2*  = In  Dezert-Smarandache ’Iheory  (DSrnT)  framework  |17.  19]. 

one  considers  0 = (fli, . . . , 0„ ) os  a finite  set  of  n exhaustive  elements  only  (fie.  free 
D5m- model  denoted  .t-f'(0)).  Eventually  aune  integrity  constraints  can  be  intro- 
duced in  this  free  model  depending  on  the  nature  of  problem  we  have  to  cope  with. 
The  hyper-power  set  of  0 (it  the  free  Dcdekind’s  lattice)  denoted  D"  [17]  is  defined 

1.  Mi 6m  € D*. 

2.  If  .4, fie  then  Anti  and  ,4ufi  belong  to  D*. 

3.  No  other  elements  belong  to  Dw,  except  thoee  obtained  by  using  ndes  1 or  2. 
If  |0|  = n.  then  |fi*|  < 2*“.  Since  fur  any  finite  set  0,  |De|  > |2*|,  wr  cal]  the 
hypcr-poier  of  0.  For  example,  if  0 = {6i.0j}.  then  D*  = JO,  6i  D62.6 U 

Hie  free  DSin  model  M*(B)  comtpooding  to  alhiws  to  writ  with  vague 
concepts  which  exhibit  a continuous  and  relative  intrinsic  nature.  Such  concepts 
cannot  be  precisely  refined  in  an  alaolute  interpretation  because  of  the  unreochalile 
universal  truth.  The  main  dlflcROCM  between  DST  and  DSmT  frameworks  are  (1) 
the  model  on  which  one  works  with,  (ii)  the  choice  of  the  combination  rule  and  con- 
ditioning rules  [17,  19].  and  (Ui)  aOde  working  with  uumerical/quantitaUve  beliefs 
DSmT  allows  to  compute  directly  with  words  (more  exactly  Ui  combine  qualitative 
belief  manes  as  we  will  show  In  the  sequel).  Here  we  use  the  generic  notation  C" 
for  denoting  either  D”  (when  working  in  DSmT  with  free  DSm  model)  or  2”  (when 
working  in  DST  with  Shafer's  model)  or  any  other  subw-t  of  D**  (when  working  with 
a DSm  hybrid  model). 

ftom  any  finite  discrete  frame  0,  we  define  a quantitative  basic  bebrf  assignment 
(bba)  os  a mapping  m(.)  : Ge  — > (0, 1]  associated  to  a given  body  of  evidence  B which 
satisfies 

m(fl)  = 0 and  £ m(-4)  = 1 (8.1) 

4€C« 

8.2.2  Fusion  of  quantitative  beliefs 

When  the  bee  DSm  model  .^'(0)  bolds,  the  pure  conjunctive  consensus,  called 
DSm  clawsic  rule  ( DSmC ).  to  performed  on  G°  = D*.  DSmC  of  two  independent1 

'While  independence  a a difficult  concept  to  define  in  all  thrones  managing  epistemic 
uncertainty,  mr  cocatdrr  that  two  souic«  of  cvdutcc  arc  independent  (Lc.  distinct  and 
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sources  associated  with  bba’s  mi(.)  and  m:(.)  is  thus  given  by  mo»’mC(B)  = 0 and 
VX  6 It*  by  |17J: 


t noamc(X)  = 


mi(Xi)m3(A'3) 


(*2) 


Da  being  chard  under  U and  O operators,  US mC  guarantees  that  m(.)  is  a proper 
bba. 

When  Shafer’s  model  holds,  instead  of  distributing  the  total  conflicting  man-  onto 
elements  of  '2°  proportionally  with  respect  to  their  manses  resulted  after  applying  the 
conjunctive  rule  as  within  Drmspter’s  rule  (DS)  through  the  nurmnlixation  step  |16], 
or  transferring  the  partial  conflicts  onto  partial  uncertainties  as  within  USmH  rub* 
[17].  we  propose  to  use  the  Proportional  Conflict  Redistribution  rule  no.5  (PCR5) 
[IS,  19]  which  transfers  the  partial  conflicting  man**  proportionally  to  non-empty 
sets  involved  in  the  model  according  to  all  integrity  constraints.  PCR5  rule  works  for 
any  degree  at  conflict  in  [0, 1],  for  any  models  (Shafer’s  model,  free  DSm  model  or  any 
hybrid  DSm  model)  and  both  in  DST  and  DSmT  frameworks  for  static  or  dynamical 
fusion  problems.  'Ihe  I’CR5  rule  for  two  source*  is  deflned  by:  mrcn(()  = 0 and 

vArec**\<0} 


m»W.V)  = m,j(A)+ 

L'rn.M+mtW)  ml{X)  + m,(VT  (M| 

«nl-t 


where  each  element  .V,  and  P,  is  in  the  disjunctive  normal  form.  tnia(.V)  corresponds 
to  the  conjunctive  consensus  on  X between  the  two  source*  All  dr  nominators  are 
diflerent  from  xero.  If  a denominator  is  xeiu.  that  fraction  is  discarded.  No  matter 
bow  big  or  small  b the  conflicting  mass.  PCR5  mathematically  does  a better  redis- 
tribution of  the  conflicting  maa*  than  Dempster’s  rule  and  other  rube  since  PCR5 
goo*  backwards  on  the  tracks  of  the  conjunctive  rule  and  redistribute*  the  partial 
conflicting  masse*  only  to  tbe  sets  involved  in  the  conflict  and  proportionally  to  their 
manse*  put  in  the  conflict,  considering  the  conjunctive  normal  form  cif  the  part  ial  con- 
flict. PC’R5  is  quasi- associative  and  preserves  the  neutral  impact  of  the  vacuous  belief 
assignment.  General  PCR5  fusion  formula  and  improvement  for  tbe  combination  of 
k >2  sources  of  evidence  can  be  found  in  |19|  with  many  detailed  examples 


anniMerartine)  if  each 


one  totally  ignorant  about  tbe  particular  value  the  other  will 
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8.3  Linguistic  models  of  qualitative  beliefs 

8.3.1  The  1-tuple  linguistic  model 

In  order  to  compute  qualitative  belie!  alignments  exp  rawed  by  pure  linguistic  labels 
(i.e.  1-tuple  bngui.it ic  representation  model)  over  G®,  Smarandacbe  and  Dezcrl  have 
debned  in  |19|  a quabtative  basic  bebef  alignment  gim(.)  as  a mapping  function  from 
G **  into  a set  ol  linguistic  labels  L = [La.  L,  L„+ 1)  where  L = {Li,  • • • ,Ln)  ia  a finite 
set  uf  linguistic  labels  and  where  n > 2 b an  Integer.  Foe  example.  L,  can  take  the 
linguistic  value  *poo »*.  the  linguistic  value  "good',  etc.  L is  endowed  with  a total 

order  relationship  -<.  so  that  Li  <.  L3  ■<  ■ ■ ■ -«  Ln  .where  means  inferior  to,  or  lots  (in 
quality)  than,  or  smaller  than.  etc.  lb  work  on  a true  dosed  linguistic  set  L under  fin- 
guistir  addition  and  multiplication  operators,  Smarandacbe  and  Derat  extended  nat- 
urally L with  two  extreme  values  La  = Lnu  and  i-n-ii  = Lot,,  where  La  corresponds 
to  the  minimal  quabtative  value  and  /.*, i corresponds  to  tbe  maximal  qualitative 
value,  in  sucb  a way  that  La  -<  Li  ■<  L-i  -<•••■<  Ln  -<  Lb+i.  In  the  sequel  Z,  € L ore 
assumed  linguistically  equidistant  labels  such  that  we  ran  make  an  isomotpbism  oV 

between  L = {La.Li.Lj Ln,Ln+i)  and  {0. l/(n+ 1), 2/{n+ 1) n/(n  + l).l}, 

defined  as  dt(L,)  = i/(n  + 1)  for  all  i = 0, 1, 2... . , n,n  + 1. 


From  the  extension  of  the  isomoriihism  between  tbe  set  uf  linguistic  equidistant 
labels  and  a set  of  numbers  in  tbe  interval  |Q,  1],  one  con  built  exact  operators  on 
linguistic  labels  which  makes  piasilile  the  extension  uf  all  quantitative  fusion  rules 
into  their  quabtative  counterparts  |10j.  We  briefly  remind  the  basic  (approximate) 
quabtative  operators3  (or  ^-operators  fur  short)  on  (1-tuple)  bnguistic  labels: 


L,  + L,= 


(**> 


9- addition: 

\L„,  lfi  + j<n  + l, 

[f-,.i  = Lmu  ifi  + j£n  + l. 

Tbe  17- addition  is  on  extension  of  the  addition  operator  on  equidistant  labels 
which  is  green  by  L,  + I,  = jttt  + = it*  = L,»»- 

<7- subtraction: 


L = [Li-,  i t i-ii, 

' \-L,-,  if  i<j. 


(B.5) 


where  -L  = {— Lx,  -L, -L„.  -L„,i).  The  q-subtractiun  is  justified  since 

when  1 5 j.  one  has  with  equidistant  labels  L,—L,  = ' sir  = 


• 17- multiplication' 


L,  - L,  = h||i ,(/(«. i||- 


(SB) 


'more  approximate  .7- operators  caa  be  found  in  |3)  and  new  occur  ale  operators  are  In- 
troduced in  Chapter  2 ol  Ilia  volume. 

’The  17- multiplication  of  two  linguistic  labels  defined  here  can  be  extendid  directly  to  the 
multiplication  of  n > 2 linguistic  labels.  For  example  the  product  of  three  linguistic  label 
will  he  denned  as  t,  L,  L,  “ L|(, , .*)/(n.»(n<-n|.  etc 
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where  !*j  means  the  closest  integer4  to  x (with  [n  + 0.5|  = n + 1,  Vn  € N). 
This  operator  is  justified  by  the  approximation  of  the  product  of  equidistant 
Labels  given  by  L,  ■ L,  = A simpler  appruxrmatiun  of 

the  multiplication,  but  lea  accurate  (as  propped  in  [19])  is  thus 

L,XL,  = f»n|u)  (8-7) 


Scalar  multipUcation  of  a linguistic  label:  Let  a be  a real  number.  The  multi- 
pbcation  of  a linguistic  label  by  a scalar  b defined  by 


L,  = 


a • i 

n + 1 


U-k. 


l»Sa-.1>0, 

otherwise. 


(«) 


• Division  of  lingubtic  labels- 

a)  if- division  as  an  internal  operator.  Let  j £ 0.  then 


***/jM-+UI 


if[(./;}(n  + l)]<n  + l, 
otherwise. 


(8-9) 


The  first  equality  in  (8.9)  is  well  justified  because  with  equidistant  labels, 
one  gets-  L/Lj  = jM  = 

b)  Division  as  an  external  operator  0.  Let  j f 0.  We  define: 

L,  0 L,  = tfj.  (8  10) 


since  for  equidistant  labels  L,  0 L,  = (i/(n  + l))/0/(n  + •))  = >/j- 
I'rom  the  9-uperators  we  now  can  candy  and  directly  extend  all  quantitative  fusion 
rules  like  DSmC  or  PCR5  (8.2)  or  (83)  into  their  qualitative  version  by  replacing 
classical  operators  on  numbers  with  linguistic  labels  defined  above.  Many  detailed 
examples  can  be  found  in  [3,  10,  18,  lBj. 


8.3.2  The  1-tuple  linguistic  enriched  model 

In  order  to  krep  working  with  a coarae/reduced  set  of  linguistic  labels  for  main- 
taining a low  computational  complexity,  but  for  taking  into  account  the  confidence 
one  may  have  on  the  label  value  declared  by  a source,  ire  proposed  in  [10]  a qual- 
itative enriched  linguistic  representation  model  denoted  by  L,(c,).  where  the  first 
component  L,  b a classical  lingubtic  label  and  the  second  component  c,  b an  as- 
sessment (confidence)  value,  c,  can  be  either  a numerical  supporting  degree'  in 

‘When  working  with  libels,  no  matter  how  many  operations  we  have,  the  best  (most 
accurate)  result  is  obtained  if  we  do  only  one  appccounation.  and  that  one  should  be  jtal  or 
the  wry  end. 

*ln  our  prrwiiB  publication  |10J,  we  considered  c,  € |0.oo)  but  It  seems  more  natural  In 
lake  it  actually'  in  [0, 1]  as  in  statistics. 
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|0, 1]  it  a qualitative  supporting  degree  taken  its  value  in  a given  (ordered)  set  X 
uf  linguistic  labels.  When  c,  € |0, 1).  t,(c.)  is  calked  an  enriched  label  ol  type  1( 
whereas  when  o,  e X,  L,(c,)  is  called  an  enriched  label  of  type  2.  The  (quanti- 
tative or  qualitative)  value  e,  characterizes  the  confidence  weight  one  has  when  the 
source  declares  label  L,  for  committing  its  qualitative  belief  to  a given  proposition 
.4  € Ci".  Foe  example  with  enriched  labels  of  type  1,  if  the  label  L,  ~ Li(l)  rep- 
resents our  full  confidence  in  the  linguistic  variable  Good  declared  by  the  source, 
Li(0.7)  means  than  we  ate  a bit  less  confident  (i.e.  70^  confident  only)  in  the  dec- 
laration Good  provided  by  the  source,  etc.  With  enriched  labels  of  type  2,  if  one 
chooses  by  example  X = (SC.  MC,  HC).  where  elements  of  X have  the  following 
meaning:  SC  ft  'Small  Condidence".  MC  ± -Medium  Confidence*  and  FC  ±"Full 
Confidence*,  then  the  enriched  label  L,  ft  L,{FC)  represents  linguistic  variable  Good 
with  the  full  confidence  we  grant  in  this  declaration  (similarly  as  f-j(l)  for  type  1), 
etc.  In  [10j,  we  have  shown  how  to  work  (i.e.  bow  to  define  new  ^e-operators)  and  how 
to  combine  qualitative  beliefs  based  on  this  enriched  linguistic  representation  model, 
'lhe  computations  are  based  on  an  independent  derivation  mechanism  of  the  1st  and 
2nd  components  of  the  enriched  labels  L,(c,)  because  the  label  L,  and  its  confidence 
factor  ct,  i = l, . . . ,n  do  not  cany  the  same  intrinsic  nature  of  information. 

Herrera- Martinet’  approach  (Le.  the  2-tuple  linguistic  model)  presented  in  the 
next  section  b totally  different  os  it  will  be  shown.  In  the  2-tuple  linguistic  model,  one 
tries  to  refine  the  value  of  the  labels  in  order  to  deal  with  a ricber/finer  information 
but  without  regards  to  the  confidence  one  may  have  on  the  (refined/2-tuple)  labels. 
Of  course,  the  enrichment  of  2-tuple  labels  can  be  easily  done  following  ideas  presented 
in  [10|. 


8.3.3  The  precise  2-tuple  linguistic  model 


Herrera  and  Martinez’  (precise)  2-tuple  model  has  been  introduced  in  detail  in  [B|. 
Here  we  denote  this  model  (£,,<r*)  where  rtf  is  chrnen  in  E ft  |-0.5/(n-t-l).0.5/(n  + 
l)),i  € (1, ,oo}.  The  2-tuple  model  can  be  justified  since  each  distance  be- 
tween two  equidistant  labels  is  l/(n  + 1)  because  of  the  isomorphism  between  L 

and  (0.  l/(n  + 1) n/(n  + 1),  1).  so  that  L,  = i/(n  + 1)  for  all  r = 0, 1, 2 n,  n + 

1.  Therefore,  we  take  half  to  the  left  and  half  to  the  right  of  each  label.  Le. 
o'  € E.  So  a 2-tuple  equidistant  lingubtic  representation  model  b used  to  rep- 
resent the  linguistic  information  by  means  of  2-tuple  item  set  L(L, o')  with  L = 

{Lu, L„»i } isomorphic  to  (0.1/(n  + l),2/(n  + 1) n/(n  -1-  1).  1) 

and  the  set  of  qualitative  assessments  isomorphic  to  E This  3-  tuple  approach  is 
an  intricate/hybrid  median  ism  of  derivation  using  jointly  L,  and  o,  where  of  is  a 
pceitive  or  negative  numerical  remainder  with  raped  to  the  labels. 


Chapter  8:  Fusion  of  qualitative  information  . . . 


283 


8.3.3. 1  Symbolic  translation 

Let 'a  define  the  normalized  Index8  i = r«und((n  + 1)  X 8)  = |(n  + 1)  X /,].  with  t e 
[0,(n+l)|  and  d € [0. 1].  and  the  Symbolic  IVanslatinn  ch  £ f)-«/(n+l)  e |-0.5/(n  + 
l).0.5/(n  — 1)).  Roughly  speaking,  the  Herreia- Martina  symbolic  translation  of  an 
nwemment  linguistic  value  (n+l)xo,h  is  a numerical  value  that  supports  the  dilfrmice 
of  information  between  the  (normalized)  index  obtained  from  the  fusion  rule  and  its 
clooest  value  in  {0. 1 n + 1}. 


8. 3.3. 2  Herrera-Martfnez  transformations 


• £(.)  : conversion  of  a numerical  value  into  a 2-tuple 


A(.>  : |0, 11  - L x £ is  delined  by  |8] 

A(tf)  = (Lt,ah)  £ j £ 


i = round( (n  + l)  ■ d) 
0-i/(n  + l),  »*tE 


(811) 


Thus  L,  has  the  cloeest  index  label  to  |>  and  o*  is  the  value  of  its  symbolic  translation. 


• V(.)  : conversion  nf  a 2-tuple  into  a numerical  value 
The  in  verse /dual  function  of  A(.)  is  denoted  V(.)  and  V(.)  :lxE-|fl,  1|»  delined 

by 

V((£,,«ft)  = «/<n  + 1)  + o,**  = d,  (8  12) 


8. 3.3. 3  Main  operators  on  2-tuples 

Let's  consider  two  2-tuples  (L,,o?)  and  (L,.o?),  then  tbe  following  operators  are 
defined  as  follows. 

• Addition  of  2-tuplm 

(L,.^)  + (L,.c*)  = r<(L,,^>  + (Lj.af)) 

= V((L,,r,k))  + V((Lj,o}))  = &i+0,=d, 

./*«■>  * <8,3, 

[U.,  otherwise 

• Product  of  2-t  uplea 

(Lt.o?)  * (b.at)  = x (Li.of)) 

= V((L,,«r*))  x V((LJtffj))  = 0,<dj=d,=  A (*)  <8  14, 

with  dp  6 jO,  lj.  it  con  be  proved  that  2-tuple  addition  and  product  operators  are 
cummutative  and  associative. 


round/.)  a the  roundm?  operation  denoted  |.J  in  mu  previous  ^-operators  (10). 
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• Scalar  multipliratifjo  cif  a 2- tuple 


(L,.*?)  = ?<o  - (L„a?))  = o ?((!,.< r,fc)> 

= a&  = £,= 


|A(A)  4,6  10.1] 

lL„fci  otherwise 


(8.15) 


• Division  uf  a 2-tuple  by  a 2-tuple 

Let’ll  consider  two  2-tuples  (L,.ot)  and  (L,.o")  wttbT  ( L,,o ^)  < ( L,,Oj ),  then  the 
division  is  defined  an 


TTT^T  = v<7rr^T)  - ^T(T7-f)-« 

= ^ = Ai  = A(&)  with  4- e 10,1]  (8.16) 

If  >{L„at),  then 


<£.,*.*>  _ ..AM)*  V«L,.aM) 

<77^7  = ■ Wrr^Tt 


s. 

~ 


s * 


and  in  Midi  coov 


(Ln.1,0)  ~ Lm*l- 


8.3.4  The  imprecise  2-tuple  linguistic  model 

Since  qualitative  belief  assignment  might  be  imprecise  by  expert  on  surne  occasions, 
in  order  to  further  combine  this  imprecise  qualitative  information,  we  introduce  op- 
erators on  imprecise  2-tuple  labels  (i.e.  addition,  subtraction,  product  and  division, 
etc.).  The  definition  adopted  here  is  the  qualitative  extension  of  the  one  proposed 
bv  Dentnux'  in  |1|  for  reasoning  with  (quantitative)  Interval- valued  Belief  Structural 
(IBS). 

Definition  1 (1QBS):  Let  denotes  the  set  of  all  qualitative  belief  structural  (i.e. 
precise  and  imprecise)  over  (7”.  An  imprecise  qualitative  belief  structure  (IQBS)  is 
defined  as  a non-empty  subset  in  from  L^m , such  that  there  exist  n subsets  Fi,-  * < , F» 
over  Cl”  and  n qualitative  intervals  |a,,fc,j.  1 < i < n (with  Lq  < a,  < ti,  < Ln.i) 
such  that 


tn  = (m  6 Lfja  \ a,  < m(F,)  S 6,.  1 £ i < n, 

and  m(A)  = <Lo,0),VA  jf  {F« F„» 


7 The  comparison  operator  is  defined  m («|. 
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Proposition  li  A necessary  and  sufficient  condition  lor  ill  to  be  nun-empty  is  I bat 
L0  < 1 “•  - h»M  5 h,  bream*  there  should  be  at  least  a qualitative  value 

c,  € [a,.6,j.  for  eadi  i.  Midi  that  V^*„,  c,  = L„».i,  Le.  the  condition  of  qualitative 
normalisation  of  m(.).  This  is  an  extension  of  Denirux’  preposition  [I]. 

In  order  to  combine  imprecise  qualitative  belief  structures,  ire  use  the  operations 
on  seta  proposed  by  Dexert  and  S maraud  ache  in  |2], 

8.3.4. 1 Addition  of  imprecise  2-tuple  labels 

The  addition  operator  b very  important  in  mint  of  combination  rules  for  fusing  infor- 
mation in  most  of  belief  functions  theories  (in  DST  framework,  in  Smets'  'transferable 
Belief  Model  (IBM)  |21)  as  -ell  as  in  DSmT  framework).  The  addition  operator  for 
imprecise  2-tuple  labels  (since  every  imprecise  mans  of  belief  is  represented  here  qual- 
itatively by  a 2-tuple  label)  is  dcliurd  by: 

mi  ffi  mi  = mj  Of  nn  - (x  | x = si  + ntn  e mi.sj  € mj)  (8.17) 

—be re  the  symbol  + means  the  addition  operator  on  labels  and  with 

(inf  (uii  + in,)  = inf  (ini)  + inf(nu) 
sup(mi  - mj|  = sup(mi)  -Mup(m,) 

Special  case,  if  a source  of  evidence  supplies  precise  infurmatiun.  i.e.  m b a precise 
2-tuple,  say  (L».aJ),  then 

(L*.of)fBmj  = miffl(I*,oC)  = (x  | x = (L,.oC)  + s,.»j  € mj}  (8.18) 

— itb 

f inf((Llt<r*)  + m,)  = (L,.r.J)  + inf(nia) 

\sup((I,.of)  + nu)  = (Lt.o!)  + sup(mi) 

Example:  if  9 labels  are  used.  Le  n = 9. 

((Li.0.01), (La, 0.02)]  ® [(La,  0.02),  (Ls.0.U3)|  = |(L,.0.03).  (L,.  -O.05)| 

La  Ql|(Li.0.02).(Ls. 0.03)1  = |(L».0.02).(L..0.03)) 

8. 3.4. 2 Subtraction  of  imprecise  2-tuple  labels 

The  subtraction  operator  b defined  as  follows: 

mi  S mi  A (x  | x = *i  - «a.*i  € mi.u  € mj}  (8.19) 

—here  the  symbol  - represents  the  subtraction  operator  on  labels  and  with 


inl(mi  - mj)  = Inf(mi)  - sup(mj) 
sup(mi  - mj)  = sup(uii)  - inf(nij) 
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When  sup(mi  - uu)  < (to.O),  one  takesi  imBnu  = (ln,0):  If  inf  (mi  - mi)  < 
(tu,0),sup(m,  -m,)  > (Io,0).  then  m,Bm,  = [(t„.0(,sup|mi  -in,));  Otherwise, 
mi  S mi  = [inf (mi  - mj).«up(mi  - mj)]. 


Special  case:  if  one  of  sources  of  evidence  supplies  precise  information,  i.e.  m is  a 
precise  2-tuple,  say  (t..aj),  then 


(t,.<r£)Bm,  = (x  | x = (!*.<»£)-»,,  s,  e m,l 

(8.20) 

with 

[ \xd{(U,oi)  - m.)  = (t*.a$)  - suplni;  1 
\sup<  (!*.<»*)  - m,)  = (L,,ct)  - inf(m,) 

Similarly, 

with 

m,  B(I*,oJ)  = (x  | x = «,  -(i«, <*?),«,  e m,) 

(8.21) 

inl(ms  - (t.,ap()  = inf(im)  - (L«,a{) 
sup(mi  - (L,.ct))  = sup(mi)  - {L,,at) 


Example;  if  9 labels  are  used,  i.e.  n = 9, 

|<t,. 0.02),  (I*. 0.03)]  B[(t,.0.01).(I3.0.02)|  = [(ID,0),  (I*,0.<B)] 

[<I, .0.01),  (Is, 0.02)]  B(t».0.03)  = (^.0) 

L,  B [(11,0.02),  (la, 0.03)|  = |(Io,0),  (Ii, -0.02)| 

8. 3. 4. 3 Multiplication  of  imprecise  2-tuple  labels 

The  multiplication  operator  plays  also  an  important  role  in  moot  o!  the  rules  of 
mml] InALiona.  Tb**  multipliratiiJD  of  imprecise  2- tuple  label*  i)  rjrlinrtl  as  fullimw 

m,  0m,  = m,  Urn,  5 (x  | x = s,  x s,.si  e mi,*,  € m,)  (8.22) 

where  the  symbol  x represents  the  multiplication  operator  on  labels  and  with 
f inf(mi  X m,)  = inf  (mi)  X inf  (m,) 

\sup(mi  x m,)  = sup(mi)  X aup(m,) 

Special  cuse:  if  one  of  Sources  of  evidence  supplies  precise  information,  i.e.  m is  a 
precise  2-tuplr.  say  (I*,  a*),  then 

(1,,-rJ)  0 m,  = m,  0 (L,,ai)  = (x  | r = (I»,frJ)  x s,.s,  e m,) 

with 

| inl((I».of)  x mi)  = (Lk.ot)  X inf(nu) 

\sup((t,,<rj)  « m,)  = (L,,<tJ)  X sup(nij) 

Example;  if  9 labels  are  used,  i.e.  n = 9, 

|(I, .0.01).  (Is, 0.02)1  Q l(h,.0 .02),  (Is. 0.03)|  = [(to. 0.0242),  (I,.  -0.0304)1 
I,  Q[(Ii, 0.02).  (Is, 0.03)1  = [<Ii.  -0.034).  (I,.  -0.041)| 
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8.3. 4.4  Division  of  imprecise  2-tupie  labels 

Tbe  division  operator  is  also  necessary  in  some  combinations  rules  (like  in  Demp- 
ster's rule  or  PCR5  by  example).  So  we  propose  tbe  following  division  operator  for 
imprecise  2-  tuple  labels  based  on  division  of  seta  introduced  in  [2]: 

If  in,  # (lu.O),  then 

m,  0m,  S (r  |x  = ai  -r  s,,»i  6 nn.s,  6 m,)  (823) 

wbere  the  symbol  -r  represents  thr  division  operator  oil  labels  and  with 

J inf  (mi  4-  ni,l  = inflnn)  -r  sup{m,l 
(sup(nn  -r  nu)  = »up(nii)  4-  inf(m,) 

when  sup(nn)  4-  inf | m, ) < i Otherwise  we  take  aup(mi  4 m,)  = t»*i. 


Special  case  if  one  of  sources  of  evidence  supplies  precise  information.  Le  in  is  a 
precise  2-tuple,  say  (L*,a*)  / (Ln,0),  then 


<L».aJ)0m,  = (r  | r = (L,.of)  -r  *,.»«  e m,) 


with 

f inf < If.* . i? J ) 4-  m,)  = (I»,<rJ)4-sup(m,) 
\sup((L.,<rJ  > 4-  nu)  = (U.oJ)  4-  lnf(m,) 

Similarly, 

mi  U(L,,<r?)  = (r  | r = *,  4-  (L,.of ),»i  e mi) 


with 

( inf (m,  4-  ( L, , ^))  = lnf(m,)  - (L„. d) 
\sup<m1  4 (L„  oj))  = sup(mi)  4-  (L,.oC) 
Example:  if  9 labels  are  used.  Le.  n = 9, 


(8.24) 


(8.25) 


|(Ii. 0.01).  (La. 0.02))  0|(li, 0.02),  (Ls.0.Q3)|  = [(La. 0.0075).  (fiu,0)| 

Lt  0 |(h,.0.02),(Z.B. 0.03)1  = \(U.  — 0 034),  (f-iu.0)] 
((L,.0.02),(LS. 0.03)1  M L,  = [(Lt. 0.033),  (lm,0)| 


8.4  Fusion  of  qualitative  beliefs 
8.4.1  Fusion  of  precise  qualitative  beliefs 

From  the  2-tuple  linguistic  representation  model  of  qualitative  beliefs  and  the  previ- 
ous operators  on  2-tuple  labels,  we  are  now  able  to  extend  the  DSmC.  PCHB  and 
even  Dempster’s  (DS)  fusioo  rules  into  tbe  qualitative  domain  following  the  track  of 
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our  previous  works  [3,  10.  Hi).  We  denote  ipm(-)  the  qualitative  belie!  mv-s/asugu- 
mcet  (qbn)  based  on  2-tuple  representation  in  order  to  make  a difference  with  the  qba 
qi  m(-)  based  on  1-tuple  ( claw ical /pure)  linguistic  labels  and  <?<m(-)  based  on  qual- 
itative enriched  linguistic  labels  [lOj.  Mathematically,  <jjrn()  expressed  by  a given 
source /body  of  evidence  S a defined  as  a mapping  luuction  gjm(-);  G"  — L X a 
such  that: 

?am(0)  = (Lo.O)  and  £ <fcm(A)  = (Ln„,0)  (836) 

Ihun  the  expre-nions  of  quantitative  DSmC  (83),  PC'HH  (8.3)  and  Dempster's 
(DS)  1 16]  fusion  rules  and  bom  the  operators  on  2-tuple  labels,  we  can  define  the 
classical  qualitative  combination  in  proportional  redistribution  rulra  [ipDSmC  and 
i/iPCRS ) (or  dealing  with  2-tuple  linguistic  labels  (L,.a,).  This  is  done  as  follows: 

• when  working  with  the  bee  DSm  model  of  the  frame  0:  gimos*.c(fl)  = (L-s.O) 
and  VX  € D°  \ JU) 


<ti<nDSmc[X)  = 9imi(,Vi)7imj(A^i) 

x,.x,.en0 

X,nStT.X 


(8-27) 


• when  wurking  with  Shafer's  in  hybrid  model  of  the  frame  0:  ?irn/T?/n(0)  = 
(Iu.0)  and  VX  € G*  \ (A) 


</imi>cia(X)  = virnu(-V) 


Vea°\tX) 

XnY^I 


1i"‘ifX  )'i^r'i1(y’) 
«"iiW)  V Vimi(l  ) 


gjmJ(A')3^jmi(y') 

^jrnj(A)  ♦ VaniilV) 


(8.28) 


where  gjmuLY)  corresponds  to  the  qualitative  conjunctive  consensus. 

It  is  important  to  note  that  addition,  product  and  division  o|ierators  involved  in 
formulas  (B.27)  and  (8.28)  are  2-tuple  operators  defined  in  the  previous  section.  These 
rules  can  he  easily  extended  for  the  qualitative  fusion  of  k > 2 sources  nf  evidence 
The  formulas  (8.27)  and  (B.2B)  are  well  justified  since  every  2-tuple  (L,.o,)  can  be 
mapped  into  a unique  0 numerical  value  corresponding  tu  It  which  rnakra  the  quali- 
tative fusion  rules  if,D3mC  and  qa PCRS  equivalent  to  the  corresponding  numerical 
luskm  rules  DSmC  and  PC US  because  of  the  existence  of  A(.)  transfotmntion. 


Tbeorem  1:  (Normalisation)  If  V]  iftm(A)  = (L„*i.O), 

then  £ ii3ttD3„c(A)  = (Ln.1,0),  and  V]  gjmj*c*t(A)  = (Ln*i,0). 

Atao  Asa* 

Pivof:  Let’s  assume  that  there  is  a frame  of  discernment  0 which  includes  sev- 
eral focal  elements.  According  to  DSm  model,  nee  defines  its  hyper-power  set 
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£>B.  Ai  6 * = {1,2,---  ,n}.  There  exist  k evidential  source**  m*ith  qualita- 
tive belief  nia»  utJ,i  £ {1,2 ,i).j  € {1,2,... ,n}.  According  U>  the  preinbe.  Le. 

E 9*w»(v%>  = (U+i,0).  that  b,  Jr  a,j  = (U+ 1,0).  According  to  <*.14) 
*€<2«  jtfU-  ♦*) 

and  the  characteristics  af  Product  operator. 

n e “•'=  n =(£-+., o) 

»€(1.3 *}  ..I) 

because 

92rni>3»nc(A)  = ^ <72rni(Ai)^jma(A3)»t  9am*(Xfc) 

Msatjsr 

= II  E ■U«<^M.0). 

.«(i.a.  .*Ir«<i.a.  -...«) 

Morrurar,  since  i/PCHB  redistributes  peoportionally  the  partial  conflicting  mass  to 
the  dements  involved  in  the  partial  conflict  by  considering  the  canonical  form  of  the 
partial  conflict . the  total  sum  of  all  qualitative  belief  mass  after  redistribution  doesn't 
change  and  therefore  it  is  equal  to  (Ln<.it0).  This  completes  the  proof. 

Similarly.  Dempster's  rule  (DS)  con  be  extended  for  dealing  with  2-tuple  linguistic 
labels  by  taking  = (Lu.O)  and  V A € 2®  \ {#> 

J3  ^ 73^>i(A)^ama(V') 

,nmD*iA)  = E Vrm.uV^msin  {*M) 


8.4.2  Fusion  of  imprecise  qualitative  beliefs 

Let's  consider  k wurces  of  evidence*  providing  imprecise  qualitative  belief  asoign- 
ments/iuasses  m,,  ddined  on  G e with  |G*|  = d.  We  denote  by  m„  central  value  of 
the  label  provided  by  the  some  no.  ■ (1  < ■ < fc)  for  the  clement  X,  6 G'*,  1 £ j < <L 
Far  example  with  quoUtative  interval- valued  beliefs,  m(l  = |m„  - cu,m„  + c(J]  6 
[(Lo,0).<L„*i.0)].  where  (Lc.O)  < r„  < Lm+i.  Mure  generally,  nr,,  can  be  either  an 
union  of  open  intervals,  or  of  dosed  intervals,  or  of  semi-open  intervals. 


The  set  of  imprecise  quoUtative  belief  rnnifm  provided  by  the  sources  o!  evidences 
con  be  repeesented/diaracterised  by  the  following  belief  maun  matrices  with 


inf(M)  = 


mu  — eu 

mu  — c*i 


mis  — eu  • ••  m n— cn 
ni2I  — «xi  * * • m2d  ” *2d 


m*i  — ckx  m*j  — tkj 


TTiA4  ~ tkd 
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~P(M)  = 


•fin  + *11 

mu  + Cn 

m*i  + **i 


mu  -t-  fn 
mjj  + txi 

mu  + fu 


mu  + «u 

mid  + ’id 

m,d  + 'td 


All  the  previous  qualitative  fusion  rules  working  with  precise  2-tuple  labels  can 
be  extend eil  directly  for  dealing  with  Imprecise  2-tuple  labels  b>’  replnring  precise 
operators  on  2-tuple  labels  by  tbeir  counterparts  for  imprecise  2-tuple  labels  as  defined 
In  section  8.5.  We  just  here  present  the  extensions  of  DSmC.  I'CHS  and  DS  rules  of 
combinations.  The  extensions  of  other  combination  rules  (DSinH.  Dubois  It  Prode  a. 
Yager's,  etc)  can  be  done  eanily  in  a similar  way  and  will  not  be  reported  here. 

• The  DSmC  fusion  of  imprecise  qualitative  beliefs 

The  DSm  classical  rule  of  combination  of  i > 2 imprecise  qualitative  beliefs 
is  defined  for  the  free  DSm  model  of  the  frame  0,  Le.  <?”  = D"*  as  follows; 

= <I„.0)  and  VX  € D*  \ <•) 

X)  = £ fj>m.(X,)  (8.30) 

• The  PCR5  fusion  of  imprecise  qualitative  beliefs 

When  working  with  Shafer's  or  DSm  hybrid  models  of  the  frame  0.  the  PCR5 
rule  of  combination  of  two  imprecise  qualitative  beliefs  is  defined  by;  jra(0) 

<A„,0)  and  V*  e G*  \ {*) 


y««7»\txi 

XflVtr* 


yitn,  l A )3(^m,|t  i 
yjmi(.Y)  + (/jmi(l') 

<i“im-jl  A)  + iVT 


(8.31) 


where  <frm(j(_Y ) coc responds  to  the  imprecise  qualitative  conjunctive  consensus 
defined  by 

9lm[3(X)=  £ VimiXifomAX,)  (8.32) 

xA.x^o° 

X'.ni^x 

• Dempster’s  fusion  of  imprecise  qualitative  beliefs 

Dempster's  rule  can  oho  be  directly  extended  for  dealing  with  imprecise  qual- 
itative beliefs  by  taking  yjmo4(H)  = (f.o.0)  and  VA  6 ‘i”  \ (#) 
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q^tn'asiA)  = 


X.Y+Za 

Xt'VmA 


(f-.-i.Ol  - £ ^.mlAl^imO  i 


(8.33) 


x.v>i» 

Xny-« 


Theorem  2:  The  following  equality  bold* 

^mJ,5l<.c(A)  = |inl((jj«n{,s^t-(  A))..iup(vjiii{,,nC.(A))) 

with 

* 

inl(93m{iSmc(A))  = E f J lnf(</rm.(.Vi)) 

«ip(lflm}>Sn,t'(A)>  = E n-P^-W) 

jr.en®  •-» 

Prvoj:  Let  5 assume  Inf  (-fim,(A,))  and  »up(9,m,(A,)>  (1  < i S fc)  be  represented 
by  <i„  6 inf(M)  and  ft„  € sup(M)  with  <i„  < 4„  (<  represent!  here  a qualitative 
older).  For  any  label  c_,  e (amj.  6njj.  one  bus 


e i>>  ^ 


Xi cx&.  .nXfc-X 


e n awc"" 


and  alw 


e n ^ e ti*» 


JCs.X*.  JCxCD°  vml 

XirvXa. 


Therefore,  93m{,SmC(X)  = flnf(,1m'0ffm0(Ar».Wp(^m{)Sll.c(X))]  which 
pletes  the  proof  Similarly.  qjmJ^rftitAT)  = |inf(9jm{.cftl(A)).Bup((pm 


This  theorem  shows  that  we  can  compute  the  upper  and  lower  bounds  of  imprecise 
qualitative  beliefs  by  applying  the  corresponding  combination  and  redistribution  rule 
directly  on  the  bounds. 


8.5  Examples  of  fusion  of  qualitative  beliefs 

All  examples  from  this  article  could  easier  be  calculated  using  the  DSm  Field  and 
Algebra  of  KeBned  Labels 
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8.5.1  Example  of  fusion  of  precise  qualitative  beliefs 


Let's  consider  an  investment  corporation  which  lia>  to  choow  one  project  arming  three 
proposal:  0 = (ft,  ft,  ft}  baaed  on  two  consulting/ expert  reports.  The  linguistic 
label:  urrcd  by  the  expert:  are  among  the  following  one:;  1 — Impmsible.  EL1  — 
Extremely- Unlikely,  VLC  — Very-Low-Chance.  LLC  — Little- Low-Chance,  SC  — 
Small-Chance,  IM  — IT-May,  MC  — Meonful-Chance,  LBC  — LitUe-Big-Chaace, 
BC  — Big-Chance,  ML  — .Vlont -likely.  C — Certain.  So.  we  consider  the  following 
ordered  set  L (with  |L|  = n = 9)  of  linguistic  label, 

L fi  |Lo  = /,  Lx  = Ell,  Lt  = VLC,  Li  = LLC,  L,  = SC,  U = I St, 

L0  = MC,  Li  = LBC,  L,  = BC.U  = ML,  Ll0  = C) 


The  qualitative  belief  assignments/ moanes  provided  by  the  source: /expert:  are 
aroumed  tu  be  given  according  to  HiMf  8.1. 


Source  1 

Source  2 

ft 

ft 

Os 

mr(ft)  = (L*.0.03) 
mi(ft)  = (L3.-0.03) 
mi(ft)  = (L3.0) 

ma(ft)  = (f-s.O) 
nta(ft)  = (L-j,0.01) 
m9(ft)  = (Ia,-0.01) 

Table  8.1:  Precise  qualitative  belief  assignments  given  by  the  sources. 


When  working  with  the  free  DSm  model  and  applying  the  qualitative  DSmC  rule 
of  combination  (8.27).  we  obtain: 


9«mnSmo(tfi)  = A(0.43  X 0.50)  = (Lj, 0.015) 

?jmu9mc(ft)  = A (0.27  X 0.21)  = (U,  -0.0433) 
<timosmc(0i)  = A(0.30  X 0.29)  = (Li,  -0.013) 

¥jrnnsm«r(^i  O ft)  = A(0.43  X 0.21  -I-  0.50  X 0.27)  = (Li, 0.0253) 
¥jrnosmrr(0i  O ft)  = A(0.43  X 0.29  + 0.50  X 0.30)  = (La,  -0.0253) 
ipmD3n>c(&i  O ft)  = A(0.27  X 0.29  + 0.21  X 0.30)  = (Li, 0.0113) 


We  can  verify  the  validity  of  the  Theorem  I,  Le. 
proven  that  is  <fjmnSmo(  ) » narmaliied 


E l2m(A)  = (Llo,0),  which 


Now.  let’s  assume  that  Shafer’s  model  holds  for  0.  In  thia  cbm:  the  set*  ft  Oft  .ft  fl 
ft  .ft  Oft  must  he  empty  and  the  qualitative  conflicting  maawa  «mDS~c(ft  Oft), 
yi'niiSmc(ftOft)  and  <rjmoimc(0a  Oft)  need  to  he  redistributed  to  the  sets  involved 
in  the*  conflict,  according  to  (8.28)  if  the  PCR5  fusion  rule  is  used.  So,  with  PCR5 
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one  gets: 


‘timpchi(&\)  = 9imo5Bc(^i)  + 9jm„u(0i)  + 

qimiBi(ffi)  + ipmtAi(0i)  + qjnuJni/h) 
= (U,  0.03155626126) 


9>tnwn(#i)  = VJ"iD3».c(tfi)  -f  + 

Vjm»Bi(<b)  -t-  qim,Ai{Pi)  + 7a'n,a3(»i) 

= (Li,  -0.00263968798) 


qtO\pcn%(6t)  = 9jmos»cWi)  + 9am»<u(<*s)  + 

9jro.ea((*a)  + + qsm,fl3($i) 

= (L«,  -0.02891657328) 


Because  <t,mpcia<8i)  is  larger  than  qimpeia(th)  and  ftmi>cjn(0i),  the  invest- 
ment corporation  will  chocne  the  first  project  to  invest. 

Now,  it  we  prefer  to  use  the  extension  of  Dempter's  rule  of  combination  given  by 
the  formula  (8.33),  the  total  qualitative  conflicting  mans  a = qi"iD8mC(9i  O 

&i)  + ipmOSmClft  ntfs)  + pmDfmc(Si  Otfa)  = (Lc,  0.0413),  and  so  we  obtain: 


We  see  that  gainos(tfi)  is  larger  than  ifjmos(«i)  and  gimos(0>).  80  first 
project,  is  also  cbuseu  to  invest,  'llie  final  decision  is  same  to  the  previous  one  ob- 
tained by  qiPCIG.  However,  when  the  total  conflict  becomes  nearer  and  nearer  to 
tio.  then  qjDS  formula  will  become  invalid. 

If  we  adopt  the  simple  arithmetic  mean  method,  the  results  of  the  fusion  ore 


9imos<0)  £ (Lo.0) 

9:">ns(W|)  = 


= (L*.  -0.0006133) 


Vjrnosmcl^i)  (Li,— 0.0433) 


= (hj, -0  0419292) 


L,u  - qh„,^  Lie  ~{U.  0 0413) 


9jmos(ft) 


qimD8mc{0i)  (Li , -0.013) 


= (L,.  0.0425425) 


Liu  - qh,M^  Lie  - (Ln.  0.0413) 


(Ls.O  03)  + (Lc.0) 


= (Lt.  -0.035) 


2 
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Armrdlng  to  the  above  results,  we  easily  know  which  project  will  be  du»en  to 
invert.  Though  the  arithmetic  mean  is  the  simplest  method  atnung  three  methods.  for 
some  complex  problems,  it  will  provide  uusatiafactury  remits  since  it  ia  not  neutral 
with  respect  to  the  introduction  ol  a total  ignorant  Bourse  in  the  fusion  process.  This 
method  can  also  be  ill  adapted  to  aume  particular  problems.  Fbr  example,  one  also 
investigates  the  pa-nihility  of  investment  in  two  projects  together.  Le  0,  H «,  * l' 
However,  the  corporation  only  choose  one  of  them  to  invest.  How  to  do  It  in  this 
case  with  simple  arithmetic  mean  method?  It  is  more  easy  to  take  decision  from 
Vi/*CfiS(.). 


If  all  qualitative  masses  involved  in  the  fusion  are  nunnaliaed,  no  matter  what 
qualitative  fusion  rule  we  use  the  normalisation  is  kept  (i.e.  the  result  will  also  be  a 
normalised  triads). 


8.5.2  Example  of  fusion  of  imprecise  qualitative  beliefs 

Let’s  consider  again  the  previous  example  with  imprecise  qualitative  belief*,  provider 
by  tbe  sources  according  to  'Ihble  8.2: 


Source  1 

Source  2 

ft 
81  ' 

M«i(ffi)  = l(i4.0  03).  (Ls, 0.03)1 
mi(03)  = [(la,  -0.03).  (£,«,  -0.03)1 
mj(ftt)  = [(Ij,0),(L4, 0.03)1 

ma(fli)  = |<t»,0)I(Ls,0M)j 
mi(»i)  = K^a, 0.01),  (Li,  -0  03)] 
m2(fl3)  = I(L,,  -0.01),  (I3, 0)] 

Table  8.2:  Imprecise  qualitative  belief  assignments  given  by  the  sources. 


If  one  works  with  the  tree  DSm  model  fur  the  frame  0,  one  gets  from  (8.30)  and 
the  theorem  2 the  following  results: 

9in.M«c(*t)  = l(hs,0  015).  (lo.  -0.0138)1 
9*"»DS-e(fc)  = K^i.  —0.0133),  (L,,  -0.0001)] 

9jrnofl„c(»»)  = |(ii,  -0.013),  (I,,  0.029)] 

= ](/.!.  0.0253).  0.0129)) 

ga'nosmc^i  0 0 ,)  = |(L,.  -0.0253).  (L.,  -0.0088)] 
7jm{,s»c(e3ntf,)  = [(Li.  0.0413).  (Lj, 0.0271)] 

If  on*  works  with  Sbafex’fl  model  fur  tbe  frame  0 (Le.  all  elements  of  0 are 
assumed  exriiudvt*)'  l^n  imprecise  qualitative  cimilirlmg  inww  n 

d*),  H0j)  and  O 0j)  need  lo  be  mibtributed  to  element* 

involved  in  tbes*  conflicts  if  PCR5  b u*d.  In  aucb  caor  and  from  (d.3l)  and  tbe 
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Theorem  2,  one  gets- 

»n£0M<4)  = !(£»,  -0.02036),  <£,,  0.01660)) 

»«40«Cfc)  = ((*«.  -002909).  <^4.  -0.0089)| 

= |(£u, -0.03308),  (Ls,  0.01112)) 

From  the  values  a(  /„(.),  °°c  will  chotne  the  project  0,  an  final  decininn  It 

is  Interesting  to  note  that  tfiDSmC  and  if,PCI&  can  be  interpreted  an  special  case 
(lower  bounds)  ul  qiDSmC  and  qiPCRS 

The  approach  proposed  in  this  work  (or  combining  imprecise  qualitative  beliefs 
presents  the  following  properties: 

1)  1/  one  utiln»  the  gx-operatora  on  2-tuples  without  doing  any  approximation 
in  the  calculatinns  one  gets  an  exact  qualitative  result,  while  working  on  1- 
tuplea  we  round  the  qualitative  result  so  we  get  approximations,  Thus  additioa 
and  multiplication  operators  on  2 -tuple  are  truly  commutative  and  aawidative 
control  wise  to  addition  and  multiplication  operators  on  1-iuplrs.  Actually. 
Herrera- Martin  ex’  representation  deals  indirectly  with  exact  qualitative  (re- 
fined) values  of  the  labels.  This  can  be  done  directly  and  easier  (without 
2-tuple  representation)  from  the  DStn  Field  and  Linear  Algebra  of  Hefinrd  La- 
bels (DSm-FLARL)  presented  in  Chapter  2 of  this  volume.  In  DSm-FLAIIL 
we  get  the  exact  qualitative  result  . 

2)  Since  the  2-tuples  {(Ld.0*), . . . , (Ln+i.ffi«i))  express  actually  continuous  qual- 
itative beliefs,  they  are  equivalent  to  real  numbers.  So  all  quantitative  fusion 
rules  (and  even  the  belief  conditioning  rules)  can  work  directly  using  this  quali- 
tative framework.  The  im|nerise  qualitative  DSmC  and  PCK5  fusion  rules  can 
deal  easily  and  efficiently  with  imprecise  belief  structures,  which  ore  usually 
well  adapted  in  real  situations  denllng  with  human  reports. 

3)  The  precise  qualitative  DSmC  and  PCH5  fusion  rules  can  be  seen  as  special 
cases  of  Imprecise  qualitative  DSmC  and  PCK5  fusion  rules  as  shown  in  our 


8.6  Conclusion 

In  this  chapter,  we  have  proposed  a new  approach  fur  combining  imprecise  qualitative 
belie  Is  based  on  Herrero- Marlines'  2 -Tfiple  linguistic  labels.  This  approach  allows  the 
combination  of  information  in  the  situations  where  no  precise  qualitative  information 
is  available  ’lhe  underlying  idea  is  to  work  with  refined  labels  expressed  as  2-tuples 
to  keep  working  on  the  anginal  set  of  bnguistic  labels.  We  have  proposed  precise  and 
imprecise  qualitative  operators  fur  2-tuple  labels  and  we  have  shown  through  very 
simple  examples  how  we  can  combine  precise  and/or  imprecise  qualitative  beliefs. 
The  results  obtained  by  this  approach  are  mure  precise  than  tluee  based  on  1- tuple 
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representation  liner  no  rounding  approximation  is  done  in  operations  and  all  the 
information  is  piwnnl  in  the  fusion  proems.  An  enrichment  of  2-tuples  representa- 
tion model  con  be  done  similarly  to  the  enrichment  done  for  I- tuple  representation  in 
order  to  take  into  account  the  confidence  we  may  commit  to  each  qualitative  (precise 
or  imprecise)  2-tuple  label  given  by  the  sources.  The  imprecise  qualitative  DSmC  and 
PCR5  fusion  rubs  are  five  extensions  of  |uedae  qualitative  DSmC  and  PCR5  fusion 
rules. 
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Abstract:  The  theory  of  belie/  /unctions  aJhms  lo  build  a la  rye 

family  nf  combination  operators,  based  mostly  on  intersections  and 
unions  6etvern  the  /oail  dementi  expressed  by  the  experts,  and  mui- 
Itphrafinru  and  additions  an  the  masses  affected  to  these  focal  ele- 
ments. Thi9  chapter  explores  some  algebraic  structures  where  these 
operators  hehaie  differently,  masse*  be mg  linguistic  labels.  or  focal 
elements  briny  more,  or  less,  than  an  union  of  sinyteiims  of  a dis- 
cernment space.  In  same  cases,  it  util  be  necessary  to  forget  this 
space  and  the  notion  of  singleton  to  u*yrfc  uifAin  u spier  of  possible 
focal  elements.  We  propose  fixe  new  definitions  of  labels,  with  the 
corresponding  algebmr.  to  replace  the  marses  of  |Of  1],  Adopfainms 
of  the  theory  of  bdief  /unctions  to  sir  cooftnnntd  spaces  for  the  focal 
elements  expressed  by  the  experts  are  presented. 
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9.1  Introduction 


The  theory  of  belief  functions.  also  called  theory  of  evidence  or  Dempstcr-Shnfer 
theory  [4,  20j,  relief  on  the  definition  of  basic  belief  assignments.  A Urge  family  of 
mmlilnaUon  operators  provides  infonnalhm  fusion  capabilities  An  overview  of  their 
behaviour,  based  un  the  decisions  they  induce,  has  been  inode  with  some  analysis  of 
similarity  tools  [IB],  'Ibis  chapter  extends  some  previous  works  of  the  authors  [IB]. 

However,  an  automatic  proto*  is  likely  to  express  a rna*  between  0 and  1.  but 
a human  expert  may  find  it  difficult.  Interpreting  the  result  can  even  be  a bit  more 
difficult  The  operations  applied  on  the  focal  elements,  particularly  the  union.  ina> 
lead  to  elements  that  cannot  be  interpreted,  nor  exprwocd  in  the  expert's  syntax. 
'lliereCnre.  the  objective  of  providing  a meaningful  bask-  belief  align  merit  implies  the 
ability  to  constrain  its  focal  elements  within  an  extension  of  the  discernment  space 
that  is  restricted  to  acceptable  elements.  Dempster  and  Shafer  propaw*  to  build  this 
extension  by  closing  the  discernment  space  by  the  union  operator,  while  Desert  and 
Smarandacbe  [21]  close  it  by  union  and  intersection  (and  even  by  complementation 
in  [23]).  and  define  an  equivalence  clam  of  the  empty  wet  to  restrict  the  hyper-power 
set  obtained.  An  aim  of  this  chapter  is  to  explore  the  question  of  the  other  closures 
of  the  discernment  space,  with  an  algebraic  point  of  view,  and  some  algorithmic  cum- 
plexjtv  concern.* 


The  Uilerpirtability  and  robustness!  of  the  values  given  to  the  mamoa  in  a man- 
machine  interaction  is  another  of  the  topics  of  this  chapter,  and  we  propose  some 
algebraic  constructions  to  address  both  the  formulas  of  the  theory  of  belief  functions 
and  the  human  procrew  cif  decision  making. 


The  section  B.2  browses  the  most  common  definitions,  functions  and  operators 
of  the  theory  of  belief  functions.  They  are  classified  by  their  needs  of  algebraic 
structures,  considering  the  operators  appearing  in  their  definitions  - a list  of  their 
structures  used  in  the  chapter  is  given  in  appendix.  The  section  9.3  proposes  three  new 
types  of  linguistic  labels:  auto-indenting  labels,  unfimte  auto-indenting  labels  and  suft 
auto-indenting  labels,  test  their  algebraic  properties,  and  illustrates  their  differences 
on  an  example,  including  a max  — min  algebra  reference.  Two  other  extensions  of 
the  [0, 1]  real  segment  are  proposed.  The  section  9.4  shows  haw  to  adapt  the  theory’ 
of  belief  functions  to  six  situations  where  the  properties  of  the  space  containing  the 
focal  elements  of  the  basic  belief  assignment  ore  mure  constrained  than  n power  set 
or  a hyper-power  set.  Next  to  the  list  of  the  compatible  operators,  one  should  keep 
an  eye  to  the  combinatorial  complexity  they  require. 
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9.2  Theories  of  belief  functions 

9.2.1  Basic  belief  assignments 

On  a finite  ur  dearie  set  0,  called  the  durrrnmenf  apace,  il  allows  to  provide  maas 
on  any  subset  of  0 instead  of  its  singletons.  Such  a mass  repartition  is  called  a 6mic 
belief  assignment  (bbo)  m: 

£ m(X)  = 1 (9.1) 

x-:j® 

VX  € 2"  m(X)  > 0 (9.2) 

The  bypothraia  of  doard  world  |20|  can  be  added  to  this  definition: 

m(fl)  = 0 (9.3) 

It  is  equivalent  to  allow  an  open  world,  or  add  a special  clement  to  0.  receiving 
the  maas  fl.  and  use  the  (nopest  ies  of  a closed  world. 

If  A is  an  element  of  2®  with  a non-zero  maas.  it  ia  called  a focal  dement.  As  a 
possible  bearer  ol  maas,  0 Is  tbe  lyniiranre.  We  will  call  /<m)  the  set  of  the  focal 
elements  of  in,  the  focal  let  of  m.  The  notation  n will  be  reserved  for  the  cardinal  of  0. 

The  equation  (9.1)  can  be  extended  to  the  hyper-power  set  Da.  closure  of  0 
under  uniun  and  intersection  operators.  Therefore  tbe  exclusivity  between  elements 
of  0 is  not  necessary,  and  one  can  put  some  maw  on  their  intersection: 

£ "><■*)  = « (M) 

Xl :CB 

The  set  of  the  possible  focal  elements  will  be  called  the  eriennnn  of  0,  noted 
£(©).  It  may  be  2”  (the  power  set).  If’’  (the  hyper-power  set),  S”  (the  super-power 
set),  cir  another  closure  cif  0. 


9.2.2  Decision-aid  functions 

Belief  (Bel),  plan  nihility  (PI)  and  puaUstk  probability  (BetP)  can  be  used  to  build 
increasing  munotunic  functions  on  2°  : A C B implies  /(A ) £ /(B)-  As  Bel(A)  < 
BetP(A)  < P1(A),  the  ptgnisitic  probabUity  is  oltcn  considered  as  an  interesting 
compromise.  For  any  X € B($).  these  functions  are  defined  by: 

Bel(.Y)  = £ m(Y)  (9.5) 

YeMlYQX.Yti 

P1(X)  = £ m<i'>  <96> 
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(9.7) 


2-  |F1  1 - m(tf  I 

fcam.iw  1,1  w 

To  tak?  a decision,  one  cad  chiMM!  thr  mwtinmtn  uf  qiaa.  t in*  mHvimnin  oi  belief, 
the  maximum  of  plausibility  or  the  maximum  of  pignistic  probability.  As  the  three 
lost  (unctions  are  increasing,  their  maximum  is  reached  for  the  Ignorance  0.  They 
will  be  used  for  decision-making  after  selecting  a subset  of  £'<0).  where  all  elements 
are  pair-wise  incomparable,  by  example  by  fixing  the  cardinal  of  a possible  decision, 
generally  limiting  it  to  the  singletons.  It  is  al»i  possible  to  use  a discounting  method 
to  deceive  the  larger  elements  of  £(0). 

The  cardinal  |AT|  is  the  number  of  singletons  of  0 included  in  X when  £(0)  is 
2s,  and  is  defined  by  the  number  of  regions  of  the  Venn  diagram  of  0 included  in 
X when  £(6)  “ £*”  |5j.  Many  other  decision  functions  haw  been  pruptned  on  2e, 
most  recently  by  Cuxxolin  (3j  and  Sudanu  |27]  and  adapted  to  D®  and  qualitative 
labels  by  Desert  and  Smarandache  [7]. 


9.2.3  Usual  combination  operators 

A combination  operator  takre  two  or  mote  bba'a  to  build  another  bba.  It  is  an  inner 
operation  (Bel,  FI  or  BetF  are  not). 

The  mum  operator  is  the  simpler  one.  Ita  focal  set  b the  union  of  the  focal  sets 
of  the  input  bba's. 

Mian(rni....  ,m.v)(-V)  = (9.8) 

lei 

The  am/mefire  operator,  proposed  by  Smcta  [25]  for  two  input  bba's  mi  and  m,, 
is  given  by  the  equation  (9.9).  It  puts  the  mass  nuW)mj(B)  on  the  set  .4  0 B.  It 
is  an  associative  operator,  so  it  is  useless  to  write  its  expression  for  N input  bba's*. 
Dempster  [4]  prefers  a normalized  version,  multiplying  all  terms  by  it  has  the 

same  associativity  property.  Yager  transfers  the  conflicting  mam  rn(fl)  on  Ignorance 
m(0).  loosing  associativity. 

mco,(X)  = Y.  (9-9) 

AnB~X 

The  disjunctive  opemtor  tranfers  the  n uuta  mi(A)mi(B ) on  the  se<  A U B.  It  is 
usually  seen  aa  Inaulhdently  informative,  aa  it  transfers  rnaaa  uai  a local  ignorance 
in  cane  of  distinct  focal  elements;  it  prtwms  the  cUmnl  world  hypothesis.  Like  the 
conjunctive  operator,  it  b associative 

wiDu(-V)  = n*tW)n»j(B)  (9.10) 

AuBwX 


1 Fusing  N bbac  of  p food  dements,  such  an  expression  muukl  decline  into  u 0{p*) 
algorithm,  but  the  associativity  can  lead  to  an  algorithm  in  O(npS)  optraUnns,  if  the  number 
of  praihle  focal  dement*  is  linnarly  limited  to  n *.  1©|. 
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The  Dubois  4_-  Prade  cimhhuillnn  operator  '8]  is  an  tatoWiiig  compromise  be- 
t»wa  I be  conjunctive  and  tin*  disjunctive  ones.  It  puts  the  m»  mi(/l)mj(B)  on 
400  If  JOS  n not  empty,  and  on  A U B if  It  is.  It  respects  the  ckned  world 
hypothesis,  adds  information  like  the  conjunctive  rule  (and  even  better,  as  local  ig- 
norance should  be  pndcrral  to  conflict),  hut  is  not  associative.  The  extension  of  this 
rule,  called  hybrid  DStn  rule  (DSmll)  in  Derert-Smarandache  Theory  (DSmT)  frame- 
work for  dealing  with  dynamic  frames  of  discernment  with  non  existential  integrity 
constraints  has  been  proposed  in  |21|. 

mtiP(.V)  = ]T  mi(A)mi(B)  +-  ]T  ”>i(-4)rm(fl)  (911) 

An  B^X  M\Bm% 

AUfl^Jt 

ftidp(&)  = o (9.12) 

A panel  of  conflict  redistributing  rules  have  been  proposed  (12.  14,  22.  23];  none 
te  fnrlalhr,  'lire  mint  usrd  is  the  PCR5/6  combination  operator'1  which  is  defined 
for  two  b tin's  by. 


mpcntufA)  = mc»i(X)  + ) . 


v:e. 

XnV-l 


m«(.V)*ma(K) 

n,(A,--nj(b 


malXyirulK)  \ 
"ij'i-V  i — mi(  p i / 


(913) 


9.2.4  Enough  operators  available? 

'lb  define  a basic  belief  assignment,  to  cumpule  its  belief,  plausibility  and  pignistic 
probability,  to  apply  combination  operators.  we  need  to  have  access  to  many  operators 
on  the  maws  and  the  focal  elements- 

• Masses:  Fur  most  operators,  they  ore  multiplied  and  added.  For  the  Mean 
combination,  they  are  multiplied  by  a real  number.  For  the  normalisation 
procedure  of  Dnnsptrr.  the  PCH5/6  operator  or  the  pigniatlr  probability,  it  is 
necessary  to  divide  by  a mas. 

• Elements-  They  poos  thmugh  intentectlon  and  union  operators.  They  are  also 
compared  with  i'  and  with  a given  element  of  £<0). 


in  a 
'lhry 


The  methods  exptaed  in  section  9.2.5  need  that  the  ounces  are 
K -algebra  (addition,  inner  invertible  multipllcatiun.  external  miiltlpllcatinn) 
need  that  the  focal  elements  are  expressed  in  a lattice  where  0 and 
The  appendix  provides  a list  of  definitions  fur  all  the  algebraic  struct  uies  presented 
in  this 


pens  and  POte  ur  identical  when  combining  two  bba'i,  and  differ  fnr  mare 
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In  this  chapter.  we  are  interested  in  the  following  question: 

Q:  What  does  happen  il  the  rnawes  and  local  elements  live  in  poorer  algebraic  struc- 
tures'' 


9.2.5  Operators  for  the  usual  bba  operations 

As  2”  to  built  by  taking  all  the  pimiblr  unions  a(  elements  of  0.  it  is  a semi- Lattice. 
II  there  is  no  union  operator,  but  a meet  operator  V.  one  gets  the  cl  enure  ol  0 by  V. 

The  lattice  (2®\n,U)  (power  set  of  0)  is  obtained  by  closing  0 by  the  operator 
U.  Its  bottom  is  #,  its  top  is  0. 

The  lattice  (U“.n,U)  (hyper-power  set  of  0),  used  as  basis  of  DSmT  [21],  is 

obtained  by  dosing  0 by  the  operators  IT  and  U.  If  0 = )0i tf„|-  It"  bottom  to 

Us  top  to  0. 


Adding  constraints  on  intersections  and  unions  to  build  an  equivalence  doss  for 
»f  cor  responds  to  an  anti-chain  in  the  mure  general  lattice.  The  anti-chain  cuts  the 
lower  part  of  the  lattice,  and  its  bottom  becomes  0.  as  on  efficient  element  of  the 
equivalence  class 

The  sect  ken  9.4  explores  some  of  the  lattices  that  can  also  be  used  to  express  focal 
elrmratfl. 

As  a mass  to  usually  a real  number,  the  term  labrl  will  be  used  when  the  values 
assigned  to  focal  elements  are  not  neceaianly  in  a field. 

To  define  a basic  belief  assignment  , the  nurmnllrat  ion  condition  (91)  implies  the 
labels  can  be  added,  and  a constant  value  takra  the  role  of  *1".  The  fact  1 to  the 
neutral  dement  for  the  multiplication  operator,  which  eliminates  the  nurmaliraliun 
step  for  the  Conj.  Dto.  DP  or  PCH  combination  operators. 


This  normalization  condition  may  have  to  be  reloxi-d  in  an  other  label  algebra,  if 
the  “addition”  operator  cannot  have  these  comfortable  properties. 

Calculating  the  plausibility  P1(A)  (9.6)  requires  an  inner  additiun  fur  the  labels 
(semi  group  structure),  and  determines  if  on  intersection  between  A and  another  el- 
ement of  £(0)  to  empty. 

Calculating  the  belief  Bd(A)  (9.5)  requires  on  inner  additiun  for  the  labels,  and 
determine  if  on  element  X of  E(0)  fa  inrluded  in  A.  This  con  be  extended  to  any 
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partial  order  ( on  £(0): 

B 4(A)  = £ m{X)  (9.14) 

X*A 

Calculating  the  pigniatic  probability  Bel(A)  (9.7)  requirw  an  inner  addition,  an 
inner  multiplication  and  a scalar  multiplication  - an  algebra  over  H or  <1  - lor  the 
labels.  In  an  open  world  hypothesis  (m(0)  con  be  oonjcru)  the  inner  multiplication 
operator  must  be  inverlilile. 

Non-numeric  labels  will  hardly  support  a plgnlstic  transformation,  but  in  using 
the  DSm  Field  and  Linear  Algebra  ol  Uelined  Labels  (FLARL)  proponed  in  this  vol- 
ume. On  £<0),  an  intersection  and  a cardinal  are  required 

Fur  the  Mean  operator  (9.8),  the  only  requirements  are  an  inner  addition  and  a 
scalar  multiplication.  Labels  can  be  elements  of  a vector  space. 

For  the  Dis  operator  (9.10),  the  requirement  is  an  union  operatur  on  £'(0).  It 
can  be  the  same  operator  that  the  one  used  to  extend  0 to  £(0):  we  get  2**.  'llien 
£(0)  only  needs  to  be  a semi-lattice  (0.  V).  Labels  Lire  in  a ring. 

Fur  the  Con)  operatur  (9.9),  the  requirement  is  an  interwetinu  operator,  distinct 
of  the  one  used  to  extend  0 to  £<0).  So  we  need  a complete  lnttice  structure  on  0. 
If  £(0)  exists  without  any  reference  to  0,  a semi-lattice  (£(0),  A)  can  be  sufficient. 
Labels  must  be  in  a ring  too.  Tbe  DP  combination  operator  (911)  and  Yager's  rule 
have  the  same  constraints. 

The  normalized  Dempster  rule  needs  the  multiplication  sml  tbe  addition  on  the 
labels  to  be  Invertible,  because  of  tbe  multiplication  by  1/(1  - m(#)). 

Tbe  PCR5/6  operator,  like  the  pigniatic  transformation,  needs  the  labels  to  be 
expressed  in  a Kalgebru,  with  an  invertible  inner  multiplication.  An  intersection 
operator  is  needed,  but  not  tbe  cardinal.  That  makes  tbe  hyper-power  set  D"  a 
cunvrnient  lattice  fnr  thi*  operator. 


9.3  Extending  tlio  definition  of  labels 

Smnmndoche  and  Derert  proposed  in  this  vuluiue  and  in  (13.  24]  a field  structure  for 
linguistic  labels,  allowing  all  the  combination  operators  and  functions  described  in 
tbe  sections  9.22  and  92.3.  Their  approach  requires  a hypothesis  of  equi-rr partition 
of  tbe  linguistic  labels  which  may  be  bard  to  fit  with  human  experts'  outputs.  The 
nunnnlQntiun  condition  (9.1)  is  bard  to  satisfy,  os  tbe  value  1 should  be  readied  after 
at  least  one  integer  approximation  step,  that’s  why  »e  explore  here  other  algebraic 
alructura. 
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Tbe  section  proposes  live  algebraic  structures  to  associate  a belief  level  with  a 
focal  clement.  None  of  them  b concerned  by  an  equi- repartition  hypothmb:  the 
intervals  bear  the  repartition  information.  where  a discretixatioo  just  give  an  element 
of  all  tbe  admissible  values,  pmaibly  the  center  of  them.  The  four  other  once  just 
take  into  account  on  order  or  a lattice,  and  are  not  concerned  with  the  repartition 
question,  bound  to  held  structure. 

The  first  three  structures  are  variation.)  around  the  max  — min  algebra  on  a finite 
total  order,  which  contains  all  the  posailile  labels  So,  tbe  finite  linguistic  net  L 
is  predetermined  ordered  set.  Some  structural  allows  it  to  evolve:  tbe  soft  auto- 
indenting labels  b such  on  example. 

The  fourth  structure  concerns  an  extension  to  any  lattice  for  the  labels  It  b 
illustrated  by  a partial  order  on  semantic  labels,  but  placing  the  labels  in  the  |0,  l)s 
cube  would  fell  in  thb  algebra  loo. 

The  interval  structure  extends  real  numbers  uf  |0, 1|  to  real  intervab  of  |0t  1|. 
Therefore  the  normaluation  condition  becomes  1 € 5*1  ) m(AT);  a drawback  of 

thb  system  b that  what  the  information  on  the  focal  elements  b refined  by  the  fusion 
operators,  the  Information  on  the  labels  b diluted.  It  approaches  the  behaviour  of  a 
Golub  lattice. 


9.3.1  Discrete  and  totally  ordered  labels 

The  Canj,  Db  and  DP  combination  operators  are  based  on  a ring  structure  over 
the  labels:  (/..+,  x).  These  operators  can  be  replaced  to  get  some  other  rings: 
(L,  +,  max)  or  (L.  max,  min). 

In  tbe  first  case,  they  form  a structure  equivalent  to  IS:  one  can  take  a positive 
non-erni  clement  of  L.  and  define  the  surcewor  of  an  element  f of  L by  f + x.  So  L 
either  is  not  finite,  and  therefore  inadequate  for  linguistic  labels,  either  there  b an 
element  whose  successor  b xero,  and  it  b impoosihle  to  define  an  order  on  L (that's 
why  Z/nZ  b not  useful  for  semantic  labels). 

As  L b a finite  ordered  set.  s(x)  denotes  the  surrasour  of  an  element  r:  x < s(r), 
x f a(x),  and  if  x p and  x y,  then  s(x)  C.  y.  the  minimum  of  L b noted  Or.,  and 
Aft  its  maximum.  An  clement  of  E(6)  with  a label  0t  b not  a focal  element 


9.3.2  Max-Mill  algebra 

The  max  and  min  operators  effectively  fulfill  the  distribution  property,  and  define  a 
ring  on  L: 

min(o,  max(ft.c))  = maxlminfa,  b).  miu|a.  c)) 

Note  that  Hub  ring1  b also  a lattice. 

Rt  any  elements  a and  b of  an  ordered  set  L.  min(a,6)  e L and  max(a,6)  g L 
So.  the  result  of  any  exprmuun  involving  elements  of  L,  min  and  max  is  still  in  I.  If 

’As  this  ring  is  compatible  with  the  multiplication  by  a positive  number,  it  is  usually 
called  an  algebra.  Here,  of  course,  its  ring  properties  ore  the  only  useful  anew. 
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such  an  expression  involves  elements  at,  ....  as.  then 

/(»i a»)  < max{ai,....<u)  (9.15) 

Therefore,  if  T is  the  top  of  the  lattice  cn  semi-lattice  £(8), 

PI(T)  = max  m(A)  (9.16) 

A nonnalixatiun  condition  can  be  that  at  least  one  label  of  m is  lift.  This  condition 
is  robust  to  the  Coo),  Dis  and  DI‘  combination  operators. 

However,  this  algebra  lacks  a useful  property  of  the  usual  combination  operators 
of  the  theury  of  belief  functions:  many  small  amounts  of  evidence  cannot  make  a high 
amount  of  evidence. 

In  the  two  following  structure,  min  is  kept  as  a replacement  for  the  inner  multi- 
plication, but  the  max  operator  is  slightly  transformed. 


9.3.3  Auto-indenting  labels 

The  operators  fur  the  auto- indenting  labels  (AIL)  treat  differently  the  case  of  equality 
for  the  max. 

f inax(x.y)  if  * / y 

»(*)  if*  = p,x/0t.r#  Aft 
xeamy-j  ^ ifx  = y = 0t 

{ Ml  ifr  = y = Aft 

The  wcmid  condition  allows  to  enforce  a focal  element  receiving  many  similar 
labels.  The  third  condition  guarantees  that  Or.  is  a neutral  clement  for  The  fourth 
condition  guarantees  that  Aft  remains  the  higher  possihle  label.  If  it  is  removed,  new 
labels  over  Ml  are  allowed.  This  defines  an  other  operator,  which  creates  uulimte 
auto-indenting  labels,  but  appearing  more  slowly  than  in  a (L,  ♦.  max)  ring  It  is 
noted  AIL  a:. 

( maxfx,  y)  if  x # y 

xt5*AiL„y=<  s(r)  if  i = y.  x / Qi,  x jt  Ml  (9.18) 

[ 0t  if  x = y = 0t 

Note  that,  for  AIL  and  AIL,,  x«J*xti»x®i  = s(s(r)).  The  later  example,  in  the 
section  9.3.5,  corresponds  to  x&x$x&x$«(s(x))  = x(s(*(x»). 

These  operators  are  not  distributive  over  min: 

ialn(1.2$2)  = min(1.3)  = 1 (9.19) 

min(l.  2)  min(l.  2)  = 101  = 2 (9.20) 

So  using  AIL  or  AIL,  suppresses  the  associativity  properly  of  the  Con)  and  Dis 
combination  operators.  AIL  respects  the  normalixatkm  property  (9.1)  through  the 
Con],  Dio  and  DP  combination  operators,  but  AIL,  does  not 


Chapter  9:  iVon-nmneric  label s and  constrained  focal  elements 


30* 


9.3.4  Soft  auto-indenting  label& 

lb  distinguish  between  a label  reached  by  the  bbo's'  information  and  a label  leached 
by  accumulation  of  lower  labels,  on**  should  prefer  to  create  intermediary  labels  than 
jump  to  tbe  ncxi  one*.  Ibis  new  label,  taking  place  between  r and  s(x),  is  noted  x* 
and  called  "n  bit  more  than  r-. 


x d*s*a  V = 


max(x,  y) 

ifxyfy 

*■* 

if  r = y.x  = y*,  or  *‘  = y 

Ot 

if  r = y = Ot 

ML 

if  * = y = Ml 

(9-21) 


The  following  table  gives  the  value  of  x-fSAIL  y foe  r and  y taking  their  values  in 
a label  set  extended  bum  |0. 1,2,  M). 


*\V 

0 

1 

1* 

2 

M 

1 11 

1 ** 

— T~ 

T” 

~T~ 

T 

P j 

1 

1* 

1+ 

2 

M 

!♦ 

1+ 

1*- 

1* 

2 

M 

I2 

1 2 

2 

2 

2* 

M 

1 M 

1 M 

M 

M 

M 

M 

SAIL  respects  the  normalisation  pruperty  (9.1)  through  the  Con),  Dis  and  DP 
combination  operators. 


9.3.5  Example 

The  set  of  linguistic  labels  a L = (no.  low,  mod,  high)  (where  mod  means  moderate). 
The  label  “no”  is  the  nan-focal  label  Ot,  and  the  label  “high”  is  the  maximum  of  L, 

Ml. 

In  the  following  table,  we  consider  the  labels  in  a ring  or  a pseudo-ring  (I,  t£t,  0). 
We  eventually  transform  the  0 operator  in  a more  usual  multiplication  symbol  on 


*1b  form  nine  a debate  initiated  by  Terry  Gillian,  an  African  swallow  n stronger  than  an 

European  swallow.  but  hnw  amav  European  swallcwo  arc  required  to  carry  os  much  weight 
as  an  African  swallow? 
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the  labels  (x.y  or  x2).  The  Cooj  combination  operator  gives: 


m(^) 


m(AU6) 

m(AuC) 


rnj(A)8mj|A)  0 mi(j4)8nu(Auh)  0 
mi(i4)8ma(AUC)  0 mi(AuB)gm2(A)  0 
rni(AuB)&'m2(AuC)  0 rni(0)®mj(/4) 
low2  0 low2  0 low. high  0 high-low  0 
high2  0 mod-low 

rniMuB)8m2(-4uB)  0 m,(6)&mj(^uB) 
high-low  0 mod  .low 
rni(0)8mj(.4JC)  = mod-high 


A 

Aub 

AUC 

mi 

low 

high 

no 

mod 

ma 

high 

no 

max  - nun 

hrgh 

low 

mod 

no 

tngt. 

mod 

mod 

nu 

AIL, 

more  than 
high 

mod 

mud 

no 

SAIL 

high 

a bit  iziuiv 
thnii  lim* 

mud 

no 

The  label  systems  AIL,  AIL,  and  SAIL  are  purely  discrete  and  semantic;  they 
allow  a certain  lorm  ol  normalization  (at  least,  the  bbn's  they  produce  respect  a 
Donnali£ntion  constraint);  they  nUow  a derision  step  by  rnwrimraing  lx? Lid'.  plausibility 
or  innifl;  they  can*t  produce  a pigniatic  probability. 


9.3.0  Lattice  Labels 

A projection  on  a total  order  - numeric  or  linguistic  - may  be  insufficiently  lor 
modeling  a confidence  on  a piece  of  information.  In  the  'l  l'A  ISO.  a French  mili- 
tary manual,  a confidence  on  a communication  channel  should  be  characterized  by 
its  strength  (strung1,  quite  strong , feeble,  tery  feeble)  and  its  quality  (clear,  read- 
able, deformed,  ui th  interference).  'ITierefore.  the  quality  of  an  information  received 
through  such  a channel  should  be  characterized  by  the  pair  formed  by  ita  strength 
and  its  qualify.  The  pairs  (strength, qualify)  live  in  a lattice,  where  (x,y)  f (r\ y') 
if  r < *'  and  y < y.  'Iherefore.  (x.y)  V <r',y‘)  = (max(r,x').max(y,y'))  and 
(x.  y)  A <x',  y’)  = (min(x.x'),min(y,y'».  The  top  of  the  lattice  is  ’“strong  and  clear" 
while  ita  bottom  b “very  feelile  with  interferences*  A lattice  b usually  not  dis- 
tributive and  tbb  one.  unlike  the  max  and  min  operators  of  section  9.3.2,  b not 
distributive-  So  using  with  more  than  two  input  bba’s  make  it  depend  on  the  order 
of  the  fusion. 
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In  tbe  following  example,  the  strength  labels  arc  compressed  into  (Sir.  QS,  Fee. 
VF)  and  the  quality  labels  into  ( Ct  Head.  Def,  Int). 


3 

AjH 

— Tut — 

s 

Str,  Def 

hr r,  Int 

1 

mj 

QS.  Def 

Fee.  Read 

VP.  Ur  Ail 

QS.  Head  | 

| fee.  l>ei 

Int 

VK.  Int 

Tbe  label  on  A is  obtained  through: 

m(A)  = iru(M)Ami(6)  V mi(y4)Arru(j4  uS)V  rm(i4)Amx(A  J C) 

Vm,(i4U  B)Amj(AUC) 

= (VF.  Read ) V (QS.  Del)  V (Fee,  Read)  V (Fee.  Or/) 

= (QS.  Read) 


9.3.7  Interval  masses 

A way  to  make  easier  the  numerical  expression  of  a human  expert  is  to  allow  him 
to  give  a lower  and  an  upper  bound  for  each  mam  he  commits  to  a focal  element. 
’lTirtefure  the  label  on  X la  an  interval  |x]  = (r.  7]  where  D ( r 6.  T < 1.  A'  is  a focal 
element  union  r = T = 0.  Tliis  idea  for  working  with  imprecise  mans  of  belief  has 
been  proposed  and  extended  to  unions  of  intervals  by  Deceit  and  Sinarondachr  (6); 
this  section  focus  on  the  algebraic  properties  of  such  extension. 


Interval  arithmetic  |10]  docs  not  have  a true  distributirity  property,  but  only 
[r]  X (|y|  + |r))  C|>|X  |y]  + |r]<  [:],  it  is  better  to  factorise  tbe  expmmkm  obtained 
before  calculation  of  the  upper  and  lower  bounds.  But  if  the  lower  bounds  of  [r],  [y] 
and  [s|  are  positive,  the  equably  is  reached.  Therefore,  the  runtext  of  bba’a  brings 
the  diatributivity  property. 


Considering  [r|  and  [yj  two  intervals  of  jO,  1|,  the  operators  + and  X are  delined 
as  follows.  The  last  line  Is  only  valid  If  0 ? [xj,  and  the  secund  one  cease  to  be  vabd 
if  x < 0 or  y < 0. 

H + M = k+£-*  + fl 

|x)x(y]  = IrXjT.T] 

i/H  = IW/d 

A real  x b also  the  interval  [x,x|.  as  stated  by  the  bba  1 for  the  focal  element  A. 
As  all  the  m(A)  are  intervnls,  m(‘^)  b abo  an  interval  and  nne  can  verify 

that  both  bba’s  are  valid  toward  the  relaxed  normalixation  rule: 

1C  £ m(A)  (9.22) 
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Example: 


m i 

m3 

rnc«, 

mod 

BctP 

i 

| [012,016 

0 

0 

A 

0.2 

■ 

0 

[0.22.0.26 

.0.25.0.31] 

;t>.29. 0.5241 

B 

B 

"TnnnnT 

|B.2te.  o.ifo] 

4| 

r 

0 

0 

0 

0 

[0.137,0.333) 

.lufi 

[0.3.0.51 

[0.6, 0.8] 

10.07.0.36 

[0.08,0.129] 

0 

TTjT~~ 

n 

Tixinj 

|U.!U,U  5? 

|U.273.  0.667) 

n 

A U ti  U C 

[0.4.071 

0 

0 

0 

0 

As  tlu*  normalization  step  between  the  conjunctive  fusion  operator  and  the  Dempster  - 
Shafcr  operator  is  oho  a part  of  the  pignistic  transformation,  we  obtain  the  same 
pignistic  probability  from  any  of  the  two  bba's  obtained  by  fusion  of  bin's  1 and  2. 
One  should  verify  that  mceai<  mm  and  Bell’  still  satisfy  the  relaxed  normalization 
rule,  but  the  width  of  increases. 

The  calculus  of  Betl'(B)  through  the  interval  arithmetic  should  provide  [0.381. 1 .036), 
but  it  can  be  truncated  without  any  information  loss,  if  the  further  treatments  do 
not  resume  the  intervals  by  their  centers’. 


9.4  Constraints  over  the  focal  elements 

What  does  happen  if  the  lattice  £(&)  uses  operators  different  of  ft  and  U?  These 
operators  may  create  focal  elements  incompatible  with  the  model  elements  that  should 
appear  in  the  bbn  produced  by  the  experts  (human  in  artificial).  The  following 
examples  browse  some  of  these  situations,  from  an  order  set  to  a formalism  near 
the  natural  language,  through  some  classification  models.  It  is  ptnsible  that  the 
"singletons  of  0"  are  difficult  to  exhibit;  in  this  case.  E(Q)  should  be  considered  as 
the  set  of  Interest,  as  browsing  the  singletons  is  interesting  only  if  they  are  privileged 
by  the  experts,  or  are  necessary  to  calculate  a pignistic  probability. 


9.4.1  Ordered  set 

If  0 is  on  ordered  set,  a subset  .4  of  0 is  connected  if,  for  any  x and  y in  A,  x < y 
brings  x 4 x 4 y implies  if  .1  (rosp.  «(r  brings  y ( ; ( i implies  : e -4). 
Disconnected  subsets  do  not  have  any  signification  In  the  context  of  an  ordered  set 
(0  can  be  a discretization  of  some  real  value  ; {36,  39,  <12.  <15.  48,  51}).  Therefore, 
the  elements  of  E(0)  should  be  the  Intervals  of  <.  noted  [x.  y|.  If  r = y the  interval 
is  a singleton.  If  y < x.  the  interval  Is  0. 


-This  procedure,  anyway,  should  not  load  to  a probability,  as  the  the  sum  af  the  centers 
is  not  expected  to  be  1 
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’ll)  remain  within  f (0),  the  ll  operator  is  convenient,  as  it  preserves  the  connec- 
tiraiess  of  its  operands,  hot  U is  not:  )36}u{42}  = (36,42}  f f><0),  but  {36,39.42} 
is.  The  hull  of  the  operands  gives  the  smallest  interval: 

I*i. Ihl  v*  = Imin(r,,r,),max(xj,W)|  (9.23) 

The  cardinal  of  on  element  of  £<0)  holds  as  usual,  so  all  the  combination  opera- 
tors and  decision- aid  functions  nf  section  9.2.5  can  be  used. 

As  the  cardinal  of  ?{m)  is  hounded  b,  where  2*  has  a stte  of  2”. 

the  cowtraiol  of  a tulal  order  an  0 can  limit  the  combinatorial  ffipliMtlnii  inherent  to 
must  combinatorial  operators. 

9.4.2  Intervals  of  R1'’ 

In  a context  of  interval  analysis  [10,  16).  the  manipulated  objects  and  the  results  are 
intervals  of  K*  If  the  theory  guarantees  some  nun-void  intersections  when  manip- 
ulating the  solutions  of  an  equation,  its  application  in  an  infos  mat  ion  fusion  system 
with  unpredicted  events  may  lend  to  conflicting  situations. 


Here  an  IiUenud  [x.y|  corresponds  to  a (.'.artesian  product  [ri,yi|  X . . . x |x.v,  yn\. 
The  intersection  works  ns  usual,  giving  an  Join  operator  Aj  for  the  Lattice  £(0): 

\x\yl\  Ai  [x*,y*)  = Jjrnaxlxf.xf),  minty;,  pf))  (9-31) 

If  for  some*  dimrnakin  it  maxlrj.x?)  > min(|£9yf)v  then 

[x1.y1lAi[xaV]  = 0 (9.25) 

Fbr  the  Vj  operator,  live  smallest  interval  of  R*  containing  the  operands  in  taken: 

\x\yl\  V|  [x*.y*l  = ^xjmintxj.xjj.mnrlyj.p;))  (9.26) 

The  measure  of  Lebesgur  gives  the  cardinal  of  interval: 

M(|*.y])  = (9-27) 

Therefore,  all  the  combination  operalors  and  decision -rod  functions  of  section 
9.2.5  can  be  used  in  a context  of  interval  calculus. 

Unlike  the  usual  (if, O)  lattice  or  the  (Vg,A<)  lattice  on  on  ordered  set.  the 
(V/,Aj)  lattice  is  just  a lattice,  not  a ring:  Vj  does  not  distribute  over  A r.  On 
figure  9.1  the  intervals  are  A = (0, 1|  X |2,3).  B = [2,3)  X (4.5).  C = |2,3]  X (0. 1|, 
D = [4.5)  X [2.3).  So: 

MV,  B)  A ,(CV,  D)  = [2. 3)  x |2, 3) 

(A  A/  C)  V/  (A  A,  D)  V/  (fl  A,  C ) Vi  ( b A ,D)=9 
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Figure  9.1:  Non-distributivity. 


9.4.3  Partitions 

A set  P cil  subsets  ol  0 is  a partition  if  fur  any  pair  A,  B of  elements  of  P,  either 
A = B ur  A OB  = fl.  and  IJM  € P}  = 0.  This  structure  is  popular  fur  unsuperviwd 
clnasificalion  problems;  a vast  family  algorithms,  around  A-means  (15),  produce  re- 
sults within  this  model.  The  intersection  between  two  partitions,  Pi  and  Pj,  can  be 
easily  defined: 

PiA,p,  = {Anfl|AeP.,BePi>  O-M) 

However,  replacing  O by  U in  (9  2£)  does  not  produce  a partition  An  operator  W 
should  be  constructed  by  considering  the  connected  parts  of  the  hyper-graph  Pi  UPs. 
but  this  tends  to  give  a degenerated  partition  even  if  Pi  and  Pa  differs  only  slightly. 
See  Guenocbe  and  Gorreta  [9j  for  robust  methods  of  comparison  between  partitions. 
It  is  necessary  to  limit  the  operators  to  a dosed  semi-lattice,  whose  bottom  1 is  a 
partition  in  n singletons  and  top  T is  a partition  containing  only  0. 

The  cardinal  of  a partition  n - |P|  where  n is  the  cardinal  of  0 and  |P|  the  number 
of  subsets  of  0 in  P.  So 


Card  (i.)  = 

Card(T)  = 
Card  (Pi  A/*  Pj)  < 


0 

n-  1 

min  (Card  (P,),  Card  (P,)) 


(9.29) 


The  partitions  on  0 can  be  used  as  focal  elements  fur  bba’s,  and  use  them  Cur  all 
the  decision-aid  functions,  including  Bet  I’,  and  for  the  Conj  and  PCR5/6  combination 
operators. 
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9.4.4  Hierarchies 

A AierurrAy  an  0 b a net  H of  aubnrta  al  0 such  that: 

• fur  any  x e 0,  [r\  € H; 

• 0€«; 


• fur  any  A and  B in  H,  A fl  fi  e {A,  ti.fl}. 


This  ilmcluif  U also  very  popular  for  unsupervised  classification.  It  Is  produced 
by  Ward’s  algorithm,  single  linkage,  complete  linkage  and  many  others  [11].  A merg- 
ing operation  between  two  hierarchic*  Hi  and  Hi  can  be  defined  by  A € (Hi  ©Hi) 

if 

A = Q(.V€H,nr>r€Hi|AnX#A:}  (9.30) 


This  operation  is  not  aaoociative,  but  it  la  idempotent,  and  admits  Ho,  the  hi- 
erarchy containing  only  the  singletons  and  0,  as  a neutral  element.  The  structure 
defined  is  only  a pseudo- semi- lattice  using  this  operator  ©.  Its  bottom  is  Hu.  It  has  no 
unique  top.  but  the  complete  hierarchies  (containing  exactly  2n-l  subsets  of  0)  have 
no  dominating  hierarchy:  If  H and  H'  are  complete,  H*0H  = H implies*  that  H = H. 


The  usual  intersection  operator  works  on  hierarchies.  However,  it  destroys  infor- 
mation instead  of  making  it  sharper  when  possible.  The  usual  union  of  two  hierarchies 
is  not  necemarily  a hierarchy.  So  a semi-lattice  (H,fl)  is  obtained,  whose  bottom  is 
Ho,  and  whose  greatest  elements  are  the  complete  hierarchies. 

A e <H,  n H.)  iff  A € H,  and  A e H,  (9.31) 


’Hiking  the  number  of  subnets  of  0 the  hierarchy  content  is  efficient  to  identify  the 
complete  hierarchic,  but  it  is  not  decreasing  with  A«.  Other  definitions  arc  hardly 
nuutuit  od  the  cutuplr^t*  lucrardiin 


The  pseudo- semi-lattice  defined  by  0 can  be  used  to  model  hba’s  in  a hierar- 
chy space,  apply  on  them  the  decision-aid  functions  Bel  and  PI,  and  combine  them 
through  the  PCR5/6  and  Con)  operators  However,  in  this  latter  caw,  the  associa- 
tivity of  the  operatoc  is  lost. 
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H,  H> 


Hi  07f,  w,nw2 


Figure  9.2:  Dealing  with  hieraidiiee. 


Chapter  9:  iVoD-aumeric  label*  and  constrained  focal  elements 


31fi 


9.4.5  Binary  clustering  systems 

A Ain  ary  rlnWmny  system  |1]  od  0 a a set  A'  id  subsets  ot  0 (called  clusters)  such 
that,  lor  any  x and  y in  0,  the  set  £(x,  y)  = (A  6 £ \ x € A.  y € A}  admits  an  unique 
smallest  element,  called  A(x.y).  It  is  said  proper  if  ,4(x,x)  = {x).  Hierarchies  de- 
fined in  section  9 4. 4 are  binary  clustering  systems;  partitions  defined  in  sect  inn  9 4.3 
are  non- proper  binary  clustering  systems  (add  singletons  and  0 (or  a better  system); 
the  closure  by  intersection  id  set  of  intervals  of  a complete  order  (see  section  9.4.1) 
is  a binary  clustering  system.  £ can  be  seen  as  a Ayper-ympA.  its  elements  are  its 
Ayper-ofycj  and  its  vertex  set  is  0 [2]. 

Therefore,  the  definition  of  £ can  be  restricted  to  clusters  that  can  be  built  as  a 
smallest  cluster  containing  a pair  of  elements  of  0.  So  the  sire  of  £ is  bounded  by 
0(nJ).  and  the  restriction  of  the  intersection  of  two  binary  clustering  systems  on  0 
has  the  same  size,  and  can  be  calculated  in  0(n4)  operations.  A join  operator  Ac 
ran  be  defined  by  : 


t\**£,=  U M,(x(v)OAr(*,y)}  (9.32) 

***»**«■ 

It  defines  a semi-lattice  whose  bottom  is  £±,  a hyper-graph  containing  all  the 
possible  hyper-edges  with  1 or  2 vertices.  Its  non-proper  version  is  the  complete 
graph  whose  vertex  set  is  0.  Its  top  is  the  hyper-graph  £j  whose  only  hyper-edge  is 
0.  A cardinal  function  can  be  defined  by: 

Card  (£)  = £ (|A(x.y)|  — 2)  (9.33) 

0-slce 


So  Card  (£i)  = 0,  Card  (£t)  = yn(n  + l)(n  - 2),  and  £ < £'  (sec  section  9.7.2  for 
the  definition  of  < in  a lattice)  brings  Card  (£')  < Card  (£'). 

So  the  binary’  clustering  systems  on  0 can  be  used  as  focal  elements  for  bbu's. 
and  they  can  feed  all  the  decision-aid  functions,  including  Bell’,  and  the  Conj  and 
PCR5/6  combination  operators. 


9.4.6  Semantic  assertions 

Semantic  assertions  can  be  modelized  by  conceptual  gnipki  |2fi|  or  ontologies.  Meet 
and  join  operators  can  be  defined,  but  these  operations  can  lead  to  Nl’-hard  prob- 
lems in  a general  case.  However,  some  sub-classes  of  conceptual  graphs  avoid  this 
combinatorial  problem  (17]. 

With  the  same  restrictions  on  the  shape  of  graphs  than  the  other  operations  on 
them,  to  avoid  combinatorial  explosion,  they  can  be  combined  by  Conj  and  Dis  op- 
erators. As  obtaining  U by  conjunction  of  two  conceptual  graphs  is  very  unlikely,  the 
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PCR5/6  anil  DP  mmbinntfcui  operators  should  not  be  used:  they  are  neatly  equiva- 
lent to  Con). 

The  usual  ways  to  calculate  the  caidinol  of  a graph  (number  of  edges  or  number 
or  vertices)  is  not  compatible  with  the  meet  operator,  and  does  not  moke  sense  with 
the  specialisation  of  labels  TTie  decision-aid  functions  should  be  limited  to  PI  and  Bel. 

Then,  the  conjunctive  combination  operator,  receiving  bbn’s  containing  'Johann 
hair  sem  a LerlerrJ'  and  “.4  man  have  sern  a Ian*  mar  the  river1'  can  put  a maos 
(or  a label)  on  the  overturn  " Johann  hare  seen  a Leclere  tank  near  the  fleet1’ 


9.5  Conclusion 

The  combination  operators  of  the  theory  of  belief  functions  are  olten  heavy1  to  ma- 
nipulate: cumbersome  equations®,  data  ill-adapted  to  matrix  calculus  under  popular 
scientific  software,  real  risks  of  combinatorial  explosion,  by  example.  However,  they 
are  mure  likely  than  Bayesian  appnncbes  or  funy  seta  to  be  adopted  to  many  forms 
of  symbobc  data.  In  this  chapter,  we  have  shown  that  the  link  between  the  theory 
of  belief  functions  and  the  probabilities,  the  pignistic  transformation,  relics  on  "diffi- 
cult” operations-  scalar  multiplication  and  cardinal  calculus.  Dropping  only  this  link 
and  keeping  must  of  their  properties  allows  bba’s  to  explore  many  facets  of  experts’ 
opinions,  and  build  a fused  information  from  them,  while  other  theories  only  deal 
with  a projection  of  the  experts'  assertions  on  a too  small  space. 
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9.7  Appendix:  algebras 


All  the  operators  defined  on  the  following  structures  are  inner  operators  : x.  y € 0 
brings  xOy  € B for  the  inner  operator  o.  As  most  of  the  algebraic  properties  of  this 
chapter  concern  the  set  of  paedble  focal  elements  £(0).  the  symbol  0 is  used  for  the 
algebraic  structures.  Obviously,  dealing  with  the  spare  of  the  labels  is  not.  different. 


9,7.1  Orders  and  partial  orders 

(0,  <)  is  a partially  ordered  set  (pn.'cl),  if  far  any  a,  b,  and  c in  0.  we  have  that- 
rellexivity  ;a(o. 

antisymmetry  : a < ft  and  6 < a implies  a = b, 
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transitivity  : a < b and  6 < c implies  a < c. 


If  r < y and  * jt  y,  we  will  note  x < y. 

If  lot  any  a and  6 of  8 we  have  either  n ( b ur  b ( a then  8 is  called  a totally 
ordered  sef  or  simply  an  ordered  set 

Impressing  a label  in  a ordered  or  partially  ordered  set  is 
expert  than  expressing  a significant  moss  in  (0, 1]. 


Vanin  fuc  nn  human 


9.7.2  Lattice 

(8,V,  A)  is  a lattice  if  the  join  operator  V and  the  meet  operator  A sat  isfy  fur  any  a, 
b and  c of  8: 

commutativity  : a V b = b V a.  a A b = 6 A a. 

associativity  : (a  V b)  V c = a V <6  V c).  (a  fib)  Ac  = u A (6  Ac). 

idempotcncc  r a V a = a,  a A a = a. 

absorb! ion  : a V (a  A 6)  = a,  a A (a  V b)  = a. 

The  lattice  b closed  if  it  has  a smallest  element  J.  (its  bottom)  and  a greatest 
element  T (its  top):  for  any  x€  0.  lAr  = 1,  1 Vr  = x,  TAr  = r,  TVr  = T. 

If  we  just  define  a join  operator,  we  get  a iemi- lot  tier. 

R*  any  set  8.  (2”,  ft,  J)  Is  a lattice. 

Defining  the  relation  < by  a < 6 iff  a V b = b,  makes  (8,  <)  a poset. 

9.7.3  Ring  and  semi-ring 

(8,+,  x)  b a nay  if 

• the  addition  operator  is  invertihle.  aaaodatiw  and  commutative,  and  has  a 
neutral  element,  called  0a  or  0 if  not  ambiguous. 

• the  multiplication  operator  b associative,  commutative,  and  has  a neutral  ele- 
ment, called  le  ur  1 If  not  ambiguous;; 

• the  multiplication  distribute*  over  the  addition: 

a x (fr  + c)  = (a  x 6)  + (a  x c) 

Thb  implies  (8,  +)  b a yroup.  and  (8,  X)  is  a monoid. 

Rir  most  uf  the  fusion  applications,  the  addit  ion  does  not  need  to  be  invertible, 
so  we  just  need  (8, +)  be  a semi-yruup.  So  a semi-rtny  structure  for  (8,-f,  x)  b 
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9.7.4  Field 

A field  <0.  +,  X)  is  a ring  where  the  multiplication  is  invertible  on  0\{O}.  The  net  of 
real  numbers  K with  the  usual  addition  amt  multiplication  is  a field 

It  a because  the  real  interval  [0. 1]  is  a part  of  a field  that  we  can  use  all  of  the 
operators  and  fund  ions  uf  the  section  9.2.5,  but  they  are  not  inner  operations  for  this 
segment  (0, 1]  : talcing  x and  y in  [0. 1|  can  lead  to  x_l  ? [0, 1]  and  x+y  ? [0, 1). 


9.7.5  Vector  space 

(0,  +••)  is  a eer/or  ■pace  over  a field  F if  + b an  inner  operator  which  is  invertible, 
asoocialite  and  commutative,  and  boo  a neutral  element  0.  The  operator  • is  the  ex- 
ternal multiplication,  also  called  scalar  multiplication,  by  on  element  of  F,  satisfying. 
Lit  any  a and  b in  F and  r and  y in  0: 

• Distnbutivity  of  • over  + : a*(r  + y)  = n«x  + o«j, 

• Distnbutivity  of  addition  over  (a  +»  b)  • i = a • x + h • x, 

• Amociativity  of  multiplications:  (a  Xy  6)x  = a • <6  • x). 


9.7.6  Algebra  over  a field 

(0,  +,>,•)  “ on  algebra  uvet  a field  F if  (0.+,  x)  to  a ring,  (0. -*-,•)  is  vector  space 
over  F,  and  for  any  a and  6 in  F and  x and  y in  0 we  have  (a*x)  X (6«y)  = (ah)«(x  X y). 
The  multiplication  between  a and  h in  (ah)  is  the  multiplication  defined  in  the  field 
P : u6  = a >i  6. 

A field  can  be  seen  as  an  algebra  over  itself,  indenturing  the  inner  multiplication 
and  the  scalar  multiplication:  (K,  •). 

No  richer  algebraic  structure  will  be  considered  fur  the  fusion  applications  pre- 
sented in  this  chapter. 
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Chapter  10:  Analysis  of  DSm  belief  conditioning  rules  . . . 


10.1  Introduction 

This  diopltr  b devoted  to  bebel  conditioning  in  DSmT.  We  have  a (generalized) 
belief  function  (BF)  given  by  a (generalized)  basic  belief  alignment  |bba)  tn  on  a 
hyper-power  set  D".  which  should  be  conditioned  aaiuniug  a sure  assumption  that 
the  truth  is  in  a given  A where 

A long  series  of  31  belief  conditioning  rules  (BCRs)  was  defined  in  DSm  book  voL 
2 [11).  One  of  the  rules  — BCR12  — was  regarded  to  be  a generalisation  of  Shafer's 
(i.e.,  Dempster's)  rule  of  conditioning  in  the  free  DSm  model,  the  others  are  its 
alternatives.  Several  techniques  are  cumbinatoncally  combined  to  define  BCRs  there. 
A detailed  analysis  of  all  the  31  BCRs  has  Just  appeared  in  Technical  Report  (6).  The 
report  presents  also  a comparison  of  all  BCRs  with  Dempster's  rule  of  conditioning 
and  with  its  real  generalization  to  DSm  hyper-power  sets.  Baaed  on  the  presented 
analysis,  extended  definitions  of  BCRs  are  Introduced  there.  These  definitions  as 
much  as  ptnuible  enable  to  extend  definition  domains  of  the  rules  to  increase  tbeir 
applicability  to  wider  class  of  belief  functions. 

In  this  chapter  we  present  the  main  results  of  the  analysis,  the  idea  of  extended 
definitions,  and  the  complete  formal  definition  of  the  extended  version  of  BCR12. 
This  theoretical  text  providm  also  a series  of  examples  illuminating  its  theoretical 
results. 

This  chapter  follows  Chapter  9 (12]  from  DSm  book  voL  2 [11],  thus  it  is  rec- 
ommended (hut  not  uecemnrv)  to  read  |12|  In  advance.  Also,  the  reader  can  find 
author's  notation  of  DSmT  in  Chapter  3 of  [11]. 


10.2  Brief  prelimiuaries 

As  this  b a chapter  in  the  3rd  volume  on  DSmT  we  suppose  that  reader  b already 
familiar  with  the  basis  of  DSmT.  otherwise  Chapters  1 and  4 of  the  1st  volume  and/or 
Chapter  3 of  the  2nd  volume  or  the  brief  introduction  from  DSmT  homepage1  are 
recommended  Hence  we  do  not  repeat  all  the  general  basic  notions  here,  but  only 
principal  of  those  which  are  closely  telated  to  belief  cuniiiiiooing  rules. 

Conditioning  of  a basic  belief  assignment  (bba)  m by  a set  A:  Smarandache  Ar 
Dexert  assume  in  [12]  that  A e D*’\Q.  this  works  in  the  free  DSm  model  M1 . Unfor- 
tunately there  b no  explicit  mention  of  any  hybrid  DSm  model  in  [12],  assumptions 
about  hybrid  models  are  hidden  there.  Nevertheless  when  working  with  hybrid  DSm 
models  we  have  to  expbcitly  say  these  assumptions.  We  assume  that  A Z 0 and  that 
all  hbrns  are  correctly  defined  on  the  hybrid  DSm  model  which  is  used.  Further  all 
denominators  of  formulas  are  assumed  to  be  non-zero,  see  corrigenda  of  Chapter  9 
of  [11], 

Rules  BCR2-1 1 use  splitting  of  0 as  it  b defined  in  DSm  Book  voL  2 Chap  9,  l.e., 
0 = ft  Uft  Uft,  where  ft  = {A'  | 0 # X € D*.  X £ A).  ft  = «0\  iM)),n,u), 
s(^4)  b the  set  of  all  elements  of  0.  which  com|xx*  A,  ft  = De  \ (ft  U ft  U 0). 
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Hula  BCR12-31  use  Di  further  aplilted  in  two  part*  Lho  = (X\X^Dilc  Xf<A  = 
l'},  lh>  = JATIA  C DiUXCiA  jf  »},  where  bbms  of  focal  elements  6*  Dji  are 
pructmed  in  the  same  way  (BCR12-BCR21)  or  in  a similar  way  (BCR22-BCR31)  aa 
thiae  from  Dj.  Hence  there  ia  a new  modified  splitting  of  0 into  If  disjoint  parts: 
0 = Ds  J Do  U Di  = Di  U Dio  U (Du  U Di).  defined  in  [0|.  The  new  splitting 
0 = Ds  U Do  U Di  (to  Ds  = Di  — non  empty  sublets1  of  A.  Do  = Djd  — sets 
disjunctive  from  A.  Di  = Du  U Da  ...  non- subsets  of  A.  but  intersecting  .4)  is  more 
intuitive.  Nevertheless  due  to  editors'  wish,  and  to  consistency  with  DSm  book  voL  2 
and  chapters  of  this  rolume  we  use  the  original  notntiun  0 = Dj  U (Did  ‘J  Du)  U Di 
in  this  text. 

Let  IV  6 Dj.  we  say  that  X e Dj  is  the  k largeat,  k > 1.  element  from  Dj  that  is 
included  in  W.  if  ($Y  € D,\{.V»(A>  C Y.  Y C W):  depending  on  the  model,  there 
ore  k > 1 such  elements,  see  (12).  corrigenda  of  page  2-H)  ihr  same  is  used  oho  for 
IV  C Dj.  such  that  Wfl  A # 0.  14a  definitions  of  k- smallest,  k- median  and  k- average 
elements  from  Di.Dj  see  (12|. 


10.3  Belief  conditioning  rule  BCR1 

Belief  Condition  my  Rule  no.  I ( BCRl ) is  defined  for  .V  € Di  by  the  formula’ 

m»cni(XlA)  = m(X)  + rT",'"TV 

Alternatively,  we  can  write 

mflcto(.V|A)  = ■ mW  = v m[X)  = 

Lvg0,">^)  X.vca"’^)  Dell  A) 

mscintXIA)  = 0 fur  X e D*  \ D,. 


BCRl  is  the  simplest  belief  conditioning  rule.  'ITua  rule  is  a gencraluation  of 
Behef  Focusing  Rulr*  defined  in  D-S  theory. 

The  rule  is  not  defined  for  Vacuous  Belief  Function  (VBF)  for  which  myar (0)  = 
1,  it  ia  further  nut  defined  e.g.  for  mflew(.Y|{0i  UfcUfc  Utfr}).  when  m'(0j  U 
0j  U0«  U0»)  = 1,  etc.  In  general.  rnacfii<-Y|A)  is  not  defined  whenever  Bel(A)  = 
£yCA  "•<*'>  = £v«D,  rn(V)=0. 

The  rule  is  very  sensitive  with  respect  to  m(AT)  for  X £ A.  on  the  other  hand 
all  bbins  m(V)  such  that  Y C\  A * 9 b Y <£  A <xiv  completely  ignored  by  BCRl.  see 


* More  precisely  subsets  which  ore  not  equal  to  empty  set  in  the  case  of  hytrid  DSm 
models. 

’We  have  to  put  sums  on  the  fact,  that  it  is  DKrssuy  to  keep  in  mind,  that  definition 
of  sets  Dt,  Dj.  Da.  t.e.  splitting  of  O”.  deprnds  on  the  conditioning  set  A,  which  is  included 
in  the  formula  through  the  set  D, . 

‘This  rule  was  mentioned  in  |8|,  unfortunately,  the  author  of  this  chapter  does  no*  know 
it*  angisnl  publication. 
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example  L Bbm  m(K),  where  Y Cl  A Z fl  may  be  even  aligned  to  subset  cil  .4,  which 
in  disjoint  from  Y (Le.  which  has  empty  intersection'  with  V),  see  example  2. 

Lr ample.  1.  Let  us  suppose  0 = {a.b.c},  the  /tee  DSm  model  M* , m(a)  = 0.001, 
m(b)  = 0.001.  m(aLlc)  = 0.800,  m(tUc)  =0.195  und  conditioning  set  .4  = {a,  6}  = 
aUb.  IVe  n A fain  mBOJn(al'l)  = 0 .20,  macjii (b|<4)  = 0.80,  regardless  to  forge  bbm 
m(aUc). 

Moreover  If  me  tignifiamUy  dec  rente  fAe  64m  o/kUcJ  A in  favour  of  aUc  g A 
at  it  follow  in  m'.  the  result  in?  conditional  bba  m bc  #u(A‘|4)  does  not  re/lat  it: 
m’<a)  = 0.001.  m'(6)  = 0.001.  m‘ (a  U c)  = 0.990.  m'(b  U c)  = 0.005,  m^CR,(a|M)  = 
0.20,  micw(6|.4)  = 0 80. 

On  the  other  side,  if  we  flightlg  decrease  the  some  Wen  of  b U c g el  m /at«our  of 
a £ A then  the  conditioned  Wa  is  changed  (ignoring  site  of  m(-V)  for  X g A again j; 
m"(a)  = 0.006,  m"(b)  = 0.004,  m" (a  Ue)  = 0.800.  i-i"(bUc)  = 0.190,  mjo*, (a|A)  = 
0.60,  mScw(W.4)=0.11). 

trample  2.  Lei  us  suppose  0 = Ja.b.c}  and  any  hybrid  DSm  model,  where  a,  bUc  Z 
fl.  For  m(a)  = 0.1,  rn(a  U c)  = 0.1.  m(b  U c)  = 0.B  and  conditioning  set  .4  = a U b. 
We  obtain  ”bchi  |a|4)  = 1 regixrdleri  to  large  value  m(bUc).  Set  a map  be  disjoint 
from  bUc,  e.g.  in  Shafer’ s DSm  model. 


FW  comparison  with  the  other  belief  conditioning  rales  we  can  rewrite  BC1U  as 
it  follows: 

, vim  - -■*■»  . ,n<u  1 . m|tt  | 

maOJnIA|fl)  = m(A)+m(A)  ^ p*  m( V1 ) + r"W  T"'  ,"J- ■)" 

'lhui  rn(.V)  b kept  to  be  assigned  to  X for  all  -V  £ -4,  and  m(X)  b priiportiunalized 
ac curding  to  m(Y)  lot  all  Y Q A (i.e.,  Y € Di)  otherwise. 

10.4  Belief  conditioning  rules  BCR2— BCRll 

Generalised  basic  belief  masn  of  all  focal  elements  X from  D\  are  kept  to  be  assigned 
to  X again,  and  generalised  basic  belief  masse*  of  all  focal  elements  IV  from  Di  are 
in  the  same  way  propoctionalixed  among  all  subset*  of  conditioning  set  .4  by  all  belief 
conditioning  rules  BCR2- BCRll.  These  subsets  arc  proport  iunnlired  according  to 
belief  mnssra  m(Y)  of  subsets  Y of  the  conditioning  set  .4. 


10.4.1  Belief  conditioning  rules  BCR2-BCRQ 

General  lred  basic  belief  masses  of  all  final  elements  W from  Di  are  in  similar  wavs 
reallocated  by  bebef  conditioning  rales  BCR2-BCR6.  Ways  of  thb  reallocation  spec- 
ify and  mutually  diffec  BCRs  from  thb  group  What  does  it  mean  W’  e L>i?  It  means 

'Tha  feature  depend*  bom  a hylwid  Dam  model  which  b used:  it  cfiimot  ocmr  in  the 
caoc  of  the  free  DSm  model.  where  there  u no  empty  inters  ccunn. 
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that  IV  Is  neither  Irian  Di,  i.e.  IV  g A,  noc  from  Dt,  thus  wane  0,  appear(s)  in  IV 
which  appear(a)  aJsi  in  A,  hence  IVOjI?  0. 

Similarly  to  BCHi,  none  ul  BCH2  - BCHfi  rules  are  defined  for  BFs,  such  that 
Bel(A)  = cd,  m(Y)  = O’.  these  cases”  are  not  even  mentioned  in  [12]. 

We  will  repeat  neither  the  original  formulas  from  [12]  for  all  BCRa,  nor  the  new 
compact  parametric  ones  from  [6],  and  make  only  comments  related  to  BCR2  and 
BCH6. 


10. -1.1.1  BCR2  intersection  of  IV  € Ds  with  conditioning  set  A 

Rule  BC1I2  relocates  for  IV  e ft  to  fc- largest  (k- maximal | elements  of  Di 

which  are  subnet  of  IV.  Le.  to  t- largest  (fc  maximal)  elements  of  IV  fl  A.  The  [argent 
(maximal)  subset  of  IV  ft  .4  is  W ft  /I  itself  and  it  is  unique,  thus  it  is  1- largest  and 
we  can  write  BCR2  as  it  follows: 

mactoW)  = m(X)  + m(X) 

2-V€D, 

for  all  bbon  rn  and  cnndltlonlng  sets  A.  such  that  Bel(A)  = m(  V)  * 0.  Hence 

all  bbrns  m(W)  from  D>  are  relocated  to  IV  O A by  this  rule. 

10. -1.1. 2 BCRG  — all  non-empty  subsets  of  IV  n A 

BCR6  splits  bbrns  m(H')  from  D,  into  same  portions  and  redistributes  them  among 
all  subsets  of  IV  I'M,  thus  we  can  slightly  simplify  its  formula  as  follows: 


m(W) 


m<y>  jSSu 


|(W), 


moctta(Jf|i4)  = m(X)  + m(X) 


to, 

Hvto,  '"(V) 


V~  ™(M') 

Jrt,  tw[v|0?  vc  iv 

«» 


10.4.1.3  Analysis  of  BCR2  BCRG 

The  problems  which  are  presented  in  examples  1 and  2 do  not  occur  using  rules 
BCR2-BCK6  as  bbrns  ul  sets  from  D,  are  not  prupurtlun  sliced  according  to  m(  X) 
for  X € Di.  On  the  other  bond  these  bbrns  m(lV)  are  blindly  distributed  amung 
several  or  all  subsets  of  IV  fl  A by  rules  BCR3-BCH6,  see  continuation  of  Example 
2.  We  also  hasp  to  note,  that  os  BCRl,  rules  BCR2-BCR6  propurtionalixe  all  bbms 
of  sets  from  lh  according  to  bbrns  m(X)  fin  X € I>i\  which  can  be  often  odd  and 
not  intuitive,  see  Example  3. 


®Tbe  cares  where  Del  (A)  *»  0 arc  denoted  to  be  degenerated  in  [13].  and  any  BCR  is 
defined  as  m(d|d),  m(X|A)  — (I  far  X ft  A in  the  section  on  BCRa  m [13]  (the  poper  on 
new  qualitaUvr  behef  conditioning  ruka  (QBCRs)).  For  more  details  see  the  appendix. 
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Example  2 (rout.).  Let  to  suppose  the  free  DSm  model  M1  now.  When  redis- 
tributing bbm  rn(b  U c)  = 0.8  ter  fume  W Cl  A = (ft  U c)  D (a  U ft)  = 6 U (a  ft  e) 
osifft  DSm  cardinality  Cardosm  = 5,  Wtrrr  atr  9 proper  subsets  of  VV  n .4  in  tftr 
free  DSm  model ; Cardosm  = 1 I aOftric,  CardoSm  = 2 : a H b.a  f c,ft  If  c, 
Card  ns  m = 3:  ar'(ftUc).ftO(oUc).tn(aL)b)i  Cardns—  = 4 : ft.  (aOb)U(aOc)u(ftnc). 
m(ftUf)  u relocated  to  whole  W ft  A by  BCRS,  IV  O A = ft  U (a  O c)  in  the  fire  DSm 
model  and  it  nat unity  can  be  different  tn  various  hybrid  DSm  modelt,  e.g.,  juit  6 tn 
Shafer  's  model  rn(ftUc)  u reheated  to  a flft  Iff  by  BCRS  in  the  free  DSm  rmitfei; 
it  u divided  by  3 and  udulnAulaJ  amony  a O (ftUc).bO  (a  U c),cfl  (a  U ft)  fty  BCRl 
and  BCR5  m the  free  DSm  model ; and  II  is  divided  by  W arid  redistributed  among 
all  sublets  of  bu(aOc)  in  the  free  DSm  model.  In  this  nmple  example,  tn(ftUc)  u 
relegated  to  ft  by  all  of  BCR2-BCR6  rules  in  the  case  of  Shafer’s  model 

Example  3.  Let  tu  suppose.  0 = (a, ft,  c)  and  the  free  DSm  model  M1  uyam  For 
m(a)  = OOl.m(ft)  = O W.mja  Jf)  = 0.50,  rn(6  Jc)  = 0.05.  m(c)  = 0.40  and  rondi- 
riimtny  scf  .4  = aUft.  cum  Dj.  thus  tn(c)  u proportionalual  betuven  a and  ft  tn  the 
rollon  m(a)  : m(fc),  i.e.  1 : 4,  by  all  of  BCR2-BCR6  rules,  regardless  the  fad  that  a 
is  significantly  more  plausible  through  rn(aUc)  fftun  ft  is  through  m(ftuc). 

In  the  modified  example  m‘(a)  = 0 001,  m'(ftUc)  = 0 450,  m'(c)  = 0.549  liftoff  m'(c) 
u relocated  to  a fty  all  BCR2-BCR6  rules;  m'(ftUc)  is  rrVocuird  or  redistributed  among 
subsets  of  m'(lUf)  O (a  Uft)  a.  il  follous; 
m'scit.  («M ) = 0550,  micR,  ( (ft  U c)  n (a  U 6)  |A)  = 0450, 

= 0-550.  m'BCIa(a  D ft  O d.4)  = 0.450. 

= 0SS0,miCJM(«n  (ftUc)|A)  = 0 150. 
m 'BC/.t(bn  (o  Uc)|.4)  = 0.150.  m'BCn,(cn  (a  U ft)|.4)  = 0.150. 

">i,cm(a|-4)  = 0550,mBCBe((ftUc)  n <aU  6)|A)  = 0045,  ■VomPI'*)  = 0.045, 
mBCflt((a  n 6)  U (an)  U (ft  O e)|A)  = 0.045.  m'senai*  0 (ft  U c)|/»)  = 0.045, 

”i  flCfta(ft  O (a  U c)|j4)  = 0.045,  rnB£.ta(c  ft  (a  U ft)|A)  = 0 045,  mBCBl(anftM)  = 

0.045,  m'BC/n(a  D c|/l)  = 0.045, 

m«Cir»(*ncW)  = 0 045,  m^nlontri^)  = 0045 

(results  fty  BCRS  are  the  same  as  those  by  BCRl  in  this  example). 

For  comparison  u«f  oftfain  mmlC{a\A)  = 0.0032,  rn'I,ftc((6Uc)n  (aUft)|d)  = 0.9978, 
by  the  generalized  Dempster’s  rule  of  cundrfiomny  jS). 


As  it  b mentioned  in  (12).  bhms  rn(M’)  far  IV  e lh  are  blindly  divided  by  k 
at  curding  the  number  of  net*  among  thine  il  should  be  redistributed,  regardless  of 
bbms  uf  three  sets. 

The  way  uf  bbm  relocation  in  BCR2  rule  b referred  as  the  most  pessimistic/pru- 
dent one  and  that  in  BCR3  as  the  meet  oplimulic  one.  Nevcrthelew  the  difference 
among  the  rules  does  nut  seem  tn  be  related  to  optimum /pas  irnbrn,  but  it  b a 
question  of  addition  or  non-addition  of  an  extra  additional  information  when  m(W) 
b redistributed  far  W O A gt  #,  W g .4,  ar  what  additional  information  b added. 
Similarly  relocation  of  all  m(W')  to  absorbing  rw_...„«>,  by  BRC3  really  does  not 
express  any  optimism 
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When  relocating  m(lV)  to  IV f\A  In  BCR2  no  additional  information  is  added  All 
other  redistributions  of  rn(M’)  fur  IV  e Dt  in  BRC3-BCR6  add  to  m some  additional 
information,  which  is  mainly  based  on  the  sprcilic  rule  and  partly  on  bbrns  m(Y)  tor 
y 6 />,.  Nevertheless  there  is  no  need  to  add  any  information  within  conditioning, 
and  definitely  there  is  no  reasonable  motivation  for  redistribution  of  m(X)  among 
seta  given  by  median  or  by  *- average  as  it  in  performed  by  BCR4  and  BC'Rii. 

Really,  from  conditioning  set  A we  only  know  that  m(lV)  should  be  located  to  A 
and/or  some  of  its  subsets.  Flam  m we  only  know  that  m(lV)  should  be  located  to 
IV  (if  it  ia  acceptable  by  .4).  Hence  we  know  that  rn(H')  conditioned  by  A should 
be  located  to  IV’  ft  .4.  We  do  not  know  anything  more  using  both  the  sources  of 
information  bba  m and  conditioning  set  .4.  Any  other  precision  of  focal  elements  is 
addition  of  some  kind  of  an  extra  informat  ion  (out  of  m and  A). 

10.4.2  Belief  conditioning  rules  BCR7-BCR11 

Analogically  to  the  previous  subsection,  we  can  formulate  also  BCR7-BCR11  rules 
in  the  more  compact  parametric  form,  see  |6].  Similarly  to  BCR1-BCR6,  BCR7  - 
BCIU1  rules  are  defined  for  BFs.  such  that  Bel(A)  = £yf0l  m(Y)  / 0 “6“*"-  Rules 
BCRK-BCRU  really  improve  belief  conditioning,  as  they  remove  blind  redistribution 
of  bbm  IV  (i.e.,  division  by  t)  whenever  S(H')  jt  0 : m(lV)  is  redistributed  respecting 
IV  (only  among  suhsets  cif  IV).  nevertheless  it  is  proportionnlired  according  m(K)  for 
Y C A.  thus  sensitivity  to  the  values  m(K)  tor  Y C A increases  and  the  problem  of 
relocation/redistxibutiuD  of  m(M')  for  W 6 D3  continues. 

Because  a part  of  (m(IV)|lV  e Dt)  a redistributed  among  sublets  of  IV  fi  .4 
even  by  BCR7.  which  uses  the  fc- largest  element,  the  rule  BCR7  obn  odd  some  more 
additional  information  within  the  combination  in  comparison  with  BCR2.  Thus  the 
change  obtained  using  fractions  m(W)/S(lV)  is  counter  intuitive  in  the  case  of  BCR7. 

10.5  Belief  conditioning  rules  BCR12-BCR31 

The  rules  from  this  large  group  start  to  distinguish  whether  IV  O A is  empty  or  non- 
empty for  IV  € Dj.  m(lV)  are  relocated  or  redistributed  in  the  same  or  analogical 
way  as  thine  fmm  D,  in  the  case  of  non-empty  intera-ctinn  with  A.  Thus  we  can 
use  Ds,  Di.Du  instead  of  D\ , Lh , Da  tor  simplification  and  higher  understandability 
of  formulas,  see  [6].  Similarly  to  all  the  previous  rules,  BCR12  - BCR31  rules  are 
defined’  tor  BFs.  such  that  Bel(A)  = ZVcDl  m(Y)  ? 0. 

10.5.1  Belief  conditioning  rules  BCR12-BCR16 

Bbms  of  focal  elements  from  both  interaective  sets  of  Du  and  D,  are  processed  in 
the  same  way  of  particular  redistribution-  this  corresponds  to  class  (DJ.DJ)  in  the 

’None  of  BClts  is  defined  for  Bel(A)  - 0 in  |12) 

All  BClts  are  defined  m(A|A)  - l.m(X|A)  - 0 far  X * Oif  Bef(A)  - 0 in  |I3]. 
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dasoiflration  of  the  BCKo.  vr  Section  5 in  [12]. 

The  rules  really  improve  condit  ioning  again,  as  m(H')  is  redistributed  only  inside 
W O A whenever  it  is  non-empty.  The  difference  among  individual  rules  BCR12- 
BHC17  Is  again  related  to  an  extra  additional  information  which  is  added  to  the 
original  belief  within  conditioning  Why  some  information  is  added  within  condition- 
ing? There  is  really  no  need  for  it.  No  information  is  added  when  ■n(IV')  is  relocated 
to  IV'  fiM  by  BCR  12,  thus  the  rule  is  the  best  from  these  rules.  It  also  corresponds 
to  the  fart  that  it  a one  of  two  rules  which  are  recommended  by  Draert  and  Srnaran- 
dache  in  [12].  Nevertheless.  in  the  case  of  hybrid  DSm  models,  the  sensitivity  with 
respect  to  m(lV)  fin  W e D,  within  conflicting  bhm  (when  IV'  H A = t)  redistribu- 
tion remains  similarly  to  all  other  DSm  BRC  rales  from  [12].  This  sensitivity  was 
removed  only  in  the  case  of  tire  free  DSm  model,  where  Du  = Dj  and  Did  = 6,  thus 
all  m(W')  are  redistributed  inside  H'HA  fur  all  IV'  € D,  U D,.  This  of  course  does 
not  bold  fur  hybrid  DSm  model  in  general 

Example  3 (cant.).  Lei  at  support  the  fra  DSm  model  M1 , again,  c 6 Dt,  cftfaU 
b)  =S  0 in  M',  thus  c € D„  more  prmiei y Hence  m(c)  is  rWocufid  fo  c O (a  U b) 
briny  BCR  It.  or  redistributed  amimy  subsets  o/efl  (aUb)  unnj  BCRIS-BCRI6. 
Lei  in  suppose  a hybrid  DSm  model  with  a ronsfromf  cfl  (a  U b)  = 0 nouy  it  trivially 
holds  e-g.  m Shafer ‘t  model  M°.  In  /hit  care  c 6 Did  and  m(C)  is  redistributed 
belneen  a and  b in  the  ratio  1 : 1 by  all  BCRl  I-BCRI6.  in  tAc  same  u>ay  at  by 
BCRS-BCH6. 

Similarly  in  the  modified  ej ample  under  fAe  constraint  cfl(aUb)  = 0.  the  entire  m'(e) 
is  reloaded  to  the  element  a by  all  BCRII-BCRI6  in  the  same  nay  as  U is  dime  by 
BCR2-BCR6. 


10.5.1.1  A simplification  of  BCR12 


n 


Using  of  intersect 

E*'eD,mOO  = Eye*" 

follows  (for  detail  see  [6]): 


instead  of  the  supertlous  notion  A-largeat  and  the  equation 
m(V)  = Bd(A)  we  can  simplify  formula  for  BCR12  as  it 


macftii(A'l^)  = E m(lV)  -t-  ' E m(2). 

' ' Zn  A*4 

In  the  special  cose  of  the  DSm  free  model  we  have* 

mnetcu(A|,4)  = £ m(W'). 

In  Shafer's  DSm  model  we  have 


'nacaulAI^)  = E m(lV') 


MX) 

■nnm 


E 


£r\A*-% 


■Note,  thAt  this 
10.7. 


fc£  the  free  DSm  mo del  is  Already  extended  in  the  sense 
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10.5.2  Belief  conditioning  rules  BCR17-BCR21 

Focal  dements  ill  both  Du  anil  Dj  are  pmccud  In  the  same  way  again,  this  lime 
in  the  wav  ol  'spirited  mliattibutlon';  this  corresponds  to  dan  <DJ,  DJ ).  see  Section 
5 in  112!. 

Hula  BCR17-BCR21  arc  improvements  of  BCR7-BCR11,  as  tn(lF)  is  not  relo- 
cated out  ol  IF  O A whenever  non-empty.  Moreover  rales  BCR18-BCR21  decrease 
a blind’  redistribution  (i.e.  division  by  fc)  of  rn(VF)  with  respect  to  rules  BCR  13- 
BCRlfi.  BCR17  does  not  add  any  additional  information  when  m(lV)  is  relocated  to 
VFfM  for  IF  g Du  or  IF  g Dj  where  Bet(WnA)  = 0.  On  the  other  hand,  similarly 
to  BCR7,  also  BCR17  brings  some  additional  information,  which  is  not  added  by 
BCIU2.  thb  arisa  whenever  W 6 Du  U D*k  Bel(Wf)A)^0. 


10. G. 2.1  BCR17 

Analogically  to  BCR  12.  we  can  simplify  BCR  17  os  It  follows 
m6c«iT<.V|A)  = 


For  special  cases  in  the  free  DSm  model  and  in  Shafer’s  DSm  model  see  |6]. 


These  rales  are  just  variations  of  BCR17-BCR21,  where  the  idea  of  proportional iaa- 
tlon  id  m(kX)/Bd{Wr>A)  (d  m(.V)/S(lF)  in  |12))  is  applied  only  to  D„  or  to  D,. 
It  is  applied  to  m(H')  for  IF  from  Di  in  BCI122-BCR26,  whereas  fir  Vi'  bom  Du, 
in  BCK27-BCH3L 

We  can  notice  that  Bel (IF I'M)  b always  0 lor  IV  g Did,  thus  cMerence  between 
the  abort-  two  groups  ol  rales  can  arise  only  lor  W g Du  and  W g Dj. 

We  can  further  notice  that  a part  of  m(lF)  where  W Cl  A £ • (Le.  IF  g D„  U D,} 
b proportionaliaed.  whereas  the  rat  b blindly  divided  by  fc  (it  currespods  to  dasees 
(DJ,  DJ)  and  (DJ.DJ)  in  |12|),  unfortunately  there  a no  reasonable  explanation 
or  motivation  for  it.  'ITUs  seems  to  be  nun-intuitive  or  even  counter-ini  uitire;  in 
correspondence  with  thb,  both  of  the  groups  of  rales  are  counter-intuitive.  It  also 
corresponds  to  the  lact,  that  there  b no  formula  lot  any  of  BCR22-BCR31  presented 
in  1 12].  Hence  there  b no  need  lie  further  analysb  ol  these  rubs. 


w 

wcavi 


10.5.3  The  remaining  belief  conditioning  rules 


332 


Chapter  10:  Analysis  of  DSm  belief  conditioning  ruJts  . . . 


10.6  Comparison  of  BCRs  with  the  classic  rules 

10.6.1  BCR1 

As  it  wan  already  meat  timed  in  Section  10.3.  BCRl  rule  ia  Just  the  generalization  of 
the  belief  focusing  rule  (3j.  From  the  eenerolized  Dempster's  rule  uf  conditioning" 
(DRC)  It  differs  by  processing  of  m(W')  both  for  W from  Di  and  from  Di.  Thus 
BCRl  coincides  with  DRC  just  foe  belief  functions  with  focal  dements  from  D\ . Le., 
whenever  all  focal  elements  are  subsets  of  the  conditioning  set  A;  m(X|A)  = m(X) 
in  such  a case. 

In  the  same  way  all  BCRs  coincide  with  the  generaliied  belief  focusing  rule  and 
(hence  also  with  DRC)  whenever  Bel(A)  = 1.  and  differ  from  it  otherwise. 


10.6.2  BCR2-  BCR6 

All  BCRs  from  this  group  differ  from  DRC  by  processing  of  m(W')  for  W from  Z>|. 
BCR2  coincides  with  DRC  whenever  BCR2  b defined  and  all  focal  elements  are  from 
Di  U D,.  Rules  BCR3-BCR6  add  mure  additiie  Information,  than  BCR2  does,  and 
they  (Mer  from  DRC  also  for  BFs  with  focal  elements  Irom  D,. 

10.6.3  BCR7-BCR11 

All  of  these  rules  add  more  information  than  BCR2  dons,  thus  all  of  these  rules  differ 
bum  DRC  whenever  their  focal  dements  are  out  of  Di  (Le.,  If  there  exists  a focal 
dement  which  is  not  subset  of  .4.  Le.  if  Bel(A)  < 1). 


10.6.-1  BCR12-BCR16 


All  BCRs  from  this  group  differ  from  DRC  by  procesing  of  m(VV)  fur  IV  from  Dm 
BCR12  coincides  with  DRC  whenever  it  is  defined  and  all  the  focal  dements  are  from 
Di  U D,  U DjI-  Rules  BCR13-BCR16  add  more  additive  information,  than  BCRl 2 
does,  and  they  diller  from  DRC  also  for  BFs  with  focal  elements  from  Du  U Dj. 


“ The  original  rule  was  defined  by  Shafer  in  |9|  and  called  Dempster's  rule  of  condrtioning 
there  This  name  is  generally  used  in  belief  functlcc  literature,  see  e g |10).  Nevertheless 
the  mlitura  of  this  volume  started  to  call  the  rule  Shafer's  condrtiomng  rule  in  |12|. 

The  generalisation  to  hyper  power  sets  was  defined  by  the  author  of  this  dinpter  in  |3)  as: 


m(X|A)-K  £ m<l'> 
AhYaX 


E<nt  -X  m(V) 


to  0 t X 5 A,  X.  A 6 D"  . where  ^ycDoiAny^  ,m(V).  and  m(X|A)  - 0 

otherwise  lcm  fee  X a #t  X g A and  for  X $ The  rale  u defined  (applicable)  wh mrvr* 
k < 1,  Le..  whenever  there  exist*  Y € O £ sudi  that  m(Yr)  > 0. 

lb  avnftd  any  confusions  with  the  name  of  the  rule,  we  will  not  uac  any  personal  name  in 
this  chapter  a denote  the  rule  simply  as  (the  genrraliaod)  DllC. 
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We  have  seen  that  the  mechanism  of  BCR12  does  not  coincide  with  DRC  in 
general  as  the  rules  handle  fecal  elements  bum  Dap  in  different  ways.  FYom  the  same 
reason,  the  rules  do  not  coincide  either  in  Sholex's  model,  see  also  the  special  case  ol 
the  formula  fi»  BCR12  in  Sub-rrtina  10.5  LI.  Hence  cannot  consider  BCK12  as 
a generalixationIU  of  DRC.  which  conservatively  extends  the  original  DRC. 


10.6.5  BCR17-  BCR21 

All  uf  these  ruin  add  more  information  than  BCK12  does,  thus  all  of  these  rules  differ 
bum  DRC  whenever  their  focal  elements  are  out  of  D,  <Le„  if  there  exists  a focal 
clement  which  is  nut  subset  of  A). 


10.6.6  BCR22  BCR31 

Formulas  for  the  rules  BCH22-BCR26  (reap.  BCK27-BCK.il)  are  similar  to  those 
for  BCR12-BCIUG.  but  the  rules  add  more  information  when  proo-sung  m(H')  for 
IF  e D,  (IF  € Dai  resp.).  Thus  all  BCRs  from  this  group  differ  from  DRC  by 
processing  of  m(VFJ  foe  IV  from  Did  U Da  (bom  Did  U Dai  = Dt  resp.).  BCR22 
coincides  with  DRC  whenever  all  focal  elements  are  from  D,  U Dal  Rules  BCR23- 
BCI126  add  more  additive  information,  than  BCR 22  does,  and  they  differ  from  DRC 
also  far  BFs  with  focal  elements  bom  Dai. 

BCR27  coincides  with  DRC,  similarly  to  BCR2  whenever  all  focal  elements  an- 
trum Di  U Dt.  Rules  BCR28-BCR31  add  more  additive  information,  than  BCRZ7 
does,  and  they  differ  bom  DRC  also  fur  BFs  with  focal  elements  bom  Dj. 

We  have  to  mention,  that  the  information  added  in  the  case  of  IV  6 Dai  is  dif- 
ferent from  that  which  is  added  by  BCR2-BCR6.  It  is  based  on  propottiooalixation 
according  to  m(V)  for  Y 5 A in  BCR2-BCR6.  wberraa  on  'spirited  proportlonalixa- 
tion'  according  to  rn(V),  VOA  jf  0 in  BCR27-BCR.il.  Thus  even  if  the  coincidence 
with  DRC  is  the  same  for  two  groups  of  BCRs  BCR2-BCRG  and  BCR27-BCR31, 
this  does  not  mean  that  these  two  groups  of  rub*  coincide  themselves  in  general.  The 
coincidence  of  the  whole  groups  holds  only  when  these  rules  coincide  with  DRC  and 
for  other  special  situations. 


10.6.7  Comparison  of  definition  domains 

All  BCR1-BCR31.  as  they  are  defined  in  jl2|,  have  the  same  definition  domain.  These 
rules  are  not  defined"  whenever  tiel(A)  = 0,  i.e.,  if  m(lV)  = 0 for  all  IV  £ A.  DRC 

,0Ut  ns  note,  that  the  extenuoa  of  BRC12  bom  |13)  does  not  coincide  with  the  gener allied 
DRC  either  in  the  DSm  bee  model 

"We  follow  [12]  here.  In  [131,  there  is  Don\{DCRt)  m ( DFi ).  t.e„  the  set  of  all  belief 
functions.  Dut  the  extrxoion  m(d|/t)  - 1 [13]  has  a nature  of  BCfU  and  dues  not  correspond 
with  nature  and  mutual  differences  of  other  BCRs. 
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is  not  definrd  only  when  m(ll')  = 0 toe  all  M'flA  f-  0,  Le..  when  FI(A)  = 0 Thun 
the  definition  dnmnin  lit  BCRs  a the  proper  sublet  ol  that  of  DRC: 

Dam(bCRi)  = (m|£ei(<4)  / OJ  C <m|/*f(-4>  / 0)  = Dom(DHC). 

tluin  It,  we  can  easily  see  again.  that  BCR12  (as  it  is  published  in  [12] ) is  not  a 
generalization  of  DRC  either  in  the  free  DSm  model. 

Rirthei  we  can  5ce  that  both  BCR2  and  BCR12  do  coincide  with  DRC  neither 
for  all  belief  functions,  which  should  be  processed  in  the  some  way.  simply  because 
BCR2  and  BCR12  are  not  defined  fur  some  of  them,  thus  they  are  not  applicable  in 


10.7  Extension  of  applicability  of  BCRs 

We  can  see  from  the  above  comparison  In  the  previous  section,  that  some  of  the  rules 
can  coincide  with  DRC  even  out  of  their  definition  domain.  We  will  extend  definition 
domains  of  BCRs  as  much  os  powible  in  this  section.  In  the  some  time  we  will  extend 
the  applicability  of  the  rul«,J. 


10.7.1  Extension  of  applicability  in  general  DSm  models 

Limitation  fur  definition  domains  of  all  BCR*  is  dlvvdoa  by 

E "O')  = E m<y)  = 

YtDi  YCA 


whidi  should  be  Doo-xem.  E.g.  wr  can  nut  coaditiunaliar  tbe  vacuous  belief  function 
VOF  (where  rnv*y(0)  = 1,  mv*r(«V)  = 0 otherwise)  by  any  of  BCRs. 


We  cannot  dn  anything  more  with  RCRl,  thus  its  driinition  domain  is  really 
{mlBei(yl)  / 0).  It  also  corresponds  with  definition  domain  of  belief  focusing. 

Division  by  m(*0  *?*>«&«  when  processing  bbtns  from  D J In  BCR2- 

BCRll:  in  summand  m(X)  We  can  extend  the  definition  with  a for- 

mula without  this  summand  for  conditioning  in  the  cane  of  £IJ€0j  m(W)  = 0. 
In  this  case  there  is  no  necessity  to  redistribute  reru  bbms  of  elements  of  Di  and 
the  rules  produce  correct  bbni  even  without  tbe  problematic  summand.  In  this 
wav  we  extend  the  definition  domain  of  BCR2-BCR11  also  for  nil  BFs  such  that 
Zwsom o,  "><*'>  = 0.  Thus  DomiBCfU-BCRU)  = {ml  EViD,  m(K)  / 0}  U 
('"l£,Vl:O,uD,,n(M'>;z0)  = {">lEycDl  •"(>')/  0}  U (m|  5ZW(D  m(M’)  = 0)  = 
{m|fid(A)  * 0)  U (m|  m(lV)  = o}. 


«W»  keep  the  original  SmorimJache  ii  DexertS  ideus  of  BCRs  |12|  in  this  diopter.  Wc 
only  try  to  extend  thru  definition  domains  And  applxalxlity  m much  as  possible,  thus  we 
continue  to  speak  about  BCR1-BCIU1  Just  a rcfarmulonon  and  a mwipfaUfl  of  then 
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Example  4.  Making  a nent  friend: 

I've  met  an  inlcnsting  person  in  a conference  in  Parts.  His  affiliation  is  m U.S.,  but 
1 have  a strong  ftrltng  that  he  has  European  origin.  He  tfxaks  French  very  well,  he 
hat  a French  friend,  he  understands  mg  weak  Italian . he  has  spoken  about  Romania 
several  times.  What  it  my  juAjnfitr  belief  about  his  origin? 

Let  uj  suppose  a 4- element  frame  of  discernment  0 = { U , /.  F . rt),  arAcrr  U stands 
for  U.S.,  I for  Italy,  F far  hYance.  and  R far  Romania.  An  origin  of  my  neu'  fnend 
mag  be  mind,  thtu  application  of  hypcT’portcr  set  is  adajuate.  Por  simplicity,  we  do 
not  suppose  any  constraints,  and  use  the  free  DSm  mtxiel  on  0 in  this  example. 

Let  my  belief  be  given  by  the  following  bba  m:  m(F  U R)  = 0.6.  m(I  U R)  = 0.1, 
m{0)  = 0.3.  Let  uj  learn  a sure  eindcnce  that  my  new  friend's  origin  is  American 
or  Romanian,  that  my  belief  represented  bg  m should  Ac  conditwnolual  by  U U R: 
FUR , luR.  0 6 Dsr  m(V)  = Or  *Auj  a conditioning  byl/uR  it  not  passible 

using  the  original  definition  of  BCRs.  m(y)  = 0 at  well,  fAus  ui  con  use  the 

extending  simplified  formula  for  thi,  case  and  perform  ccmdiliaonaluatitm  as  it  foliates: 
msc-ia(W|(/U/f)  = 0.7,  mucia(UuR  | f/U/t)  = 0.3; 
mBCJu(W|t/U/f)  =0.7,  muCKsiurtR  j UuR)  = 0.3; 

|f/U«)  = 0.85,  maCH*[U  \ UuR)  = 0.15; 
macnsiiR  I UuR)  =0.85,  mocm(U  IVOR)  = 0.15; 

«nec-ira(«|(/ufi)  = 0.775,  macMU\UuR)  = 0.075,  mBcto(f.'nft|  UuR)  = 0.075, 
mBC«.(t'vJ«|  UvK)  = 0.075. 

Bemuse  o/£j,{D  = Bd(UuR)  =0  It  holds  true  also  S(W)  = Bel((l/U«)n 

IV ) = 0,  hence  rules  BCR7-BCR1I  produce  the  a a rue  results  as  BCRS-BCR6  do  in 
our  example. 

We  have  veil  in  Example  4 that  the  ilelinilion  domains  ol  BCR2-BCR6  and 
BCR7  - BCRl  1 were  really  extended  for  a clam  at  generalized  belie!  functions  given 
by  bbiifl  Midi  that  £>•«»,  m(y)  = 0.  Of  course  our  extension  is  nut  sufficient  for 
conditioning  of  all  bbos,  see  the  modified  version  of  Example  4. 

Example  4 (inodif.).  Let  my  belief  be  gnen  by  a modified  bba  mf:  m'(FuW)  = 0.6, 
m'(IuR)  = 0.1,  m'(/uF)  = 0.1,  m'(0)  = 0.2.  It  holds  true  that  £r<;0>  •»'<*'>  = 0 
again,  lUF  € D,  thus  = ”>'(f  D F)  = 0.1  > 0.  hence  we  can  use 

neither  the  anginal  formulas  far  BCRs  (because  of  dinslim  bg  tern  ")  nor  the 
simplified  formulas  (bemuse  their  assumptions  ore  not  satisfied).  Thus  u>e  cannot 
apply  BCRZ-BCRtl  in  this  modified  example. 

Division  by  EyiDl  m(>'|  appears  when  pmcr—ing  bbms  from  Did  in  BCR  12- 
BCR21-  in  summand  m(.Y ) "‘.’y"  ' Analogically  to  the  previous  group  uf 
BCRs,  we  can  extend  the  definition  with  a formula  without  this  summand  fin  con- 
ditioning in  the  cooe  of  52uvd1d  = 0.  In  this  case  there  is  no  necessity 

to  redistribute  Bern  bbms  of  elements  of  Did  and  the  rules  produce  correct  bbas 
even  without  the  problematic  summand.  In  this  way  we  extend  the  definition  do- 
main of  BCR12-BCR21  also  for  all  BFl  such  that  £w(i»,ulijn  m(R’)  = 0.  Thus 
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Do.n{BCRll-BCR2\)  = {m| Even,  m(y)  Z 0>  U lm|^Djo  rn(W)  = 0}  = 

{m|fieJ(j4)  / 0)  U {m|Pi(j4)  = 1}. 

Tbe  aiune  holds  also  lor  BCII22-BCR31.  hcntr  »t  obtain  Dom(BC  R2'hBCR'Sl)  = 
Dom(BCRl^-BCRll)  = {m|Bel(Z)  Z 0}  U {m|P/(.<)  = 1}. 

Example  4 (cunt.).  It  holds  true  that  £y€£(j  "*(*')  = 0 in  Wie  example,  thus  if 
holds  true  alto  5Zv«D1d  "'(*')  = 0 and  Y.Y$D.j:  "d*')  = 0.  From  the  first  equality 
■r  tan  m that  u«  tun  apply  also  BCR12-BCR3I,  and  from  the  second  one.  that  rules 
BCRI2-BCRI6  and  BCR27-BCR31  produce  the  same  results  as  rules  BCRS-BCR6. 
h\om  Bel(U  OR)  = Bel(A)  = 0 1 1 follows  also  BetfW  0 -4)  = 0 and  S(W)  = 0.  and 
that  also  rules  BCRI7-BCR21  and  BCR22-BCR26  similarly  to  rules  BCR7-BCR1I 
product  the  tame  results  as  BCR2-BCR6  m this  example.  Thus  tee  hate: 
m(R|  BuR)  = 0.7,  m(UuR\UuR)  = 0.3  also  for  BCR  IS.  BCR  1 7.  BCRS2.BCRS7: 
m(R|  UuR)  = 0.7,  mlUOR\UuR)  = 0.3  also  for  BCRlS.BCRlS.BCRSS.BCRSS; 
m(R\UuR > = 0.85.  m(U\UuR)  = 0.15  also  for  BCRH.BCR!9.BCR2i.BCR29: 
m(R  | UUR)  = 0.85,  m(U\UuR)  = 0.15  alto  for  BCR  IS.  BCR  20.  BCR  25.  BCRS0: 
inlft  | lAjR)  = 0.775.  m(U  | tAlR)  = 0.075,  mfl'OR  | UuR)  = 0.075,  m(tUrt | BUR)  = 
0.075  also  far  BCRl6,BCR2ltBCR26,BCR3I. 

R*  more  ilistinguiahing  ol  BCKs  ire  present  the  following  example: 

Example  5.  Let  us  tote  a 3 colour  R-G-B  example  from  DSm  web  page  nou.  Hence 
tee  have  5-element  0 = {R.G.B).  Lei  us  further  suppose  the  free  DSm  model  M1 
and  a simple  bba  m such  that  m(G)  = 0.5,  m(RuGuB)  = 0.5,  m(X)  = 0 of  Arrow. 
Let  ut  mate  a conditioning  by  A = R U B. 

Ev^n,  "»(*')  = 0 and  Er€Dj  "»(*')  = ">(G)  = 0.5  > 0 thus  ue  cannot  apply 
rules  BCR2-BCRII  either  in  their  extended  tertians.  GClIRuB)  Z # in  Mr , thus 
G e Dll  and  y^VfD-  m(*>)  = 0 in  example  Hence  uv  can  apply  BCRI2- 
BCRSIas  if  follows: 

mBcnii(Gn(RuB)  | RuB)  = 0.5,  mecmifRuB  | flufl)  = 0.5; 
mficftij(WnGnB|«uB>  = 1.0; 
mncjn«(i*nC|  RuB)  = mscsii(floG  | RuB)  = 0.25. 
ma<;fti«((RnG)u(RnB)  I RuB)  = mbc*u((RnG)U(Gr>B)  I RuB)  = 
maojn«((*nfl)U(Cnfl)  I RuB)  = 0.165; 
mscin»(RnG|  RuB)  = mec/ua(flnG  | RuB)  = 0.25, 
macj»u((«nG)u(«nB)  | RuB)  = mBcitu((RrG)u(GnB)  | RuB)  = 
mBC/ti*((RnB)U(GnB)  IRuB)  = 0.165; 

mi,c*is(Rr\GnB  I HUB)  = mBCMia(Ri~>G  | RuB)  = mflcin«(flnG|RuB)  = 
mBCftin((RnG)u(flnG) ! RuB)  = 0.163151535. 
maojH«(Rnfl|/tuB)  = rnncAu((A<'>C)U(Jtnfi)|RuS)  = 
mfitina(<RnB)U<flnC)  | RuB)  = mftcfiie((RTlG)u(BnG)U(RnB)  | RuB)  = 
mfic*n(R|RUB)  = rnscma{B | RUB)  = mfic«i«(Ru<BnG)|  RuB)  = mtcmsiBu 
(RnG)  | RuB)  = mBcm*(RuB  | RuB)  = 0.0384&15!W. 

Jhim  Bel(A)  =0  it  follows  that  Bel(A  O IV)  = S(W')  = 0,  hence  rules  BCRI7- 
BCR2I  produce  the  same  results  as  rules  BCRIS-BCRI6  do.  The  same  holds  true 
also  for  rules  BCR22-BCR26  and  BCR27-BCR3I. 
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Example  \ (rood If.  not).  Analogically,  u cun  fonhnne  also  modified  example  of 
nr»  friend  at  (f/U/t)  O (/UF)  £ 9 in  the  free  DSm  model  and  (lUF)  6 Du,  Unu 
ErtOuf  m(*/)  = 0 a?“,n-  ,*u  example  u>e  obtain. 

m'acaiiiUuH  | fluff)  = 0.2,  m'BCH»({FuR)ri(UuR)\UuR)  = 0 6, 
mBc/nj((luR)n(l/uR)  1 1/uR)  = mocni3((/uF)n(L/uR)  |f/u/f)  = 0.1; 
mBCJUs(Ur\RnFnl  I l/UR)  = 1.0; 
elc. 


We  ran  gummuiir  our  analysis  and  extension  of  the  definition  domains  of  BCR? 
now.  In  the  extended  cane  for  general  hybrid  DSm  models  the  following  holds: 

Dom(BCRl)  C Dom(BCK2 -BCRll)  C Dom(BCRl2 -BCRSl)  C Dom(DRC), 

Dom(BCRl)  = {m|Bef(M)  * 0}  C Dom(BCR2  - BCRll)  C {m)Bef(d)  0)  U 
(m|/>i(i4)  = l)  = Dom(BC*12-flCfai)  C {m\PHA)*0)  = Dam(DRC). 

Hence  we  cun  i-r  that  applicability  of  the  extended  BCUs  ia  -till  Ion  then  that 
one  of  DRC  in  general. 


10.7.2  Extension  of  applicability  in  the  free  DSm  model 

In  the  special  cane  of  the  free  DSm  model  M1 , X fl  Y ft  0 and  PI(X)  = PI(Y)  = 1 
always  holds  true  fur  any  -V,  V e Da.  Therefore,  we  can  remove  the  summand 
m(.tf)  ' *ruui  definitions  of  the  rules  regardless  of  the  condition 

ZWtDu)  m(iV)  = 0 which  always  holds  true  in  M1 . 

Dom(BCRl)  C Dom(BCR2- BCRll) 

C Dom(BCR12-BCR31)  = Dorn(DRC'). 

Where  Dom(BCHl)  = (m|Bel(/4)  * 0}  as  in  a general  case,  and  Dam(BCR12- 
BCB 31)  is  a set  of  all  bbas  defined  on  D"  now. 

Under  this  extension,  we  finally  obtain  BCR12  as  a full  generalization  of  DRC  In 
M1 . and  BCR12  is  completely  equivalent  to  the  generalized  DRC  in  the  DSm  free 
model  M'. 


10.7.3  Extended  definition  of  BCR12 

As  an  example  of  full  formal  definition  of  BRC,  we  present  here  the  extended  version 
of  BCR12,  for  extended  versions  of  other  BCRs  see  |6]. 

The  extended  version  of  Belief  Candilionmg  Rule  no.  IB  (BCR IS)  o defined  for 
X Q A by  the  formula 


mflc«ij(.V|i4)  = ^ tn(M')  + 

wru-x 


"(*> 

Bel(A) 


E "(Z). 

X.-tX— # 
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when  Bel(A)  # 0,  and  by  the  formula 

mac'*ia(A|A)  = £ ”IW)" 

WnJil 

whm  Eweo*,,  m(M’)  = ° 

"I  ac nia  (A’  |A)  = 0 for  X % .4  an  in  the  urlcinol  definition.  Our  extended  BCR12  in 
not  defined  for  BF.  such  that  =0t  T.WfO,,,  tn(lV)  > 0. 

In  lb*  special  case  of  the  DSm  free  model  SI1  we  have 

mat'ftiz(A|A)  = ^ m(W') 

H-n*  -u,  X 

in  full  generality  fur  any  BP. 

Thun  it  b the  real  and  com  pi  He  generalization 11  cif  DRC  in  Mr . 

10.8  Summary  of  comparison 

10.8.1  Summary  of  coincidence  of  BCR*  with  DRC 

Aa  it  was  already  mentioned.  BCR  12  in  the  bent  of  BCRs  as  It  does  nut  add  any 
additional  infurmatiun  when  proceeding  m(lV)  far  IV  from  Da  U Du . Thin  rule  has 
also  the  greatest  coincidence  with  (the  generalired)  DRC  BCR12  noncidra1*  with 
DRC  fur  BFn  where  all  fucal  element  are  from  DtUDyU Du,  Le.  if  Pl( A)  = 1;  thin 
trivially  holds  fur  any  BF  which  b defined  In  the  free  DSm  model  Ml- 

Thb  coincidence  b baaed  on  the  fact,  that  there  are  no  cunflictu  In  M ' and  subse- 
quently several  combination  rules,  which  ore  based  ou  intersect  ion  of  focal  elements, 
mutually  coincide  in  M1 , see  |2]  and  also  Chapter  3 in  jll|.  Similarly,  also  DRC  and 
BCR12  coincide  in  the  free  DSm  model  M*  with  the  conjunctive  rule  nf  rnmbinatiun 
(with  the  2nd  argument  fixed  to  m,.  where  rnx(A)  = 1,  mx(A)  = 0 for  A A), 
hence,  also  with  the  generalization  of  Dempster  s rule  of  combination  [2], 

DRC  performs  a normalization,  Le.,  propoctiocalixation  of  rn(A')  accunling  to 
m(F)  far  Y such  that  I'O.l  * fl.  whereas  BCR12  perfunns  a proportionalizaUon 
according  to  m(F)  far  Y £ A.  Thus  oil  bbms  of  Y lor  YClA  g t»  L Y g A are 
ignored  within  the  prupurtioualiintiou  in  BCR12,  hence  the  rale  b more  sensitise 
with  respect  to  bbms  of  Y £ A. 

BCR2  coincides  with  DRC  for  BFs  where  all  focal  element  are  from  U,  U Da. 
BCR27  coincides  with  DRC  for  BFs  where  all  focal  element  are  from  D,  U D,. 
BCR22  coincides  with  DRC  lit  BFs  where  all  focal  element  are  from  D,  U Du. 

All  27  other  BCRs  coincide  with  DRC  only  fur  BFs  where  all  focal  elements  are  from 
Di  (Le.,  if  Bef(A)  = 1),  Le.,  only  in  the  case  of  trivial  conditioning  m(A(A)  = m(.V) 
for  X e A.  and  m(A'|A)  = 0 otherwise. 


" Tins  evidently  dnes  not  held  true  for  the  exlennco  from  |I3|. 

“We  c cornier  the  generalned  DRC  and  the  new  alendcd  wrslnn  of  BCRs  in  this  reclaim 
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10.8.2  Comparison  of  BCRl,  BCR12  and  BCR17  with 
classic  rules  of  conditioning 

Rule  BCK12  b somewhere  in  between  BRC1  (that  b equivalent  to  the  generalised 
belief  focusing  |3])  and  the  generalized  DRC.  as  bbma  of  -V  £ .4  axe  kept  located  to 
A by  all  3 conditioning  ruler,  bbms  of  X for  A 0 ,4  = fl  are  proportionalirrd  in  the 
Bame  way  by  BCRl  and  BCR12  (according  to  m(Y)  for  Y £ /t),  whereas  bbms  of  X 
tin  XCIA  # G&  X % .4  are  in  the  same  way  relocated  io  A ft  A by  BCR12  and  (the 
geDe rallied)  DRC. 

The  ways  of  relocation/redbtributioo  of  bbms  rn(W’)  of  focal  elements  in  depen- 
dence on  their  relation  to  conditioning  set  .4  are  presented  in  'fable  1. 

Their  is  a little  bit  more  complicated  situation  In  BCR17,  which  is  somewhere 
between  BCRl  and  BCR12.  Bbms  m(W)  are  either  redistributed  ns  by  BCRl  or 
rehicated  as  by  BCR12  according  to  S(W)  = BtHWClA)  for  IV  € D„  U D,.  bbms 
m(W')  are  relocated  as  by  BCRl 2 for  other  focal  elements,  i.e.  for  VV  € D,  U Dm. 
see  Table  1 again. 


1 

BCRl 

BCR12 

BCR17 

DRC 

I1 

Di 

IV  qA 

vv 

W 

w 

W 

2 

D2d 

M'Oyl  = 0 

Y : TQ.4 

Y : YQA 

Y : YqA 

Y : YnA  $ 0 

' 3 

d3, 

wnA  i » 

Y : Y£A 

vvn,4 

• 

vv  n A 

Di 

WnA  i » 

Y : TQ.4 

• 

vvn,4 

• ....  m(VV)  should  be  redistributed  among  Y : Y £ Wn.4  if  Se/(H'nA)^0, 
or  relocated  to  VI’  n A otherwise. 


Tnble  10.1:  Relocation/redistribution  of  bbm  m(W) 


The  second  column  of  the  table  contains  the  domain  of  focal  element  VV,  relation 
of  focal  element  IV  and  of  conditioning  set  A is  in  the  .lid  column,  the  4th  - 7lh 
columns  display  the  clement  of  V%,  to  which  bbm  m(H')  should  be  relocated  or  the 
set  of  elements  of  £).m  among  them  m(W)  should  be  distributed  Note:  when  m(H') 
to  be  pruportiunalind  among  Y such  that  Y £ .4  or  TO. 4 ^ 0.  m(T)  must  be 
positive-,  when  m(lV)  to  be  relocated  to  IV lid  or  redistributed  among  Y such  that 
V’  £ VVO-4,  m(lVO/4)  and  m(y)  may  be  alwi  equal  to  tero. 

When  computing  BCRa  accordtng  to  Table  1,  we  have  to  keep  the  order"  of 
step!  (we  the  first  column  of  the  table),  due  to  performing  step  3 (redistribution  of 


14  Notice,  that  m the 
normalise  oinflirti  tn  DRC 


order  (step 
all 


before  step 


1)  it 

(Le. 


would  be 
all 


to 


DilUlh). 
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Oil  U Dt)  Injure  step  2 changes  BCR12  to  DRC  as  step  2 (redistribution  of  Did) 
ditlera  DRC  from  BCR12. 

In  the  case  ol  other  BCRs.  it  is  not  possible  to  say  uniquely  which  rule  odds  more 
infnimatioo  witliin  conditioning  proems  in  general,  i.e.  which  rule  is  cheer  to  DRC 
than  another. 

FW  a table  of  relocation/rediatribulion  of  bbm  m(VV')  for  all  BCRs  see  [6|. 

10.9  Conclusions 

All  of  the  31  Belief  Conditioning  Rules  (BCRs)  are  analysed  in  this  chapter.  The 
important  role  of  the  splitting  of  Dj  into  Did  and  Dji  is  underlined  here  And  a 
comparison  of  all  31  BCRs  with  Shafer’s  (Le  Dempster's)  rule  of  conditioning  (DRC) 
is  presented 

Based  on  the  results  of  the  presented  analysis  and  the  comparison,  tbe  definitions 
of  BCRs  ore  extended  to  be  applicable  to  as  wide  definition  domain  os  pmsible.  A 
scries  of  example*  illuminating  wider  applicability  of  ihe  new  extended  version  of 
BCRs  are  displayed. 

From  the  presented  theoretical  resmlto  it  follows  that  BCR  12  and  BCR  17  are  really 
the  best  of  all  31  BCRs.  where  BCR12  is  better,  as  it  adds  less  additive  information 
within  conditioning  proems  On  the  other  hand.  BCR12  cannot  be  considered  a 
generalization  of  DRC.  'Hie  real  generalized  DRC  (3)  b briefly  recalled. 

As  tbe  final  recommendation  fur  belief  conditioning  in  DSmT,  we  recommend 
using  BCR12  or  tbe  generalized  DRC. 
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10.11  Appendix:  comments  to  implementation 

The  extension  ui  BCHs  delioed  in  section  on  UCHs  in  [13]  has  already  been  mentioned 
in  several  footnotes  in  this  chapter.  It  b limply  defined  for  all  BCHs  as  m(A|A)  = 1, 
m(X|A)  = 0 lor  X / A when  Bd(A)  = 0.  This  definition  extends  definition  domain 
of  all  BCHs  to  the  entire  set  of  all  (generalised)  belief  functions  The  extension 
enables  implementation  of  BCHs  which  always  produce  a result.  This  extension  fits 
with  the  nat  ure  of  BCRl  which  b based  only  on  belief  masses  of  focal  elements  from 
D\ . the  other  focal  elements  are  simply  ignored. 

Nevertheless,  the  results  of  all  other  BCHs  are  related  also  to  the  focal  elements 
from  Di  and  results  of  BCR12-BCK31  also  to  the  focal  elements  from  £*j  which 
intersect  conditioning  set  A.  'Ibis  is  ignored  by  the  extension  from  [13] . Our  extension 
defined  in  thb  chapter  extends  BCHs  respecting  their  nature  as  much  os  possible, 
see  different  results  of  particular  BCHs  in  Examples  1 and  5 When  applying  the 
extension  from  [13],  we  obtain  m(l/uft|f/uR)  = 1,  m(X|VL)/f)  = 0 for  X ^ UuH 
for  all  BCRl  in  Example  4,  and  = 1.  m(.Y|flUfl)  = 0 far  X jt  HuB 

for  all  BCHs  in  Example  5:  all  bbtns  of  original  focal  elements  from  Dj  and  D,  are 
ignored  by  all  BCHs. 

Of  course  our  extension  has  one  disadvantage  from  the  point  of  view  of  its  imple- 
mentation. There  are  still  sime  possible  non- trivial  input  belief  functions,  for  which 
some  (extended)  BCfts  are  not  defined,  bence  no  implement  at  Km  can  provide  any 
result  for  Midi  an  input.  In  such  a case  we  can  combine  both  the  extensions:  our 
from  this  chapter  and  that  from  (13)  to  extend  definitions  domains  of  BCRl  as  much 
as  possible  respecting  the  nature  of  particular  BCHs.  And  whenever  thb  extension 
b not  defined  we  can  apply  the  idea  of  the  extension  from  (13]  and  transfer  the  con- 
lllcting  belief  inasra  to  m(A|A).  Thus  we  obtain  BC’Rs  which  arc  defined  for  all  BFs 
and  implementations  which  always  produce  some  resulting  bbrns 

In  the  cnae  of  BCK12  we  obtain  the  following  formulas: 

n>BC(ui(X|A)  = V m(W)  + $j£L  - £ m(f), 

Wr\A*X  1 ' JBHAM0 

fur  X £ A when  £e/(>4)  ^ 0,  and  by  the  formula* 

^ m (W)+  mflV), 

mfld*iaa<-V|d4)  = ^ m(W'). 

WnAmX 

for  X C A when  Bei(A)  = 0, 

fn£CJb:i(JF|A)  = 0 fur  -V  % A no  m the  original  fldfailtlna. 

In  a special  case  of  BFs  such  that  all  focal  elements  are  from  Dm  we  obtain 
= 1,  = 0 fur  X f A.  Dm  = i>  in  the  free  DSm  model 

MJ  thus  the  extension  remains  the  same  os  it  was  in  subsection  10.7.3  in  the  case  of 
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Considering  this  combined  extension  we  can  apply  BCR2-BCR1 1 also  in  the  case 
of  modiiled  example  4 obtaining  the  following  results: 

*nec-ia(W|(/U/f)  = 0.7,  mBcm(UuR  \UuR)  — 0.3; 

mBCiu(«|f/U/f)  =0  7,  mBcia(Ur>R\UuH)  =02,  mBCta(UuR  \ UuR)  = 0.1; 
mBcBA(R\UuR)  =0.B,  mBciu(U | U\jR)  =0.1.  mBcia(UuR  | UuR)  = 0.1; 
n>Bct*{R \UUR)  = 0 B,  mBCia{U  \ UkjH)  = 0.1,  mBCia<U\jR  | UuR)  = 0.1; 
mBcim{R  |(/uR)  = 0.75,  mnaaiU  I UuR)  = 0.05,  mBcHa{UC'R\OuR)  = 0.05. 
f/u/f)  = 0.15. 

Bcl(A)  = 0 implies  S(W')  = 0 and  that  BCR7-BCR11  produce  the  same  results 
os  BCR2-BCR6  du  Analogically  we  can  make  conditioning  by  any  other  BCR  In 
situations  where  our  extension  from  Section  10.7  Is  no*  defined. 

Applying  the  idea  from  this  section,  we  obtain  extensions  of  all  BCRs  to  the 
set  of  all  (generalised)  belief  functions  such  that  the  original  ideas  of  BCRs  |l2j  are 
conserved  os  much  os  possible. 
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Abstract:  This  chapter  describes  uhat  particular  pieces  oj  1 n- 

fontuUitm  about  a lourrr  should  be  taken  mtn  account  in  order  to 
yet  u miionablc  assessment  0/  un  a<fnt»ufr  in/irrmulion  retrieved 
based  an  the  sensor  data  or  human  originated  information.  It  has 
been  proven  Oiat  actual  sensor  weights  and  hypotheses  masses  do  not 
change  m ndomJy.  hut  they  vary  in  time  according  ta  tracked  target 
motion,  however  no!  directly  to  the  target  position.  It  if  pjriuioicd 
that  the  knowledge  u!**uf  furyef  position  only  is  insufficient  and  at 
least  two  dynamical  coordinates  target  state  pectin**  are  required  to 
reflect  the  target  orientation,  which  has  an  influence  on  actual  hy- 
potheses assessment  formed . on  the  bans  of  the  sensor  data  or  visual 
sightings. 


Scientific  work,  financed  with  science  means  from  3007  to  2010  as  on  ordered  research 
project. 
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11.1  Introduction 

Maritime  Command  and  Control  (C-AtC)  systems.  like  other  inlormalion  systems  need 
(uakin  techniques  to  deni  with  evidence  (ci/  both  Idndi:  kinematic  and  attribute) 
gathered  from  miscellaneous  sensors.  When  the  evidence  is  imprecise  and  conflicting, 
DSmT  fusion  seems  to  be  on  excellent  choice  However.  DSmT  requires  baric  belief 
assignment  defined  to  perform  the  conditioning  and  combining  algorithms  [7,  8].  ITius 
the  problem  arises,  namely  how  Ui  evaluate  the  information  gathered  bum  diverse 
sourer*  (including  human  being),  to  get  a reasonable  starting  point  fur  tbe  DSmT 
engine? 

The  research  goal  is  to  invent  on  attribute  information  evaluation  method  for 
CArC  systems  purposes  to  reasonably  nawss  the  information  bum  diverse  sources 
The  method  must  deal  with  specific  sensor  characteristics,  target  motion  and  provide 
the  results  usable  far  DSmT  fusion  engine,  as  well 

Thus,  tbe  research  problem  may  be  decomposed  Into  two  problems: 

• Finding  a method  of  evaluating  tbe  evidence  related  to  target  attributes  from 
diverse  types  of  sources; 

■ Converting  the  obtained  quality  of  information  into  a basic  belief  assignment. 


11.2  Assessing  information 

Assenting  the  information  source  is  the  first  step  to  be  taken  in  the  whole  information 
evaluation  process.  Usually  this  kind  of  evaluation  includes  source  characteristics,  like 
detection  and  class  Hi  cation  zones,  reliability  parameters  and  other  factors  like  terrain 
features,  fur  example. 

The  analysis  of  marine  CA:C  systems’  needs  proves  that  the  evaluation  of  the 
information  source  (even  regularly  updated)  is  not  enough  to  perform  information 
fuskin  on  the  satisfactory  level. 

Moat  of  applied  suft-deciriun  fusion  methods  (including  DSmT)  utilize  current 
state  of  knowledge  related  to  each  possible  hypothesis.  The  hypotheses  may  be  as- 
sessed in  terms  of  statistics,  bow  oboervatkins  differ  from  the  expected  values,  related 
to  subsequent  hypotheses. 


11.2.1  Evaluation  factors 

In  order  to  standardise  evaluation  terminology  it  is  suggested  to  accept  the  following 
distinction  of  all  the  elements  of  the  evaluation  process,  so  called  evaluation  factors: 


• Source  related: 


- Time  invariant  factors: 
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• 'Ihe  number  ul  wurc« 

• Souicp  reliability; 

• "terrain  features  (not  discussed  in  ibis  chapter); 

— Time  variant  factum: 

• Quality  mensair,  regarding  source  characteristics, 

• Quality  measure,  regarding  target  motion  parameters; 
• Hypotheses  related: 

— Time  Invariant  factors: 

• ’Ihe  total  number  of  hypotheses; 

- Time  variant  factors: 

• Hypotheses  instanlunwus  qunlity  value. 


11.2.2  Not  only  distance  matters 

Many  methods  rely  on  the  target  position  when  defining  source  time  dependent  qual- 
ity parameter  (3,  6|  It  is  quite  natural  that  the  distance  between  the  target  and  the 
sensor  inti  unices  the  sensor  performance.  Some  of  successfully  applied  information 
evaluation  algorithms  |1,  2)  assume  that  the  closer  the  target,  the  mure  precise  the 
measurement.  This  may  be  correct  for  specific  types  of  sources  however  in  general 
there  are  situations  when  applying  this  rule  may  bring  paradoxical  results. 

Figure  11.1  shows  that  the  clarification  of  a target  via  visual  sightings  or  a video 
camera  may  be  imprecise  when  the  target’s  heading  is  clmely  aligned  to  ita  hearing 
from  the  sensor  (or  the  source)  because  fewer  of  its  features  may  be  extracted.  As 
such,  it  may  he  easily  confused  m-ith  oilier  vessels.  However,  when  the  target’s  head- 
ing and  bearing  from  the  sensor  substantially  differ,  then  more  of  the  structure  of  the 
vessel  is  typically  revealed  making  its  claMificatiou  simpler,  even  if  it  lies  at  a greul 
distance  bum  the  sensor. 

According  to  the  authors’  knowledge  and  opinion,  information  evaluation  algo- 
rithms should  he  aware  of  such  problems.  This  may  be  done  if  the  evaluation  process 
takes  ton  independent  steps 

• utilise  the  information  about  source  classification  zones,  usually  not  identical 
with  detection  zones; 

• utilize  the  information  about  the  target  course  (if  possible)  or  retrieve  the 
ns  peri  angle  information  taking  target  state  vector  consisting  of  two  (at  least) 
dynamical  coordinates:  position  and  velocity. 
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Figure  11.1.  Classification  problem:  not  always  the  distance  metric  is  the  best. 


That  certainly  requires  stale  estimation.  For  the  purpine  o i marine  CA-C  systems 
that  seems  nut  to  be  problematic  hit  the  reason  that  state  ratlmatiun  b usually 
performed  independently  outside  attribute  information  evaluation  modules.  If  that 
b an.  evaluation  methods  may  take  advantage  of  target  tracking  functions. 


11.3  The  attribute  iuformation  evaluation  model 

Based  on  olaervations  described  in  the  previous  section,  the  attribute  information 
evaluation  process  may  be  expressed  with  a concept  and  finally  a model  b presented 
below.  The  basic  blodc  scheme  of  information  evaluation  process  b shown  on  Figure 

11.2. 
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Figure  1 1.2:  Information  evaluation  basic  block  scheme. 
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Taiyct  - an  object  to  be  detected  and  daaniied  by  subsequent  blocks.  The  target  is 
nssumed  to  be  described  by  a threat  attribute  and  a kinematic  state  vector. 

Sensor  - a source  of  information.  There  are  [xasible  diverse  source  types,  namely 
radar,  video  camera  and  visual  sightings,  for  example.  It  is  assumed  that  all  these 
types  have  different  characteristics  (detection  and  clarification  rones)  and  reliability. 

CUuiifier  - a bkick  whidi  associates  the  sensor  data  with  particular  ponible  hypothe- 
ses. Based  on  primary  hypotheses  distinguished  by  the  sensor  (frame  of  discernment), 
the  classifier  results  in  creating  additional  hypotheses  using  U and  O operators  to  form 
an  extended  set  which  may  be  dealt  with  the  DSmT  fusion  engine. 

Evaluator  - a block  which  assesses  the  classified  information.  This  is  the  key  port  of 
the  whole  model  The  evaluator  uses  information  concerning: 

• Information  source  (source  characteristics,  source  reliability  information); 

• Sensor  measurements  (concerning  hypotheses  actually  supported  directly  by 
*nsors); 


• Thrget  kinematics  information  (to  evaluate  exact  hypotheses). 

Global  evaluator  - an  auxiliary  evaluation  block  which  updates  local  evaluation  prod- 
ucts with  external  information  about  the  qualities  of  the  sources  (riot  shared  by  local 
evaluators)  like  bias  corrections  or  human-originated  preferences,  fur  example 

A more  detailed  diagram  is  depicted  on  Figure  11.3.  Each  block  of  Figure  11.2  has 
been  reconsidered  to  view  its  main  functions.  The  arrows  show  the  block  interactions 
on  the  functional  level.  In  addition,  a block  of  the  state  estimator  has  been  introduced 
which  provide!  target  kinematic  informat  ion  in  real  systems. 

The  blocks  of  Target  and  State  estimator  perform  auxiliary  functions  only,  to 
show  the  reader  the  point  where  the  exact  informatkm  is  processed  They  will  not 
be  discussed  in  details  here. 


11.3.1  The  types  of  sensors 

For  the  purpuic  of  the  evaluation  model,  the  sensor  bkick  Is  assumed  to  consist  of 
two  components: 

• Characteristics; 


• Observation  proems. 

The  characteristics  describe  theoretically  how  a source  performance  should  change 
depending  on  the  tracked  target  position.  It  may  be  treated  as  a deterministic  com- 
ponent. 
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Figure  11.3:  Further  insight  into  information  evaluation. 


The  observation  proem  component  acta  mainly  os  a stochastic  one.  It  introduce* 
random  disturbance  noise  to  model  a wiurce  imperfection,  according  to  the  reliability 
parameter  value. 

Such  a decompaction  uf  deterministic  and  atochastir  wnsjr  componenta  a re- 
quired for  the  reason  that  sensor  performance  is  going  to  be  modeled  in  a following 
(after  classifier)  block  of  evaluator  Deterministic  in/ormatinn  about  characteristics 
is  asiuiued  to  be  possible  to  share,  while  stochastic  wirir  behavior  information  is 
never  completely  known  in  the  real  world,  therefore  it  Is  assumed  to  be  unknown 
outside  the  sensor  block. 

Concentrating  on  the  characteristics  component  it  Is  important  to  notice  that 
one  can  deal  with  diverse  types  of  sc  mors  (using  diverse  ontologies),  however  it  was 
assumed  for  simplicity  to  constrain  the  sensor  model  to  the  rlasuli  cation  level. 

Therefore,  the  only  two  types  of  xones  are  to  be  taken  into  account: 

• Detection  nine; 


• ClaaMlicathm  xones. 

The  detection  xone  is  a region  where  the  target  detection  is  piasiblc.  Any  region 
outside  that  ronr  as  no*,  taken  into  account. 


The  clasnhcatson  nines  are  the  subsets  ol  the  detection  nine,  where  the  target 
may  be  classified  with  precision  determined  by  its  actual  kinematic  state  vector.  The 
nines  can  be  distinguished  as  follows: 


• Perfect  clamilkation  conditions  (Fc  = 1); 
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I'erfect  azimuth  and  Imperfect  range  condition!!; 

F.(t)  = w,<l)  • urd<<> 

I'erfect  range  and  imperfect  azimuth  condition*; 

F.(f ) = ui#(l)  - W,(t) 
Imperfect  cla»Lliriitiau  conditions; 

Fc(t)  =w,(t)-«<-w.(0 


<11.1) 


<11.2) 


<11.3) 


wbere  Fe  (the  conditions  factor)  n a funrtkin  which  sunuiahzea  a classification  qual- 
ity and  where  ur*.  -v  and  u.'«  are  the  target  validation  weights  regarding  target  aspect, 
distance  and  azimuth  respectively. 


Pm* onY 


PoifconX 


Figure  11.4:  Classification  zones:  (I)  perfect  classification  conditions.  (II) 
perfect  azimuth  imperfect  range  conditions.  (Ill)  - perfect  range  imperfect 
angle  conditions,  (IV)  imperfect  classification  conditions. 


The  observation  process  disturbance  may  be  modeled  using  a normal  distribution 
with  known  mean  value,  determined  by  expected  undisturbed  (simulated)  value  and 
standard  deviation,  depending  on  the  sensor  characteristics. 

<T  = <7mln  + 6(1  - Fe)  <11.4) 


where  is  the  minimal  standard  deviation  value  and  <5  is  a condition  dependence 
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11.3.2  Classifier 

Wherever  a solt-decision  fuiiiun  approach  is  applied,  the  rWatia  block  appears.  In 
the  evaluation  model  presented  here  the  danuher  has  to  carry  out  two  tanks. 

• Extracting  the  primary  hypotheses  (source  frame  of  discernment); 

• Generating  additional  hypotheses  using  J and  C l operators. 

Extracting  the  primary  hypotheses  is  a classical  task  fur  rlamiftrni.  For  a given 
type  of  sensor  each  possible  hypothesis  is  extracted  and  established  in  a hypotheses 
table  for  future  evaluation. 

The  hypotheses  distinguished  by  sensors  are  mostly  exclusive  and  the  set  of  passi- 
ble value  depending  on  the  exact  source  may  not  be  sufficient  lor  proper  classification. 
For  this  reason  it  n suggested  to  append  to  the  classifier  an  additional  function  at 
generating  extcnsionnl  (middle)  hypotheses  using  union  and  intersect**  operators. 

If  the  threat  attribute  is  liuiuan-orlginatwl  the  following  translation  rules  should 
be  applied1: 

• SUSPECT  = UNKNOWN  O HOSTILE 

• ASSUMED  .FRIEND  = UNKNOWN  n FRIEND 

• FAKER  = FRIEND  n HOSTILE 

• JOKER  = SUSPECT  n FRIEND  = UNKNOWN  n HOSTILE  n FRIEND 

A suspicion  that  there  are  two  targets  within  considered  area  may  also  be  estab- 
lished as  union  hypothesis,  for  example:  FRIEND  'J  HOSTILE 


11.3.3  Evaluator 

Some  soft- decision  fusion  models  apply  the  c Unifier  as  a module  responsible,  not 
only  for  proper  classification  (and  interpretation)  of  dota  obtained  from  sensors,  but 
also  on  some  kind  of  evaluator. 

Since  this  chapter  refers  mainly  to  attribute  information  evaluation,  the  evaluator 
lius  been  distinguished  as  a separate  block  that  follows  the  classifier.  However,  in  the 
presented  model  one  also  receives  inhumation  directly  from  other  blocks.  It  Is  due  to 
the  fact  that  the  evaluation  process  requires  a combination  of: 

• Sensor  model:  to  access  the  muree  characteristics  information: 


'Presented  threats'  values  are  defined  in  [4]  It  a authors  suggestion  lo  put  them  In 
terms  of  hypothesis  union  or  mtreserticc  to  be  easily  dealt  by  DSmT  fusion. 
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• Classifier  information:  to  acquire  information  about  particular  hypotheses  to 
evaluate; 

• Target  state  vector:  necessary  Ui  utilter  the  characteristics  information; 

• Reliability  data,  to  know  about  how  defective  the  source  or, 

• Consequently:  sensor  data  to  have  the  basis  fur  the  evaluation. 

Sensor  model  information  may  be  easily  derived  from  the  deterministic  part  of 
the  sensor  block.  If  that  is  so,  source  related  time  variant  parts  may  be  summarised 
with  one  functiun  F,(t).  described  as  in  sect  kin  1L3.1. 

Considering  the  distinction  jiresenled  in  section  1L2.1  the  evaluation  of  hypothe- 
ses may  be  eaprraecd  by  the  following  formula: 

_ «_  flRiFc(l)  1 /ii  si 

797—  sgr  <“•*) 

where  1 is  the  renaor  index;  j is  the  classifier  hypotheses  index;  II,  is  the  sensor 
reliability;  JV*  number  of  primary  hypotheses;  A6,  is  the  hypothesis  weight  based 
distance  metric  and  If  € [2,  N»j  is  a compensation  coefficient. 

The  first  term  acts  as  a source  related  component.  It  consists  of  conditions  factor, 
source  reliability  and  the  number  of  primary  hypotheses3.  The  coefficient  0 should  be 
treated  as  a compensator  of  prior  hypotheses  number.  The  second  term  is  related  to 
hypotheses  component.  For  each  hypothesis  from  the  set  obtained  from  the  classifier, 
the  respective  hypothesis  weight  A0,  is  calculated  based  on  the  distance  metric,  as 
Figure  11.5  shows. 


Figure  11.5:  Distance  metric  for  calculating  hypotheses  weights.  Numerical 
values  specify  distribution  distances. 


'Number  of  primary  hypotheses  (not  clu&uiicr  hypotheses)  u taken  Into  Account.  bo;.iute 
unlike  primary  hypotheses  classifier.  hypotheses  may  not  be  treated  as  An  intrinsic  feature 
o i the  source. 
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Thb  rule  may  be  easily  applied  for  each  prior  hypothesis.  Otherwise,  if  for  exam- 
ple the  byputhrsb  b created  upon  intersection  of  prior  hypotheses,  it  B suggested  to 
apply  another  rule  described  below.  The  problem  that  occurs  concerns  the  evaluation 
of  hypotheses  related  to  the  target  threat  parameter  It  b assumed  that: 

• 'Ibt  frame  uf  dtauernmmt  b drlinrii  or: 

0 = (U?  UNKNOWN.  F“  FRIEND, H A HOSTILE) 


• The  measurements  are  performed  in  three  steps' 

- Step  L HOSTILE  vs.  FRIEND; 

- Step  IL  HOSTILE  vs.  UNKNOWN; 

- Step  HI:  UNKNOWN  vs.  FRIEND 

• The  first  (sensor  related)  term  b omitted  for  simplicity; 

Based  on  the  frame  of  discernment  and  rules  described  in  tins  sect  km  additional 
hypotheses  may  be  funned.  Graphical  relationship  among  threat  attributes  are  shown 
in  Figure  11.7. 

It  b important  to  realise  that  the  method  presented  here.  If  applicable  to  resolve 
problems  cither  than  those  related  to  the  target  threat  evaluation,  requires  recon- 
sideration since  some  of  price  dosses  are  specific.  The  clam  UNKNOWN  is  specific 
because,  apart  from  the  fact  that  it  b one  of  prior  class es,  it  represents  the  Ignorance 
about  the  target. 

The  idea  the  of  three-step  measurements  comes  hum  the  fact  that  in  marine  sys- 
tems the  mint  important  b to  firstly  classify  the  target  either  FRIEND  or  HOSTILE 
The  rest  of  the  observations  tuny  be  used  to  update  the  degree  of  evidence  that  the 
target  b a FRIEND  or  HOSTILE  and  to  update  the  target  claadfication  accord- 
ingly. That  aim  may  become  the  basb  to  create  the  following  additional  hypotheses; 
JOKER,  FAKER  etc.  Certainly,  the  following  measurements  may  be  treated  as  com- 
pletely different  sources  of  evidence  and  hence  the  DSmT  fusion  may  be  applied. 
However,  in  this  chapter,  it  b suggested  to  consider  them  related  to  the  same  source 
of  information  and  to  utilise  some  extra  knowledge  about  the  definition  of  threat 
values,  described  below.  Omitting  the  first  (sensor  related)  term,  os  assumed,  hy- 
potheses weights  may  be  calculated  as  follows: 

-<« 85  sir  (1L8) 

The  weights  ur  should  be  calculated  os  fullows: 

= Sdl) •*(•,)  (IL7) 
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Figure  11.6:  Calculating  hypothec  weights  using  distance  metric  (steps  I-1II). 


wbere 


pT{F)  = [A«*,(F>  MU(F)  At»,„(F)] 

(u-a) 

*,T(W)  = [A 6,{H)  &0„(H)  ±<hn(U)\ 

<11.9) 

uT(U)  = | DHf  A Vn{U)  A0„,[U)] 

(1110) 
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Figure  11.7:  Relations  among  threat  values  (UNKNOWN  is  specific)  where 
Fk  4 FAKER.  J 4 JOKER,  S 4 SUSPECT  and  AF  4 ASSUMED.FRIEND. 


fAtfj(f')-  A0,(H) 
«-(FnH)=  A 0„(U) 

A *„/<F) 


r 1 

A0„(tf)  - 6t„(U) 
[a«,„{U)-  A/*/;,(F)J 

f Afli(F)  1 

A»„(U) 

|A0, ii(U)  - A*„,(F)J 
Atfi(W) 

A9„<H)-Afl„(U) 
Ae,„(U) 

/(FUH)  = (Oh^  A<b,(tf)  A0„,(F)) 


v(FnUnH)  = 


P<FflU>  = 


v(Hi-lU)  = 


(11.11) 

(11.12) 

(11.13) 

(11.14) 

(11.15) 


where  _'(F  0 H)  b the  weight  of  FAKER;  u(F  <~\U  CiH)  b the  weight  of  JOKER; 
u-(FnU)  U the  weight  u!  ASSUMED  FRIEND;  w(tfnU)  U the  weight  of  SUSPECT 
according  to  the  translation  rules  described  in  the  section  and  D,ir  b the  distance 
between  distributions  HOSTILE  and  FRIEND. 


The  weights,  generally,  consist  of  three  terms  whkdi  represent  how  much  evidence, 
retrieved  based  on  every  measurement  step,  b for  a [mrticular  hypothesb  (for  exam- 
ple: in  equation  (11.8)  they  are  distances:  A0/(F)  and  A8u/(F))  o*  how  much  it  b 
against  the  contrary  hypothmb  <AHu(l/)  - for  the  same  equation).  However,  when 
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creating  the  hypotheses  using  fl  operator,  it  is  iinp<irtant  to  notice  that  the  intersec- 
tion of  particular  prior  hypotheses  changes  the  graphic  interpretation  to  what  extent 
the  evidence  is  ior  particular  hypothesis.  For  example  equation  (11.12)  slums  that 
JOKER  is  the  mint  probable  i(  in  all  three  steps  measurements  will  place  somewhere 
in  the  middle  between  distributions.  Therefore,  each  term  consists  of  distance  differ- 
ences. not  just  distances  It  must  be  also  mentioned  that  in  equation  (11.11)  though 
defined  as  Ff)H  the  second  term  b Atfu(t')  not  Atf, /(//).  That  mulls  from  the 
fact  that  the  target  FAKER  is  always  a friendly  (foe  exercise  purposes  acting  as  HOS- 
TILE). The  high  measurement  o t ‘how  much  HOSTILE  it  is'  does  not  really  support 
the  hypothrsb  of  FAKER 

11.4  Numerical  experiments 

The  techniques  described  in  previous  sections  hare  been  subjected  to  series  of  numer- 
ical experiments  This  section  pments  details  of  the  experiments  and  is  followed  by 
the  discussion  uf  obtained  results. 

11.4.1  Assumptions 


• The  target  is  described  with  the  threat  attribute  value,  which  can  be  changed 
by  the  user  and  a state  vector; 

• The  target  is  assumed  to  be  moving  (with  random  or  deterministic  trajectories) 
to  simulate  that  it  can  reside  in  sensors'  diverse  classification  rones; 

Sensor  (of  threat  attribute): 

• There  are  three  types  of  sensors  (radar,  visual  sighting  and  video  camera)  each 
■if  which  him  different  detection  and  classification  parameters; 

• All  types  of  the  sensors  uses  different  ontology; 

• It  b pood  hie  to  set  sensor  reliability  parameter,  senwir  position 

• Sensor  performance  b target  state  vector  dependent,  directly  os  described  in 
section  11.3.1. 

• Sensor  performance  b modeled  stochastically  by  using  Gaussian  distributions 
with  specified  mean  values  and  standard  deviations  to  represent  tbe  measuring 
noise. 

Classifier 

• Classifier  extends  tbe  set  of  prior  hypotheses  with  some  hypotheses  created 
based  on  prior  hypotheses  ns  described  in  section  11.3.3. 
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• It.  is  assumed  to  extend  the  hypothesis  set  with  fixed  predefined  valuat  (SUS- 
PECT. FAKER,  ASSUMED  .FRIEND); 

Evaluator: 

• Only  the  hypotheses  minted  factor  is  assumed  to  be  uocmnlirrd  (the  source 
related  fnctur  is  assumed  to  be  excluded  hum  the  normalisation  process): 

• An  addilsocai  class  of  PENDING  is  created  with  moss  defined  os  follows: 

m(P)  = to  complete  bha; 

• $ is  designed  to  compensate  the  prior  hypotheses  number  in  the  source  factor 
with  optimal  hypotheses  number, 

• If  the  target  exceeds  the  sensor  detection  range,  this  results  in  m{P ) = 1 and 
rem  for  the  rat  of  the  values; 

Global  evaluator 

• It  is  assumed  to  utilise  here  only  a priori  information  about  local  evaluators 
(any  information  about  the  source  quality  and  reliability  should  be  used  in 
previous  stages  of  evaluation; 


11.4.2  Settings  and  other  model  information 

Three-step  measurement  enables  to  identify  targets  described  with  the  threat  at- 
tribute outside  the  sensor  ontology.  For  example  if  the  target  is  friendly  and  acts 
as  biBtile,  the  evaluator  will  place  the  first  step  measurement  somewhere  in  between 
HOSTILE  and  FRIEND,  the  second  step  measurement  dose  to  UNKNOWN  and  the 
third  step  measurement  dine  to  FRIEND  which  leads  to  assigning  the  FAKER  with 
the  biggest  mass  value,  even  though,  the  value  of  FAKER  is  not  prarnt  in  the  sensor 
ontology. 

Setting  the  proper  value  for  a 'beta'  coefficient  is  very  important.  In  evaluation 
model  particular  hypothesis  mass  is  insanely  proportional  to  the  number  of  prior 
hypotheses.  It  is  due  to  the  fact  thnt  diversity  nf  prior  hypotheses  decreases  pusslhle 
mass  value  assigned  to  a particular  hypothesis.  The  value  of  three  seems  to  be 
perfect  because  the  basic  set  consist,  of  {FRIEND,  HOSTILE.  UNKNOWN)3  . This 
optimal  value  may  be  transferred  to  beta  to  compensate  the  real  (sensor  originated) 
hypotheses  number.  Ideally,  when  the  hypotheses  number  is  equal  to  the  uptimnl 
hypotheses  number  (beta),  the  source  refilled  factor  depends  on  the  source  reliability 
and  the  conditions  factor  only. 


3 In  mine  cates  (radar  equipped  wilh  IFF  devxe.  distinguishing  only  HOSTILE  and 
FRIEND)  this  number  should  be  rid  ami  to  the  value  of  two.  This  seems  to  be  reasonable 
since  the  UNKNOWN  ri-prornts  the  ignorance  thua  it  may  be  omitted 
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11.4.3  Results 

In  the  Inst  experiment  I he  HOSTILE  target  tradi  wm  generated  randomly.  The 
threat  attribute  iniunnaliun  evaluation  wan  per  funned  over  twenty  one  samples.  'Hie 
resulting  trajectiwy  b shown  an  Figure  11.8. 


Figure  11.8:  Randomly  generated  target  trajectory.  Attribute  information 
evaluation  performed  by  a single  source  - Visual  Sighting  (VS).  Target  aspect 
problem  detected. 

The  figure  11.8  shows  that  the  target  was  constantly  within  the  sensor  range,  how- 
ever some  ol  the  measurements  have  been  better  conditioned  than  others.  Table  11.1 
presents  resulting  bba  calculated  for  each  sample.  It  is  immediately  clear  bum  Table 
1L1  that  in  most  ol  cases  the  bba  was  mainly  dbtributed  between  the  HOSTILE  and 
the  PENDING.  It  b quite  reasonable  about  the  HOSTILE  but  the  PENDING  b not 
so  obvious.  The  reason  why  the  PENDING  got  relatively  high  reside*  in  coefficient  *1, 
which  has  been  set  to  three  while  the  prior  hypotheses  number  was  live.  In  all  casm 
where  PENDING  mass  was  0.68,  measurements  were  perfectly  conditioned  (in  terms 
of  Fc(t)  function).  Starting  with  10-th  sample  PENDING  mam  began  to  rise  which 
was  caused  by  the  fact  that  the  target  passed  the  perfect  classification  condition  sone 
(the  range  condition  began  to  get  worse).  In  last  two  samples  bba  was  completely 
transferred  to  the  PENDING  which  b by  default  when  the  target  threat  attribute 
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evaluation  is  no*,  posable.  In  tins*  particular  canes  It  was  caused  by  the  target  aspect. 
This  phenomenon  perfectly  illustrates  the  problem  described  in  section  11.2. 

The  next  thing  concerning  the  Table  11.1  is  boa-  the  bba  wan  distributed  to  the 
rest  of  the  hypotheses.  It  must  be  noticed  that  each  time  the  FRIEND  has  the  least 
mass  assigned  while  the  SUSPECT  wan  always  the  second  high,  alter  the  HOSTILE 
(excluding  the  PENDING).  The  abbreviations  used  in  this  tables  are:  HOS=hosUle, 
UNK=unknown.  NEU=neutral,  JOK=joker.  FRD=friend,  FAK=!aker.  SUS=suspect. 
AFR=assuined  friend  and  PEN=pending 


nos 

UN  K 

NED 

JOK 

FRD 

FAX 

sus 

AFK 

PEN 

0.3027 

0.0013 

0.0004 

0.0034 

0.0005 

0.0011 

0.0093 

0.0011 

0.6800 

0.3145 

0.0004 

0.0001 

0.0010 

0.0002 

0.0003 

0.0031 

0.0003 

0.6800 

0.3119 

0.0006 

0.0002 

0.0016 

0.0004 

0.0005 

0.0041 

0.0006 

0.6800 

0.3131 

0.0004 

0.0001 

0.0012 

0.0003 

0.0004 

0.0040 

0.0004 

0.6800 

0.3066 

0.0009 

0.0002 

0.0024 

0.0006 

0.0008 

0.0077 

0.0008 

0.6800 

0.3106 

0.0007 

0.0002 

0.0017 

0.0005 

0.0006 

0.0061 

0.0006 

0 6800 

0.3001 

0.0016 

0.0005 

0.0043 

0.0011 

0.0014 

0.0095 

0.0014 

0 6800 

0.2996 

0.0013 

0.0004 

0.0033 

0.0008 

0.0011 

0.0124 

0.0011 

0 6800 

0.3178 

0.0002 

0.0000 

0.0004 

0.0001 

0.0001 

0.0012 

0.0001 

0 6800 

0.3088 

0.0005 

0.0001 

0.0014 

0.0003 

0.0005 

0.0042 

0.0005 

06836 

0.3060 

0.0004 

0.0001 

0.0011 

0.0003 

0.0004 

0.0032 

0.0003 

0 6882 

0.2977 

0.0007 

0.0002 

0.0017 

0.0004 

0.0006 

0.0059 

0.0006 

0 6922 

0.2860 

0.0011 

0.0003 

0.0029 

0.0007 

0.0010 

0.0109 

0.0010 

0 6961 

0.2921 

0.0005 

0.0001 

0.0014 

0.0003 

0.0004 

0.0046 

0.0004 

0 7002 

0.2937 

0.0002 

0.0000 

0.0004 

0.0001 

0.0001 

0.0012 

0.0001 

0.7041 

0.2841 

0.0008 

0.0002 

0.0017 

0.0004 

0.0005 

0.0042 

0.0005 

0 7078 

0.2754 

0.0011 

0.0003 

0.0028 

0.0007 

0.0009 

0.0066 

0.0010 

0 7112 

0.2714 

0.0009 

0.0002 

0.0024 

0.0006 

0.0008 

0.0080 

0.0008 

0 7150 

0.2455 

0.0019 

0.0005 

0.0053 

0.0012 

0.0017 

0.0227 

0.0017 

0 7196 

0.2699 

0.0004 

0.0001 

0.0010 

0.0003 

0.0003 

0.0028 

0.0004 

0 7248 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

1.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

1.0000 

Ilk  hie  11.1:  Bba  calculated  fur  each  of  21  target  track  sample  based  on  sensor 
and  hypotheses  information.  The  real  target  is  HOSTILE. 


The  second  experiment  was  meant  to  show  how  to  retrieve  the  inlunnatioo  the 
target  is  of  any  class,  which  does  not  reside  in  sensor  ontology.  The  real  threat 
attribute  value  hud  been  set  to  FRIEND  but  the  measurement  was  disturbed  in  such 
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a way  »«lo  provide  the  uncertainty  whether  the  target  is  HOSTILE  or  FRIEND 
during  first  singe  u!  measuring  procem.  The  obtained  measurement  numerical  values 
for  a single  sample  haw  been  depicted  in  Pig.  11.9. 


Figure  1 1 9:  The  example  of  hypothesis  weights  calculation  using  the  distance 
metric  (steps  MU). 
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Tbe  first  step  measurement  places  in  between  tbe  HOSTILE  and  the  FRIEND 
value,  the  second  step  measurement  does  not  prove  the  hypothesis  that  the  target  is 
HOSTILE  axul  the  third  step  dearly  shows  the  target  is  FRIEND.  Combining  these 
pieces  of  information  it  is  reasonable  to  claim  that  the  target  is  FAKER,  which  is 
shown  in  tbe  resulting  Ihble  11.2. 


Thrtat  valu. 

AJ  033 

HOSI  ILE( i.e  HUS ) 

0.0007 

UNKNOWN  (i.c  UNK ) 

0.0012 

NEUTRAL  (i\e  NEU) 

0.0028 

JOKER  {i.e  JOK) 

0.0028 

FRIEND  ( i.e  FRD) 

0.0056 

FAKER  {i.e  FAK) 

0.5125 

SUSPECT  (i.e  SUS) 

0.0010 

ASSUMED. FRIEND  (i.e  AFR) 

0.0020 

PENDING  (i.e  PEN) 

0.4704 

Table  1 1.2:  Bba  calculated  for  the  chosen  lest,  sample 

The  next  experiment  aimed  at  multi-sensor  information  evaluation.  A FRIEND 
trade  has  been  generated  randomly  starting  between  tan  sources:  Visual  Sighting 
(VS)  and  Vidro  Camera  (VC).  The  resulting  trajectory  is  depicted  on  Fig.  11.10.  In 
this  particular  case,  applying  two  source*  enabled  to  keep  attribute  informal  inn  eval- 
uation continuity.  'Ihble  11.3  presents  the  bba’a  of  the  three  chosen  samples  JOKER 
dashes  far  Video  Camera  (VC)  means  that  it  doe*  not  recognise  the  JOKEH- 

It  must  be  emphasized  that  VS  and  VC  compensate  each  other’s  performances. 
The  reason  why  any  of  them  could  not  make  a measurement  was  the  aspect  problem 
It  must  be  noticed  that  from  the  18th  up  to  22nd  sample,  the  critical  aspect  is  for 
the  visual  sighting  despite  the  fact  the  target  is  closer  to  this  very  source. 
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Figure  11.10;  Randomly  generated  target  trajectory.  Attribute  information 
evaluation  performed  by  two  sources:  Visual  Sighting  (o  - symbol)  and  Video 
Camera  (square  symbol). 


Sample  # 

— r, — 

~rr~ 

— (1 — 



”37 33 

1 Source  Typ* 

1 vs 

VC 

VS 

VC 

vs 

| VC 

HOS 

0.0019 

0 

0.001-1 

0.002-1 

0 

0.0017 

| LINK 

0.00-17 

0 

0.0040 

0.0066 

0 

I 0.0649 

NEU 

0.0077  ' 

0 

00038 

0.0097 

0 

0.0064 

JOK 

0.0075 

— 

0.0062 

— 

0 

— 

FRD 

0.2877  ' 

0 

0.3045 

0.3626 

0 

0.1-163 

FAK 

0.0325 

0 

0.0206 

0.0213 

0 

0.0126 

| SUS 

0.0025  ' 

0 

0.0019 

0.0030 

0 

| 0.0022 

AFR 

0.0154  ' 

0 

0.0176 

0.0245 

0 

0.0166 

PEN 

0.6-100 

1 

0.6400 

0.5700 

1 

0.8093 

Table  11.3;  Bba's  calculated  for  chosen  samples  no.  5,  6 and  22  for  Visual 
Sighting  (VS)  and  Video  Camera  (VC). 
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The  loot  dpenmrnt  meant  to  check  the  evaluntiun  model  accuracy  with  determin- 
istically generated  target  trajectory’.  The  figures  11.11  and  11.12  show  the  evaluation 
samples  of  this  track. 


Figure  11.11:  Deterministically  generated  target  trajectory.  Attribute  infor- 
mation evaluation  performed  by  three  Bourns:  Visual  sighting  (o  - symbol). 
Video  camera  (square  symbol)  and  Radar  (diamond  symbol). 


R*  a better  visualization,  the  decluttering  function  has  been  applied  (Fig.  11.12) 
to  spread  samples  originated  bom  different  sources.  The  figure  11.12  shows  that 
radar  attribute  evaluation  measurements  were  constrained  mainly  by  the  aximuth 
sector  (light  symbols),  only  the  upper  part  of  the  track  is  visible  (solid  symbols). 
Video  camera  performance  was  constrained  both  by  the  azimuth  sector  and  the  target 
aspect  (dark  symbols),  while  visual  sighting  measurements  were  constrained  only  by 
the  target  aspect. 
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Figure  11.12  Deterministically  gennatwl  target  trajectory  as  in  Fig.  11.11 
For  better  visualization,  a deduttering  function  has  been  appbed. 


11.4.4  Discussion 

It  is  worth  discussing  if  a lack  of  sensur  specification,  expressed  in  toms  of  man-, 
should  be  transferred  to  the  PENDING  or  to  the  UNKNOWN.  The  UNKNOWN 
class  generally  describe*  the  uncertainty  of  the  hypotheses  related  port.  Therefore, 
the  authors  decided  to  transfer  the  lack  of  specification  to  the  new  class  of  PENDING, 
which  in  terms  of  |«1,  5]  means  ‘any  of  the  rest  of  the  classes'.  A demanding  reader 
may  raise  a question  concerning  the  'acceptance  logic',  mentioned  in  the  previous 
subnet  lion.  Why  does  the  target  aspect  factor  act  here  in  a binary  manner?  Within 
the  perfect  claaoilication  lone  ignores  the  aspect  problem  while  just  after  exceeding 
that  tour  it  completely  precludes  the  whole  attribute  information  evaluation?  'the 
answer  is  very  simple:  It  Is  not  the  intention  of  this  model  to  build  as  realistic  logic  as 
ponible.  The  importance  of  this  evaluation  model  resides  in  the  fact  that  calculated 
musses,  resulting  frum  the  sensor  characteristics  and  the  target  motion  parameters 
may  be  described  as  reasonable  (to  be  expected  in  real  world)  If,  fur  example,  the 
evaluation  model  assigns  the  biggest  tunas  to  the  FAKER  it  is  very  unlikely  to  lind  the 
smallest  mass  assigned  to  tire  FRIEND  because  FAKER  = FRIEND  O HOSTILE. 
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11.5  Latest  concepts 

In  our  latest  research  works.  we  propone  two  altrrnut ive  target  threat  models.  The 
first  one  is  called  an  "Activity-oriented  model"  while  the  second  is  a ' Hue  at- oriented 
model.  The*  two  models  are  based  on  different  definitions  iff  the  three  stages  of  threat 
measurement  accurding  to  Table  11.4. 


Threat 

Activity-oriented  model 

Threat-oriented  model 

FRD 

A »,[F) 
A 9„(U) 
A 0m(F) 

A 0»(F) 
Ad>„(U) 
A9,„(F) 

HOS 

Af ',(«) 
A< »„(*) 
Af  ni(U) 

a< urn' 

Aff„(«) 

Af»/f,(lf) 

UNK 

Aff  H)  - Aff/(F) 
A 9,j(U) 

A 0,„{U) 

Affi(//)  — Aff  F| 
A 0„(U) 
Af»„,(Lf) 

FAK 

Aff,(F)-Af>,(//) 

A0„(tf) 

A ">»[F) 

A«,(F> 
A F„(H) 
Af»„/(f/) 

JOK 

A «/(>') 

A B„(H)  - Af l,r(U) 

A - &9„(U) 
A On, (U) 

sus 

AF„<«)  - Af>„(I/) 
A B„,(U) 

A #/(«) 

Affjj(H)  - M„(U) 
A 9,„(U) 

APR 

A 9,(F) 

Af l„(U) 

\elll(U)~ABlll(F 

A 9,  <F) 

A 0„(U) 

M,u(U)  - Aff///(F) 

Table  11.1  Threat  target  models  comparison. 


Rg.  11.13  and  Pic.  11.14  show  threat  relations  in  activity-oriented  model  and 
threat-oriented  model  respectively.  The  activity-oriented  model  in  the  first  measure- 
ment stage  resolves  whether  (according  to  observed  target's  activity)  the  target  seems 
to  he  more  like  FRIEND  or  HOSTILE.  In  the  following  two  next  stages,  the  degrees 
of  belief  of  these  two  hypotheses  are  defined  by  the  observation  of  the  real  target. 
This  means  that  the  real  target's  threat  description  resides  in  last  two  measurements 
whereas  the  first  one  influence*  the  possible  training  type  (JOKER  or  FAKER). 
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Figure  11.13:  Act i vity-oriented  model.  Relations  among  threat  values. 


The  threat-oriented  model  in  the  first  measurement  stage  resolves  the  real  threat 
of  the  target  In  the  following  two  next  stages,  the  degrees  of  belief  (whether  the 
target  acts  os  SUSPECT  or  HOSTILE)  are  defined  according  to  the  current  target's 
activity,  'lhis  means  that  the  stage  of  measurement  is  the  unut  Important  from  the 
military  point  of  view  due  to  the  fact  it  clearly  shows  the  real  threat.  According  to 
this  model,  JOKER  and  FAKER  types  are  always  described  as  FRIENDs.  ’Iherefure 
this  very  model  seems  to  be  the  meet  adequate  for  applicable  military  solutions. 


Figure  11.14:  Threat -oriented  model.  Relations  among  threat  values 
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11.6  Conclusion 

An  evaluation  ul  tbe  attribute  information  pluyn  a vay  important  rule  in  information 
fusion  systems-  Among  many  putniblc  attributes  of  maneuvering  target  the  threat  is 
one  of  the  most  important.  Many  practical  fusion  problems  proved  that  this  kind  of 
information  often  happens  to  be  even  mure  important  than  tbe  precise  information 
about  the  target  position.  However,  to  awt~e  properly  tbe  attribute  information,  tbe 
target  state  wetor  is  necessary,  as  well  as,  a specilic  evaluation  method. 

Conflicting  at  tribute  information  needs  a reasonable  bba  calculating  method  if  it 
is  meant  to  be  fused  according  to  DStnT.  The  rraentih  work  described  in  this  chapter 
is  a port  of  extensive  works  devoted  to  sensor  networks  in  a NEC  environment 

In  the  near  future  it  is  planned  to  extend  tbe  presented  evaluation  model  from 
tbe  navigation  puint  at  view,  as  well  as,  from  the  mathematics  (concentrating  on 
attribute-oriented  model*)  and  additionally  to  provide  a tool  for  assessing  different 
attributes  (other  than  the  threat)  of  maneuvering  targets. 
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‘Threat-oriented  model  may  be  generalised  to  any  attribute  model  if  attributes  other 


than  target  threat  arc  discussed. 
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Abstract:  This  chapter  describes  haw  /Ac  oaf  fid  encountered  by 
the  PCR6  rule  cun  hr  ulilued  in  senior  management.  ll'r  there- 
fort  discuss  the  classification  model  that  is  used  in  the  fusion  prob- 
lem and  fuu?  different  types  of  conflict.  To  enable  operators  to  eiert 
constraints  an  singletons  ue  propose  a ( slightly ) altered  PCH6  rule, 
dubbed  PCII6 V We  show  how  the  algorithm  worts  and  u>e  illus- 
trate haul  the  amount  of  conflict  can  be  used  for  sensor  management 
and/or  for  operator  feedback  by  tinny  an  aarnpte. 


372 


Chapter  12.  Utilizing  classifier  contJJct  for  sensor  management  . 


12.1  Introduction 


In  recent  deRUlla,  a need  has  occured  to  develop  support  functionalities  foe  obtaining 
and  maintaining  situation  awarene®  within  the  combat  management  system  aboard 
the  frigates  of  the  Koval  Netherlands  Navy.  This  is  due  to  three  factors.  Firstly, 
because  the  missions  have  become  more  complex  in  several  ways.  The  miakn  goals 
are  more  diverse  and  the  political  climate  in  which  these  goals  need  to  be  met,  are 
more  complex  compared  to  the  Cold  War  period.  The  geographical  location  where 
the  mnaiiui  is  executed,  has  shifted  to  the  littoral,  which  means  the  meteorological 
conditions  can  change  rapidly  and  there  is  much  presence  of  civilian  traffic.  The  lat  ter 
makes  missions  more  complex  because  the  threat  has  shifted  from  military  forces  to 
asymetrical  threats. 

Secondly,  much  mure  complex  and  modern  sensor  systems,  like  multifunction 
radar  and  optical  sensor  w’itb  staring  $60  degrees  capabilities,  are  being  placed  aboard 
the  Dutch  frigates.  This  means  that  deploying  these  sensors  and  combining  their 
information  is  a difficult  and  highly  knowledge  intensive  task.  Especially  in  the 
littoral  environment,  choosing  the  right  sensor  for  the  right  task  at  the  right  time, 
given  the  meteorological  conditions,  is  quite  difficult. 

Finally,  budget  cuts  have  led  to  reduced  training  and  education  time  os  well 
as  a tendancy  for  a reduction  in  ships'  complement.  Tliia  means  that  the  readily 
available  knowledge  aboard  our  frigates  is  decreasing.  This  discrepancy  between 
required  and  available  knowledge  requires  mure  support  from  the  CMS  fur  gathering 
And  combining  smaur  infbcnu&titin  And  fur  scnxir  mmpfMCt  Work  bus  already 
been  done  in  the  field  of  automatic  classification  and  boa-  dilferent  classifier  opinions 
can  be  cumhined,  [3,  6].  This  chapter  describes  bow  the  results  from  the  I’CKfi  rule 
of  combination  within  the  Demt-Smarandache  theory  (DSmT)  can  be  used  nn  a 
feedback  medmuism  fur  automated  kiuut  tnutin^emrrTl . 

Section  12.2  revisits  the  general  rule  of  combination  bum  DSmT.  [8],  and  the 
PCRfi  rule  described  by  Martin  and  Oswald  in  |4|.  Section  12.3  describe*  how  clas- 
sification and  sensor  management  are  related  within  Command  and  Control.  Fur- 
thermore, it  discusses  the  clnadUeaUun  space  within  the  military  domain  and  shortly 
diseuws  the  required  interaction  with  the  operator.  Section  12.4  introduces  how  the 
mullet  can  be  utilised  within  the  l'CR6  algorithm.  The  way  this  conflict  can  be  used 
as  a feedback  to  sensor  management  is  discussed  in  section  12.5.  Finally,  section  12.6 
closes  with  conclusions  and  future  work 


12.2  Combiuation  rules 

Within  the  DSmT  framework,  the  gencralned  basic  belief  that  is  assigned1  by  k dif- 
ferent and  independent  sources  or  experts  — £t,  l a,  - - - , 4»  — can  be  cumhined  using 
equatiun  (12.1).  Hus  equation  holds  V.V  € D*  and  X 4 0.  where  D"  denotes  the 
hyper  power  set  of  S.  the  belief  of  each  expert  £,  with  i = {1, 2, ....  hr]  is  denoted 
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m.(A>  and  0 denotes  the  classical  empty  set.  Since  this  clastic  rule  of  combination 

only  nasumes  rxhnustiveness  within  the  frame  of  discernment,  0 = {0i.0j, 0„), 

other  rule*  of  combination  have  been  propoeed  to  redistribute  the  conflict  that  might 
occur  for  applications  in  real  fusion  problems  [9$.  One  of  those  rules  is  the  PCR6  rule 
proposed  by  Martin  and  Oswald  in  |4)  and  is  given  in  equation  (12.2)  fr*  V.V  6 If* 
and  X f Qm,  where  0A«  denotes  both  the  classical  empty  set  and  the  set  containing 
all  elements  from  D”  that  are  constrained  by  fusion  model  M.  In  equation  (12.2), 
F,  is  defined  by  equation  (12.3).  In  equation  (12.3)  properties  for  the  summation  are 
gi\en  by  equation  (12.4)  and  equation  (12.5). 

In  equation  (12.3-12.5).  ^(i)  denotes  a function  that  ensures  that  i is  skipped  in 
a summation  and  is  given  by  equation  (12.6).  In  |1|  this  function  b denoted  a,.  We 
use  a different  notation  to  prevent  notational  confusion  fur  the  rhuwfiers  that  assume 
Gaussian  distributions  where  a,  denotes  the  standard  deviation  in  variable  i given 
some  measurements.  In  (4).  algorithm  S gives  the  implementation  of  the  PCR6  rule. 


-i(x)  = 53  n~w 

(12.1) 

VinVjA  nYkmJC 

At 

mCCH\X)  = m'(X)  + 53  F,  ■ nu{X)* 
|*1 

<12.2) 

P v'  ILVi,'no.<n(iadii) 

02.3) 

(k— 1 

A:  [jY^nXeQM 

(12.4) 

jwl 

■ 

<125) 

*(0=*  di<, 

\ vs(0  = ' + J 

<12.6) 

12.3  Classification  and  sensor  management 


This  chapter  discusses  how  the  conflict  in  combining  rJnasiti cation  solutions  enn  be 
utilised  in  snuur  uuuugvnicut.  Bffuic  modcLog  the  clanuBcaiimi  model  iiaclf  and 
how  solutions  a re  combined,  this  sect  kin  will  first  bcirfiy  discuss  how  this  may  improve 
automated  sensor  management  per  for  man  cr. 
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12.3.1  Sensor  management 

optimally  deploying  a total  a ecao*  suite  requir re  knowledge  about: 
■ the  metmruk^pcol  and  oceanographical  conditions; 


• the  geographical  locatiun; 


• the  available 


systems  and  their  specifications;  and 


• the  (expected)  target  characteristics. 


'lTie  uoe  of  the  target  characteristics  fat  e g.  discussed  by  Bar-Shalom  in  jlj.  F\irther- 
mure,  we  know  that  prioritizing  sraaor  functions  con  be  done  using  risk,  aa  purposed 
in  |2).  'lliis  notion  of  risk  requires  characteristics  of  possible  objects  in  the  environ- 
ment. Obtaining  a good  classification  solution  is  therefore  important  to  execute  the 

ptDCRU  Clf  !ifHWJr  mafm^Mnynt 

On  the  other  hand,  the  classification  process  itself  has  a certain  need  for  informa- 
tion provided  by  the  available  semnr  systems.  In  order  to  achieve  good  classification 
solutions,  the  aensor(a)  need  to  be  deployed  aa  optimal  as  pmsible.  This  research 
therefore  focusra  on  the  information  requirements  of  the  classification  process.  In 
order  to  do  this,  we  need  to  describe  the  classification  model. 


12.3.2  Modeling  the  classification  space 

In  general,  the  possible  solutions  for  classification  are  given  by  a so-called  classifi- 
cation tree.  |5,  7|.  'lhr  drawback  ol  using  such  trees  is  that  the  brandling  order  is 
fixed.  Describing  the  different  classes  os  seta  at  different  levels  of  specificity  provides 
more  flexibility  in  reducing  the  search  spare  ’fij  In  the  case  of  classification  in  the 
mantime  military  environment,  we  define  three  different  levels  of  specificity.  At  the 
lowest  apedfitity  level  we  define  the  aet  of  super  dame.  5 = (di,  dj !>.}  to  con- 

tain a exhaustive  elements  In  thia  act  the  different  domains  are  represented:  air. 
surface,  subsurface,  land  and  sea  respectively,  therefore  a = 5 holds 


At  the  medium  specificity  level  we  define  generic  clauses.  £ = {71, 73...., 7a I 
with  o mutually  exclusive  and  exhaustive  elements.  At  the  final  level  we  define  the 
specific  classes,  C = (tr.O, • with  c mutually  exclusive  and  exhaustive  ele- 

ments. Joined,  these  three  seta  define  the  frame  of  discernment  fur  damificalion, 
0 = s X X c.  We  define  the  operator  X in  a way  thnl  when  A = (a t, . . - , a.  | and 
B - (dr A}  are  joined  then  A « B = {m u«. 

Throughout  this  wurk  we  assume  an  example  frame  of  discernment  and  three 
clam  dirts  that  assign  generalized  belief,  given  by  tables  12.1-12.3.  In  three  tables. 
Wa  with  h = |1, 2,. . (a  + 5 + c)]  is  used  to  denote  elements  from  the  frame  nf 
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discernment  «.  Abo,  when  art  A = {ai,...,a»}  bolds,  we  define  A as: 

A = LK 

«■» 


H 

<h 

t?3 

th 

Oh 

Ail 

Surface 

Subsurface 

Sea 

0.15 

0.1 

d 

0.01 

0.04 

”<•;(*) 

0.13 

0.12 

0.005 

0.02 

0.025 

0.4 

0.4 

0.2 

0 

0 

Table  12.1:  Super  classes  in  the  database  with  their  gbba's. 


n 

Name 

mi(W) 

ma(W) 

H 

Name 

mi(W> 

rrii(H) 

1 

Htlo 

0.25 

0.175 

7* 

PYigate 

0041 

0.1 

; 

Ftgfklur 

0.002 

0.002 

7B 

Txnh 

0.005 

0.01 

ts  I 

Submanrxt. 

0 

0.01 

7b 

A refiner 

0.002 

0.003 

Table  12.2:  Generic  classes  in  the  database  with  their  gbba's. 


H 

Name 

ma (H)  | 

H 

Name 

mi{H) 

ma<W) 

u 

Stahauk 

t).J5 

0.075 

Apache 

D.1S 

ti.iTTT" 

va 

F-16 

0.005 

0.01 

C T 

M-frigate 

0.04 

0.0075 

C3 

Walrus 

0 

0.02 

cs 

Kilo  tub 

0 

0.002 

<« 

7 Provrncicn 

0.036 

0.075 

F-14  Tomcat 

0.005 

0.02 

<6 

Leopard  II 

0.005 

0.01 

•ilD 

Boeing  747 

0.005 

0.02 

Tnble  12.3:  Specific  classes  in  the  database  with  their  gbba's 


12.3.3  Intersection  between  elements 

The  set-up  ol  the  elaadlicatkiu  model  with  three  specificity  levels  immediately  im- 
poses that  not  all  elements  in  the  frame  of  discernment  are  mutually  exclusive.  This, 
of  course,  fits  well  within  the  DSmT  framework.  Each  element  at  the  mint  specific 
level  has  a parent  at  a higher  level.  E.g.,  the  Srahawk  and  the  Apache  in  table  12.3 
are  children  of  the  generic  da*  Helicopter.  In  turn,  the  helicopter  belongs  to  the  air 
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domain.  ilUa  t -n  ^ 1)1,  whop  a £ 6 is  used  to  denote  that  a is  a subpropoedticsn  of 
b which  holds  if  and  only  if  a Cib  = a.  Due  to  the  helicopter’s  low-flight  capabilities, 
it  cun  also  belong  to  the  surface  domain.  71  £ (if  1 O tfj)  . Similar  reasoning  can 
be  done  for  all  elements  at  the  three  specificity  levels  From  this  example,  we  can 
already  say  that  elements  in  5 arc  not  all  mutually  exclusive.  For  set  S we  know 
that  iliflilj?  0.M.  0,  O i»*  ? 0At,  dr  O tft  $ 0A«  and  that  d,  fl  i»i  4 0M  holds. 
Furthermore,  we  know  that  (d4  U its)  O i)j  = (da  U ds)  and  £ C Q C S hold  in  the 
dasaifiratiuo  ooluikm  spare*. 


For  tbe  intersect  was  between  elements  of  5 and  «t  $ we  con  S ay  that  the  following 
equalities  hold:  dr  0 (J  = ft*, 7a, 7*}.  dj  n 6 = {71,  Tt-H- 7*).  ^s  O £ = (7»), 
t>»  nQ  = {74}  and  d„  n 5 = (73.74).  Furthermore,  we  can  say  that  the  following 
equalities  also  hold  for  the  intersections  of  elements  from  0 intersected  with  elements 
from  C:  71  fid  = (cr.ca),  uflf  = {13, ts).  71  ^ £ = (u.ls),  7*0?  = {<«.«}, 

Tb  Off  = (ts)  and  7*  fl<?=  (tin)- 


12.3.4  Interaction  with  the  user 

In  [3]  it  was  already  stated  how  clnueifirr  belief  can  be  combined  using  the  PCR6 
role.  Here,  we  expand  the  usage  of  PCRfi  by  having  the  user  — or  operator  — as  an 
additional  information  *mrce.  This  user-influence  can  be  exerted  in  two  ways: 

1.  the  operator  is  an  information  source  and 

2.  the  operator  can  place  additional  constraints. 

Figure  12.1  depicts  the  resulting  system  architecture  to  achieve  the  required  user  in- 
teraction The  main  difference  between  the  user-imposed  constraints  (denoted  0u) 
and  the  model  constraints  is  that  in  0u  singletons  can  occur  as  opposed  to  combina- 
tions of  elements  from  D **  that  occur  in  0.m:  0a«O0  € 0 whereas  0uOS  $ 0.  This 
means  that  the  PCRfi  role  needs  lo  be  adopted  slightly  lo  cope  with  this,  sectiun  12.4 
describes  bow  this  is  done  In  [10)  the  Belle!  Conditioning  Rules  (BCR)  were  intro- 
duced to  perform  simular  operations.  Here  however,  we  use  the  known  structure  of 
the  frame  of  discernment  to  transfer  belief.  This  has  the  advantage  that  we  do  not 
need  lo  cumputc  the  subsets  D\.Di  and  Da,  where  0\0  = D\  U £»j UDj.  where  6\o 
denotes  all  elements  in  b that  ore  not  in  a.  The  approach  mentioned  in  this  chapter 
can  therefore  be  seen  as  a specific  BCR  role  (somewhat  similar  lo  BCR17)  where  the 
construction  of  the  auhseta  of  0 is  not  required  since  they  are  already  given  in  the 
structure  of  the  classification  solution  space. 

Another  difference  is  that  the  belief  conditioning  rules  are  used  to  indicate  where 
belief  should  be  held  and  that  the  methodology  presented  here  Indicates  where  belief 
should  not  be  held.  In  other  words:  the  operatur  indicates  that  what  is  absolutely 
not  pcasible  given  tbe  circumstances  Belief  on  what  ran  be  true  is  added  into  the 
fusion  algorithm  as  just  another  source.  This  is  done  lo  keep  options  open  as  much 
as  possible,  following  the  operational  credo-  rrprei  fAe  unerpeefed! 
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Figure  12.1:  System  Architecture  where  the  user  interacts  with  the  system. 


12.4  Couflict 

Where  belief  from  different  sources  is  combined,  chancre  are  that  cimflul  occurs. 
This  conflict  can  be  utilized  in  various  ways.  Firstly,  we  can  look  at  which  of  the 
sources  is  responsible  tot  mist  of  this  cunllict.  This  could  indicate  that  a particular 
source  is  malfunctioning  Abo.  in  the  case  of  automated  cl  Millers  it  could  indicate 
that  an  object  is  behaving  unexpectedly,  an  important  discovery  when  dealing  with 
asymmetrical  threats.  By  allowing  the  user  to  constrain  elements  from  the  frame  of 
discernment,  mote  cunllict  is  introduced.  This  section  describes  bow  the  couflict  can 
be  tracked  within  the  PCR6  combinatkin  rule. 

12.4.1  Tracking  conflict  in  PCR6 

In  order  to  take  the  user-impowd  constraints  into  account  we  say  that  equation  ( 12 .2) 
buhls  VAT  6 De\(0u  U 0.m)-  Furthermore,  the  property  P,  of  the  summatlun  In 
equation  (12.<1)  is  changed  to  equation  (12.7).  This  adaptation  ensures  that  all  con- 
straints ore  taken  into  account  during  combination.  Now,  suppose  an  operator  indi- 
cates! that  the  object  under  consideration  does  not  belong  to  the  subsurface  dumain 
0u  = )d«,  Tl.Ci.Cs}.  Combining  the  three  sources  while  taking  the  user-imposed 
constraints  into  account  produces  the  combined  gbba‘s  in  figure  12.2.  However,  there 
is  a drawback  to  this  approach.  Not  all  conflict  is  redistributed  due  to  the  fact  that 
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singletons  arc  being  constrained,  a situation  that  is  usually  not  taken  into  account 
in  applications  at  PCR6.  This  is  illustrated  by  tbe  fact  that  the  assignments  from 
figure  12.2  sum  up  to  0. 756. 


*-l 

Pi  - U y*.0) r\Xe{Ou  uQu)  (12.7) 

J»1 

This  does  however  give  us  a measure  of  tbe  contlicl.  namely  O.Sl,.  that  is  produced 
by  the  user  constraints.  Within  tbe  PCK6  algorithm  we  can  track  tbe  total  cnnlllrt 
from  both  the  model  constraints  and  tbe  user -imposed  constraints.  TVacking  tbe  total 
conflict  — that  is  conflict  from  both  On  and  O.m  — •*»  the  responsible  sources  for 
this  conflict,  Ce„  produces  table  12.4. 


Source,  i 

1 2 3 total 

CcA) 

0.0777  0.0564  0.2514  0.3855 

Thble  12.4:  Conflict  produced  by  each  source. 


Figure  12.2:  Combined  generalised  belief  assignments. 


In  table  12.4  we  see  that  source  three  is  responsible  lor  a great  deal  of  conflict:  an 
expected  remit  looking  at  tallies  12.1-1X3,  However,  tbe  total  output  doe*  not  sum 
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up  to  1,  which  is  an  undmUed  result.  We  therefore  iw  a modi  lied  PCR6  rule,  denoted 
mf0*®  tliat  is  given  by  equation  (12.8),  VA  € D*"\(0xt  U 0«).  In  equation  (12.8), 
equal  ions  (12.9)  and  (12.10)  hold.  In  order  to  keep  track  of  the  conflict  on  each 
Individual  element  in  0c,  we  define  equation  (12.11)  which  holds  VA  6 (01/  O f>®). 
Within  equation  12.11,  equations  (12.12)  and  (12.13)  are  defined  The  adaptations 
on  PCR6  proposed  here,  lead  to  the  algorithm  in  appendix.  In  this  algorithm  the 
function  call  Intersect  is  used.  This  function  is  baaed  on  section  12.3.3. 


* 


"£*““(*>  = m'(A)  + £(?.  m.(A)1 

(12.8) 

,i  _y~  FI?-.' m-.w(y-.«) 

m.{X)  + Er.V^-.fDC^dO) 

(12.9) 

ft-*U^>nXe,0AA0“) 

(12.10) 

k 

Oh(X)  = m'(X)  + £T,  m,(.V)a 

i*x 

(1X11) 

r-'rf  n,V,‘  \ 

(1212) 

k-1 

(1X13) 

12.4.2  Redistribution  of  remaining  conflict 

Foe  the  redistribution  of  conflict  introduced  by  the  assumed  model  M,  we  use  the 
adapted  PCRO ‘ rule.  Since. 

£ "£""•<*)/ 1 

holds.  «e  want  to  distribute  the  masses  in  Cr,  to  the  masses  on  to  obtain 

= ReDistr.bute(mri;'“‘.CM,0u). 

Due  to  the  fact  that 

£ (mfOI“"(A)  + Ch(A))  = 1 

VX*O-\0„ 


.ISO 
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bolds,  the  quantity  will  sum  up  to  1 alia  this  operation  while  maintaining  the  insight s 
in  the  conflict  produced  by  £;/  and  0m-  The  distribution  of  mages  from  Cy,  is  done 
based  on  the  same  priniciplea  as  the  general  PCR  iuW  That  means  that  masses  are 
distributed  to  related  elements  as  much  as  possible.  Therefore,  when  a element  with 
high  specificity  is  constrained,  its  gbba  is  distributed  to  its  parent  at  the  next  level 
since  that  element  was  involved  in  calculating  m!(X),  equation  (12.1).  A problem 
occurs  when  elements  at  the  lowest  specificity  level  are  constrained  since  they  have  no 
parent  to  distribute  the  mass  to.  This  is  solved  by  looking  at  the  possible  intersections 
of  elements  in  set  5. 


from 

to 

01 

t?2,  04,  0S 

02 

01,  03 

02 

02,  06 

0 4 

02 

0s 

02,  03 

Table  12.5:  Distributing  masses  at  the  highest  hierarchical  level. 


'Ihble  12.5  shows  how  these  transfers  should  be  handled  when  using  this  approach. 
Only  when  these  distributions  are  no  longer  pceslblc.  are  inns**  distributed  to  tbe 
other  non-ennstrained  elements.  We  already  mentioned  that  masses  an*  distributed 
based  on  the  principles  of  PCR.  all  transfers  are  therefon*  dune  proportionally.  Let 
us  look  at  tbe  example  given  in  tables  12.1-12.3  and  place  a user  constraint  on  all 
elements  of  the  air  domain,  note  that  this  also  means  all  underlying  children  in  set*  Q 
and  C.  When  combining  the  sources  using  equatiun  (12  8)  and  distributing  C-’j,  using 
the  after  mentioned  method  figure  124  is  produced. 

These  results  are  not  very  intuitive  and  a change  in  Irtuuferral  methodology  Is 
required.  We  expand  tbe  distribution  scheme  in  order  to  transfer  masses  to  other 
elements  un  the  same  specificity  levels,  'lb  do  this,  a distribution  tree  Is  built  based 
on  0r/  to  transfer  masses  from  elements  in  C to  other  elements  in  C according  to 
its  intents  and  table  125,  this  produces  figure  12.4.  which  rurrespnnds  to  a more 
intuitive  result. 


Since  the  elements  to  which  the  man  b transferred  to  b not  directly  involved 
in  tbe  original  conflict,  one  coukl  argue  that  within  this  redistribution  scheme  tbe 
transfers  do  not  need  to  be  proportional. 
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Figure  12.3:  Results  for  PCR6*  after  a redistribution  cif  conflict  hum  Otr  when 
conflict  goes  to  parent  elements. 


Figure  12.4:  Results  for  PCR6a  after  a proportional  r distribution  of  conflict 
from  0*;. 
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Figure  12.5:  Results  fur  PCRG"  after  unproportional  redistribution  of  conflict 
fiom  0t;. 


Figure  12.5  shows  the  results  when  maasa  are  not  transferred  proportionally. 
The  diflereoce  with  figure  12.4  ia  the  relative  difference  bet  wren  the  mnsees  assigned 
to  elements  ia  maintained  better  when  transferring  proportionally.  In  figure  12.6 
we  see  the  results  from  the  different  steps  combined,  first  we  see  the  results  when 
equation  (12.1)  ia  used,  then  the  results  from  PCH6'  and  finally  the  results  of  the 
PCH 6“  alter  proportionally  redistributing  masses  tram  C'*. 


12.5  Utilizing  the  conflict  in  sensor  management 

In  previous  nectiuna  we  have  wen  how  belief  on  c Until!  cation  solutions  (mm  diflerent 
sources  can  be  combined  and  how  uset-itnpowd  constraints  on  singletons  can  be  taken 
into  account  with  a slightly  altered  PCR6  algorithm.  The  question  of  course  ia:  urty 
do  we  uun/  to  truck  the  ainflict? 

In  esoence  the  answer  is  simple,  once  we  know  where  conflict  is  Introduced  we  can 
try  to  reduce  it.  In  this  section  we  will  first  discum  tracking  the  conflict  per  source 
or  expert  and  we  will  follow  up  with  the  conflict  traced  back  to  dements  in  fc*u. 


12.5.1  Conflict  per  source 

Where  belief  from  d liferent  sources  is  combined,  conflict  occurs.  Combined  belief  is 
obtained  by  proportionally  redistributing  these  conflict  using  by  the  PCR6‘  rule.  By 
tracking  the  conflicting  masses  that  need  to  be  redistributed,  we  can  say  which  of  the 
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Figure  12.fi:  Results  for  unconstrained  PCRfi  (blue*),  constrained  PCRG" 
(gray)  and  after  redistribution  of  conflict  bum  On  (mhde). 


source*  is  responsible  fur  on  amount  of  conflict.  When  one  specific  suune  produces 
the  most  conflict  this  could  indicate  that: 

L a sensor  system  that  provides  information  to  that  source  is  degraded; 

i the  damifier  is  malfunctioning  or  ill-trained; 

3.  the  object  under  consideration  is  behaving  unexpectedly. 

Hacking  the  conflict  dues  not  answer  the  question  as  to  which  one  of  these  three 
is  the  case,  but  it  gives  a trigger  to  take  actions  to  find  nut.  Especially  the  case 
when  the  classification  solution  is  visually  confirmed  and  all  sensors  are  performing 
correctly  to  operational  important.  Section  12.1  already  mentioned  the  amount  of 
civil  traffic  in  the  current  mission  environments  When  the  conflict  based  on  a subset 
of  attributes  indicates  that  one  of  those  objects  is  behaving  strangely,  this  to  valuable 
in  situations  where  asymetrical  threats  are  expected. 

Another  option  for  a large  conflicts  between  diilerenl  sources  occurs  when  a lot 
of  uncertainty  resides  in  the  sensor  measurements.  By  looking  at  the  source  that 
produces  must  conflicting  information  and  combining  that  with  the  knowledge  about 
the  source,  namely  the  attribute*  it  uses  to  find  solutions,  we  know  which  types  of 
sensor  measurements  are  required  to  reduce  the  conflict  between  sources,  which  in 
turn  improve*  the  combined  classification  solution. 
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12.5.2  Conflict  per  hypotheses 

When  the  operator  impoees  constraints,  0u  4 0.  the  cunllict  that  each  of  these 
constraints  introduces  can  be  tracked.  When  coinhined  with  a machine  learning  algo- 
rithm. this  cunllict  can  be  used  to  do  mine  online  training  of  automated  classification 
algorithms  to  have  them  adapt  to  the  current  situation.  On  the  other  hand,  it  can 
be  used  to  train  personnel  aboard  during  transit  to  the  mini  run  area.  In  order  to 
find  out  whether  the  system  was  mistaken  or  if  the  user  was  mistaken,  sensor  func- 
tions can  be  requested  to  reduce  the  cunllict  on  each  of  the  elements  in  On-  If  the 
newly  obtained  sensor  measurements  confirm  the  combined  belief  ul  the  sources  (the 
cunllict  increases)  the  operatur  can  be  alerted  to  further  investigate  this  cunllict  and 
then  remove  the  constraint  for  instance.  When  the  operator  is  certain  about  the  con- 
straint. the  conflict  on  the  specific  hypothesis  cnn  indicate  a malfunctioning  sensor 
or  ill-trained  classifiers  although  this  Is  not  very  probable  if  the  sources  do  not  have 
much  conflict  amongst  themselves.  The  moat  likely  option  then  is  an  object  that  Is 
behaving  very  unexpectedly. 

12.6  Conclusions 

This  papes  shows  that  it  is  pcosible  to  combine  the  information  of  different  automated 
classifiers  using  the  i'CKli  rule  of  combination.  By  introducing  an  addition  to  the 
PCK6  rule  we  show  that  constraints  on  singletons  can  be  token  into  account.  By 
tracking  the  conflict  during  the  execution  of  the  I'CKli.  the  sources  of  the  niriflict  can 
be  identified.  Furthermore,  the  quantity  of  the  cunllict  can  be  utilised  in  automated 
sensor  management  and  provides  valuable  feedback  to  the  operator 

Fiiture  work  is  to  implement  more  accurate  sensor  models  and  objects  In  order 
to  validate  this  methodology  in  more  realistic  scenarios.  After  this  validation  it  will 
be  implemented  in  an  actual  combat  management  system  in  order  to  further  test  the 
system  with  real  operators.  In  this  stage  a comparison  Is  plannrd  to  validate  the 
improved  performance  of  our  system  compand  to  the  systems  currently  In  use. 
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Appendix 

The  PCR6  algorithm  wilh  embedded  conflict  tracking  and  that  enablrn  constraints 


Data  : k experts  eu:  cz[ij . ...  # cs(nj 
: User- loposed  constraints  UC 
Results  : Fusion  of  cs  by  PCR6,  cp 

: Conflict  on  each  hypothosis.  CM 
: Conflict  per  expert,  CE 


for  i = 1 to  k do 

forcach  c in  er/i/  do  APPEND  c to  d[ij; 
foreach  ind  m (ltnzt(eJ/ll)J  x . . . x /aizr/cl/kj)/  do 
/c.n/  — Intersect  (b,  md); 
if  3 = 0 then 
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Icon/  — 1;  9 urn  — 0; 
fur  i=f  to  A do 

Icon/  - Icon}  * ^(d{i}^l); 

«“r"  - ™"  ' erW^W/'n^'W; 
for  1=1  to  fc  do 
If  n nf/C  = 0 then 
epfexfilfmdfill,  - cpfez/.Hmd^/)  + 
crfilfclIillmd/,11,  • W/W 
if  a / 0 then 

CfcY.y  - Cfifi/  -#  al,/fdl^,nd^l)  * fam//9um; 

endlf 

else 

C///u|  - Ctf/u/  + (aN(dNfiBjf,lJ  • lain/ /turn)/ me/ a)r 
endlf 
eke 

lam/  — 1; 
for  I = I to  k do 
Iran/  - Iran/  * erW/dW/md/i///; 

«7>W  - «I»W  + 

endlf 
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Abstract:  In  this  chapter , u»e  propose  on  approach  Jar  assigning 

an  interest  tevet  to  the  g vals  of  a planetary  nrocr.  Assiynma  an  in- 
terest level  Ut  goals,  allow  the  mocr  to  autonomously  transform  and 
reallocate  the  goals.  The  interest  level  it  defined  6y  data- fusing  pay - 
load  and  nan  gat  inn  information.  The  fusion  yields  an  interest  map . 
that  quantifies  the  level  of  interest  of  each  a mi  around  fAe  roi»rr.  In 
this  way  the  planner  can  choose  the  most  interesting  scientific  objec- 
tives to  be  analyzed,  u nth  limited  human  intervention,  and  rvaltvaitcs 
its  goals  autonomously.  The  Dezert-Smarundachc  Thevry  of  Plausi- 
ble and  Paradnnail  Reasoning  wus  used  Jar  information  fusion : this 
theory  allow  dealing  u»ifA  vague  and  conflicting  data.  In  purficuiar. 
il  at/ouu  us  to  directly  model  the  behavior  of  the  scientists  that  hate 
to  evaluate  the  relevance  of  a particular  set  of  goals.  TTiu  chapter 
shams  an  application  of  the  proposed  approach  to  the  general  tan  af 
a reliable  interest  map. 
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13.1  Introduction 

Board  on  the  experience  gathered  with  pant  Mats  robotic  missions,  a number  of  future 
apace  missions  envisage  the  use  of  robots  for  the  exploration  of  distant  planets  [l|.  All 
of  them  have  strong  scientific  requirements  but  the  poor  knowledge  of  tbe  environment 
where  the  robots  will  operate,  mokes  the  definition  of  specific  coals  dependent  on 
contingent  events  and  observations  If  the  allocation  the  goals  is  performed  ent  irely 
on  tbe  ground,  the  robot  will  have  to  wait  for  new  instructions  every  time  a new, 
unforeseen  event  occurs  or  a new  set  of  scientific  data  is  available. 

Therefore,  it  would  be  desirable  to  have  an  autonomous  system  able  to  make  decj- 
skms  not  only  on  bow  to  reach  a given  set  of  goals,  but  also  on  which  mission  goals  to 
select . Furthermore,  the  persistency  of  a mission  goal  may  lead  tbe  system  to  repeat- 
edly re-  plan  in  order  to  meet  tbe  goal  though  the  goal  is  unreachable  or  has  lust  ita 
original  importance.  Goal  transformation  or  goal  reallocation  is  an  important  feature 
required  in  dynamic  and  rapidly  changing  environments  but  can  become  extremely 
important  also  in  poorly  known  environments  or  when  exploration  and  discovery  are 
the  main  drivers  of  a mission  [9].  Rr  example,  assume  that,  for  a mission  to  More, 
a set  of  observations  from  spate  is  used  to  detine  a set  of  goals  for  a planetary  rover. 
During  the  mission,  however,  tbe  rover  may  find  that  the  goals  are  unreachable  (e.g. 
if  the  goal  was  to  collect  a sample  of  a specific  rock,  the  rock  could  be  unreachable)  or 
not  interesting  anymore  (e.g.  a different  rock  may  display  more  interesting  features). 
Then,  tbe  ground  control  team,  together  with  the  scientific  community,  would  have 
to  decide  what  to  du  While  the  ground  control  team  is  devising  a new  plan  and 
a new  set  of  goals  tbe  rover  would  remain  idle  waiting  for  instructions.  In  order  to 
avoid  this  waiting  time,  the  idea  is  to  adjust  mission  goals  of  tbe  planner  in  addition 
to  the  adjustment  of  the  plans  themselves.  Previous  works  ou  goal  transformation 
addressed  terrestrial  or  military  applications  |9,  13],  and  did  not  include  the  scientific 
data  coming  from  the  payload  in  the  reallocatuin  process. 

In  this  work,  we  propose  the  autonomous  generation  or  reallocation  of  given 
mission  goals  in  order  to  maximize  mission  return  The  aim  is  to  have  the  must 
rewarding  sequence  of  goals  or  the  addition,  deletion,  modification  of  goals  depending 
on  contingent  events  or  discoveries  Payload  information  is  integrated  in  the  planning 
process  in  order  to  make  the  rover  mimicking  the  behavior  of  scientists.  Goals  arc 
generated,  modified  or  reallocated  in  order  to  maximize  the  overall  scientific  return  of 
the  mission.  A family  of  plans  is  then  generated  for  each  set  of  ordered  goals  and  tbe 
mint  reliable  feasilde  plan  of  the  moot  interesting  set  of  goals  is  executed  Reliability 
is  token  into  account,  together  with  interest,  in  tbe  proems  of  choosing  the  plan  to  be 
executed  [15].  'lhr  planner  and  tbe  goal  transformation  algorithm  are  part  of  a multi- 
layer autonomous  system  called  Wisdom.  The  Wisdom  system  is  a nun-deterministic, 
deliberative-reactive  system  for  rover  autonomy  in  harsh,  unknown  environments. 
The  system  was  developed  and  implemented  on  a six  wheeled  prototype  rover  (named 
Nausicaa)  at  Politecniro  di  Milano,  as  part  of  a study,  su|iportrd  by  the  European 
Space  Agency,  for  tbe  development  of  advanced  systems  for  space  autonomy  jll]. 
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In  this  chapter,  we  pceo-ol  specifically  the  approach  used  in  Wisdom  to  generate 
an  interest  value  through  the  data  fusion  of  navigation  and  payload  data  for  an 
autonomous  planetary  rover.  The  definition  of  an  interest  value  avoids  wild  goal 
sequences  fur  which  only  an  empty  set  of  actions  is  feasible  (a  plan  with  no  steps), 
since  only  goals  that  are  interesting  for  the  mission  can  be  generated  or  transformed. 
In  Wisdom,  goals  are  extracted  from  a pool  of  high  level  conceptual  directives  and  are 
organised  into  a sequence  by  using  the  STRIPS  paradigm  for  planning  (12].  11  nelly, 
goals  are  distributed  in  a logical  sequence  from  on  initinl  goal  to  a final  one  with 
preconditions  and  post-conditions,  but  are  not  scheduled  unless  the  time  is  explicitly 
part  nf  a goal  (eg.  reach  a given  location  in  a given  time).  The  sequence  can  be 
adjusted  during  execution  and  is  qualified  according  to  the  total  level  of  interest  of 
nil  the  goals  The  definition  of  a pool  of  high  level  directives  limits  the  set  cif  goals 
to  those  for  which  the  autonomous  system  was  designed  but  avuids  the  persistency 
of  unreachablr  goals 

Previous  attempts  to  model  vague  concepts  such  as  interest  or  curiosity  fur  au- 
tonomous agents  can  be  found  in  the  work  of  Schmidhuber  [6],  who  proposed  the  use 
of  a co- evolutionary  algorithm  to  evolve  curiosity  in  an  artificial  intelligence  system. 
In  this  case,  however,  there  is  no  specific  use  of  instruments  or  any  miis ion-specific 
measurements  or  data  to  support  the  decision-making  proce».  Instead,  in  this  chap- 
ter, a full  exploitation  of  scientific  data  is  ptopowi  in  order  to  build  an  interest  map 
of  the  surroundings.  Pieces  of  scientific  data  from  different  sources  are  fused  with 
navigation  one  to  yield  a single  value  for  each  point  on  the  map.  The  map.  then, 
evolves  during  the  mission  depending  on  the  available  observations. 

In  general  terms,  data  fusion  is  the  use  of  independent  and/or  redundant  ancillary 
data  bum  various  sources  to  improve  the  data  already  available.  Wald  formally 
defined  data  fusion  as:  *A  formal  framework  in  which  are  expressed  the  means  and 
tools  fur  the  alliance  of  data  originating  from  ditlerent  sources.  It  aims  at  obtaining 
information  of  greater  quality*  [Id].  Here  we  understand  data  fusion  as  a way  to 
cutuluDfd  information  from  different  somew  in  order  to  obtain  a single  unambiguous 
value,  useful  to  make  decisions  on  the  interest  of  a particular  set  of  goals. 

The  combination  of  scientific  and  navigation  data  requires  the  fusion  of  pieces  of 
information  coming  from  physically  dillcrwit  smaoia.  tach  tscusoc  iiu^iuum  a liillrrcnt 
parameter,  has  its  own  characteristics,  reliability  and  uncertainty  oo  measurements. 
Moreover,  if  each  instrument  is  interpreted  as  a scientist  expressing  an  opinion,  we 
can  associate  to  each  data  set  an  interest  level  with  associated  uncertainty.  This 
would  mimic  the  process  performed  on  ground  when  a new  set  of  scientific  data  is 
available.  The  data  fusion  process  is  then  required  to  collect  all  the  different  pieces 
of  information,  with  aasocmled  uncertainty,  and  combine  them  together  (2). 

In  order  to  fuse  data  from  the  senwirs  and  find  the  most  interesting  areas  of 
the  surrounding  environment,  the  Dexert-Smarandache  theory  of  plausible  and  para- 
doxical reasoning  |1|  was  used.  This  theory  has  been  successfully  applied  to  many 
engineering  problem!,  like  the  estimation  of  behavior  tendencies  of  a target  [10].  or 
the  prediction  of  the  land  cover  charge  |3j.  In  those  works,  it  was  proven  that  this 
modem  theory  overcomes  the  limitations  of  both  fuxxy  logic  and  evidence  theory. 
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The  main  advantage  of  the  paraduxlcal  reasoning  ia  that  it  allows  dealing  simulta- 
neously with  uncertain  and  paradoxical  data  from  different,  providing  n solution  even 
in  the  case  of  conflicting  information.  A conflict  leads  to  a nun-decidable  situation 
that  would  put  the  rover  into  idle  mode,  waiting  fur  instructions.  The  conflict  could 
arise  when  ditlerent  sources  (different  instruments)  are  assigning  opposite  interest 
values  to  the  same  area  or  when  the  navigation  expert  suggests  avoiding  an  area  that 
has  a high  level  of  interest.  Conflicts  on  the  ground  wx>uld  be  resolved  through  a 
discussion  among  the  scientists  and  the  mission  control  team,  leading  to  a new  set 
of  goals.  An  autonomous  resolution  of  conflicts  by  the  rover,  would  reduce  the  time 
spent  to  wait  for  instructions  from  the  ground  station. 

In  this  chapter,  after  a brief  introduction  to  the  theory  of  Plausible  and  Para- 
doxical Reasoning,  the  application  to  modeling  interest  fur  the  Wisdom  system  is 
explained.  rltic  way  uf  modeling  inl^rwt  fusing  infunnalion  from  different  kumots  in 
described,  and  on  application  to  a synthetic  environment  is  shown.  At  the  end,  we 
will  present  a brief  discmoion  about  the  posaible  use  of  Dempster-Sbafer  theory  for 
the  assignment  of  an  interest  It  should  be  noted  that  the  key  point  of  this  work  is 
not  to  propose  a new  theory  of  Information  fusion  or  to  present  the  advantages  of 
cine  theory  over  another.  The  key  point  is  to  propose  an  innovative  way  to  assign 
a value  of  interest  to  mission  goals  for  a planetary  rover  so  that  the  goals  can  be 
autonomously  adapted  to  contingent  mission  events. 


13.2  Plausible  and  paradoxical  reasoning 


The  theory  of  plausible  and  paradoxical  reasoning  (or  Dezert-Smnrandochr  theory, 
DSmT  [<!])  is  a generalization  of  the  Dempster-Shafci  evidence  theory  |7],  which  is 
in  turn  a generalization  uf  the  classical  probability.  The  foundation  of  the  DSmT  is 
to  abandon  the  rigid  models  of  the  previous  theories,  because  for  nine  fusiun  prob- 
lems it  is  impossible  to  detine  nr  characterize  the  problem  in  terms  of  well-defined 
and  precise  ami  cxdtunY  elements.  Given  an  experiment,  the  Inline  of  discernment 
0 = («i.9j,...,en)  Is  the  set  ol  all  powiblr  events.  The  model  oa  which  the  DSmT 
is  bawl  allows  dealing  with  imprecise  (or  vague)  notions  and  concepts  between  ele- 
ments 0,  of  the  frame  of  discernment  0.  The  DSmT  includes  the  possibility  to  deal 
with  evidences  arising  from  different  sources  of  information  which  do  not  have  accom 
to  abwlute  interpretation  of  the  elements  &,  under  consideration.  This  means  that 
some  events  may  also  be  overlapped  and/or  not  well  defined. 


If  0 is  the  frame  of  discernment,  we  can  define  tbe  space  £»”,  called  hyper-power 
set  [5],  as  follows 

1-  D»; 

2.  VA.BeDe.<Aufl>eD”.<Aflfi)eDd; 

3.  No  other  elements  belong  to  D",  except  those  obtained  by  using  rukn  1 and  2. 
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Otic*  D"  ia  defined,  we  can  apply  the  map  m(.)  : D°  — [0, 1],  cnlled  general 
kuic  belief  assignment,  or  gbbo  (4|,  or  beliri  mnns,  such  that: 


m(*)  = 0. 

rn<-4* = *• 

AfD" 


03-1) 


A art  of  gbba's  defined  on  Da  referred  to  the  frame  n(  discernment  0.  b called 
evidence.  Tlu»  approach  allows  us  to  model  any  source  that  supports  paradoxical  (or 
Lntrinak'iiUy  moiltrliug)  Informal  inn.  Th**  timiry  of  Dexrrt'Smar&iiri&cbf  defines  a 
rule  of  combination  (ur  intrinsically  cimlbcting  and/or  uncertain  independent  source*. 
11  two  expert*  give  their  opinions  in  terms  of  bodies  of  evidence  mj  and  m3.  I he  lx 
combination  is  given  by*. 


mu(A)=  £ m,(fl)ma(C),VA€D6.  (13.2) 

Note  that  this  rule  is  commutative  and  associative  and  requires  no  normalization 
procedure.  Moreover,  it  can  manage  the  paradoxical  information  without  any  other 
assumption,  thus  overtaking  some  limitations  of  other  probability  Ihcsjrini  * like  the 
evidence  theory  - in  which  the  frame  of  discernment  shall  he  bused  on  a set  of  ex- 
haustive and  exclusive  elements.  All  the  pieces  of  evidence  in  (13.2)  are  then  used  to 
give  two  uncertainty  values,  the  belie!  and  the  plausibility: 


Bel(A>  = £ m(B); 

BsDalBZ* 

«<A)  = £ rn(B). 

BfD*\BnA,t 


(13.3) 


The  belief  ol  an  event  A b the  num  of  all  the  propositions  that  totally  agree  with 
event  A.  while  plausibility  sums  up  all  the  propmitions  that  agree  with  A totally  or 
partially.  An  estimation  through  classical  probability  theory  would  fall  in  the  interval 
defined  by  the  values  of  belief  and  plausibility. 


13.3  Modeling  interest  for  a planetary  rover 

The  high  level  of  autonomy  required  to  a planetary  rover  demands  fin  the  ability 
to  choose  the  mission  goals,  without  human  intervention,  once  high  level  minion 
objectives  are  defined,  in  order  to  maximize  the  scientific  return  of  the  minion  The* 
objectives,  such  as  "look  for  water*  ur  "look  for  traces  of  life",  do  not  identify  exactly 
where  to  go  and  which  experiments  to  perform  'lhe  rover  should  be  able  to  uniquely 
define  what  U interesting,  by  means  of  the  information  gathered  during  the  mission, 
and  make  decisions  without  waiting  for  instructions  Irian  the  ground  station.  The 
collected  pieces  of  information  can  be  incomplete  and  uncertain.  In  particular,  the 
Wisdom  system  uses  different  sensors  to  obtain  the  pieces  of  evidence  required  to 
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moke  a division  Each  instrument  plays  the  rule  o(  a scientist  or  id  a ground  control 
specialist.  DSmT  ia  used  to  model  the  following  situation:  each  scientist  (or  specialist ) 
exp  mars  an  opinion  on  the  interest  ol  a given  object  or  portion  ol  the  surrounding 
area;  the  scientist  admits  no  uncertainty  but  the  one  that  cornea  from  the  instruments 
On  the  other  hand,  every  scientist  leaves  some  margin  for  discumiun,  accepting  the 
existence  of  opposite  opinions. 


13,3.1  Modeling  of  sensor  information 


Nauicaa.  the  rover  used  to  teat  the  Wisdom  system,  is  equipped  with  on  infrared 
camera  (the  scientific  payload)  and  two  optical  navigation  cameras  that  give  a stere- 
ographs view  of  the  surrounding  environment  (the  navigation  module).  The  optical 
aterai  image*  are  used  to  generate  an  elevation  map  of  the  ground,  called  Digital 
Elevation  Map  or  DEM.  The  DEM  is  a matrix  containing  the  height  of  the  corre- 
sponding point  on  the  ground.  Hie  DEM  can  be  a partial  reconstruction  of  the 
surroundings.  Some  parte  of  the  terrain  may  not  be  in  sight,  because  hidden  by  other 
parts  (e.g.  rocks  or  hills),  and  thus  it  is  not  possible  to  have  any  information  about 
than.  Furthermore,  the  algorithm  can  foil  to  determine  the  height  of  some  points, 
especially  if  the  image  quality  is  poor.  For  these  reasons,  a second  matrix  is  stored 
together  with  the  DEM:  it  contains  the  uncertainty  un  the  elevation  of  each  point 
in  the  DEM.  Value!  are  between  0 and  1,  where  the  former  means  total  certainty 
on  the  elevation.  Besides  giving  information  on  the  elevation  of  the  ground,  optical 
images  provide  information  on  the  texture  of  objects  and  surfaces.  A texture  map 
is  then  created  by  associating  to  each  point  in  view  an  integer  value  identifying  a 
specific  material  Since  this  information  might  oot  be  accurate  or  the  image  could  be 
poor,  a map  of  uncertainty  is  associated  to  the  texture  map.  The  payload  mounted 
on  Namdcaa  generates  a thermal  map  of  the  environment.  This  map  ia  analogous  to 
the  DEM,  but  contains  the  temperature  of  each  visible  point.  An  uncertainty  map  is 
then  associated  to  the  thermal  map.  in  order  to  take  into  account  partial  information 
due  to  occultation  or  the  measurement  noise  of  the  infrared  sensor.  The  final  step 
consists  of  fusing  the  data  of  the  three  mops,  to  generate  a single  one:  the  interest 


13.3.2  Definition  of  the  Interest  Map 

The  interest  map  is  a matrix  in  which  each  element  represents  the  belief  that  a 
particular  spot  on  the  ground  is  interesting.  A frame  of  discernment  0 = {/,  NI) 
was  defined,  where  / Is  the  hypothesis  mfereifm?  and  N1  is  the  hypothesis  nob 
inferejliny.  Interest  is  a vague  concept  and  is  subjective  in  nature.  The  associated 
hyper- power  set  is  defined  as  D"  = [0,l,Nl,l\jNl,lONI},  and  gbbas  are  asagoed 
to  the  interrating  and  not  interesting  hypotheses,  hut  also  to: 

• / Ui V/:  uncertain  hypothesis.  Represents  the  amount  of  ignorance,  or  the  lack 
of  knowledge  of  the  expat  which  is  dealing  with  the  gblxs  assignment.  The 


Chapter  13:  Automatic  goal  allocation  for  a planetary  rover . . . 


393 


expert  runign*  evidence  to  the  hypothesis  whim  the  uncertainty  an  live  datn  is 
high,  due  fur  example  to  distance,  error  on  the  sensor,  or  even  lark  ol  data 

• / fl  A II:  paradoxical  hypothesis.  This  is  the  case  in  which  two  distinct  scien- 
tists disagree  on  the  interest  level  uf  a particular  area.  One  of  the  scientists, 
according  to  the  reading  of  his  instruments,  assigns  a very  high  gbha  to  the 
interesting  hypothesis  while  the  other  assigns  a very  high  gbba  to  the  not  in- 
teresting hypothesis. 

Note  that  in  the  dnaairnl  probability  theory,  these  two  additional  hypotheses 
do  not  exist.  Furthermore.  the  difference  between  the  uncertain  and  the  paradoxical 
cases  is  that  the  former  expresses  uncertainty  due  to  lack  uf  knowledge  or  information, 
while  the  latter  does  not  claim  any  ignorance,  but  the  possibility  that  both  hypotheses 
could  be  true  at  the  same  time. 

As  a consequence,  the  two  associated  hypotheses  ale  vague,  can  be  overlapped, 
and  cannot  be  considered  os  mutunlly  exclusive.  The  various  pieces  of  information 
can  be  conflicting  and  highly  uncertain.  These  types  of  information  can  be  effectively 
handled  through  DSmT  since  it  can  manage  conflicts  among  various  experts  and 
provides  a single  rule  of  combination. 

The  interest  mop  is  created  point  by  point  (see  Fig.  13.1),  by  (using  nil  the 
available  pieces  of  information  (or  evidence  that  a point  is  interesting  or  not)  about 
each  one  of  the  maps  as  summarired  in  Fig.  132 


Figure  13.1:  The  Interest  map. 
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Figure  13.2:  Digram  of  the  procedure  to  create  the  interest  map. 
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A set  of  independent  experts  (the  instruments)  creates  the  bodies  of  evidence 
that  will  be  fused.  Fur  cadi  point  on  the  map  the  expert  has  to  express  an  opinion 
on  whether  the  point  is  interesting  or  not  based  on  some  evidence.  The  opinion  B 
expressed  by  assigning  gbba  to  each  point  on  the  map.  The  evidence  comes  frum 
the  readings  of  the  navigation  and  scientific  instruments.  In  particular,  three  experts 
were  created,  one  for  each  map.  The  gbba  that  each  expert  assigns  to  a point  on  the 
map  depends  un  the  scientific  objectives  of  the  mission  and  on  the  available  measure- 
ments The  measured  values  are  compared  against  the  values  in  a reference  look-up 
table  (the  tables  for  the  three  experts  can  be  found  in  Table  13.1  to  Table  13.3).  For 
example,  in  this  wort  we  assume  that  the  exjiert  associated  to  the  DEM  is  interested 
in  sharp  edges  and  in  the  lateral  surface  of  the  rocks  since  they  are  easily  accessible. 
Thus,  it  assigns  much  gbba  to  the  interesting  case  (and  little  to  the  not  interesting 
case),  when  the  value  of  the  gradient  of  the  DEM  B high,  and  sice- versa  (Table  13.1). 
In  additinn,  fur  some  values  of  the  gradient . gbba  B also  assigned  to  the  paradoxical 
case.  This  is  done  not  because  of  lack  of  knowledge  of  tbe  roughness  of  the  terrain 
(in  which  case,  gbba  is  assigned  to  the  uncertain  hypothesis),  but  because  the  value 
of  the  gradient  alone  would  not  be  sufficient  to  completely  define  whether  un  area  is 
Interesting  or  not  Assigning  gbba  to  tbe  paradoxical  case  allows  for  the  integration 
of  the  opinions  of  other  experts  eien  if  they  are  conflicting  with  tbe  one  of  the  DEM 
expert. 

In  the  same  way,  the  temperature  expert  assigns  interest  to  some  temperatures 
(Ihhle  132),  and  the  texture  expert  assigns  interest  to  some  specific  textures  (Table 
13-3).  Non-dimensional  units  have  been  used  in  these  tables  As  before,  gbba  B 
assigned  to  the  paradoxical  hypothesis  when  the  values  associated  to  temperature 
and  texture  cannot  be  used  to  completely  establish  whether  tbe  point  is  interesting 
or  not. 


.Modulus  of  the 
gradient  of  the  DEM 

m(/n  A7) 

m(NI) 

m(/) 

(0.1) 

0.20 

0.80 

0 

(1.3) 

0.30 

0.60 

0.10 

(3.5) 

0.10 

0.10 

0.80 

(5,7) 

0.15 

0.05 

0.80 

(7.9) 

0.05 

0.05 

0.90 

(9.+00) 

0.05 

0 

0.95 

Thble  13.1:  Table  for  the  DEM  expert. 


At  first  no  gbba  is  assigned  to  the  uncertain  hypothesis  / U A II:  subsequently, 
each  exjsert  redistributes  part  of  tbe  basic  probability  associated  to  the  hypotbesB 
I nNI,  HI.  I to  the  hypothesis  / U SI.  The  gbba  are  redistributed  proportionally 
to  tbe  value  u of  the  corresponding  uncertainty  map  associated  to  each  expert  map. 
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tuff  n A/| 

ml.V/i 

rn(/> 

[0,20) 

0.20 

0.80 

0 

[20,40) 

0.40 

0.50 

0.10 

[10,60) 

0.05 

0 

0.95 

[GO,  60) 

0.15 

0.05 

0.80 

(80, 100) 

0.05 

0.05 

0.90 

Table  13.2:  Table  fur  the  temperuture  map  expert. 


Textuie 

m(/nA7) 

m(A7) 

m(/) 

05 

0.80 

0 

i 

0.30 

0.60 

0.10 

2 

0.10 

0.10 

0.60 

3 

0.15 

0.05 

0.60 

4 

0.05 

0 

0.95 

Table  13.3:  Table  lor  the  texture  expert. 


by  using  the  following  c luminal  disrminting  procedure: 

J(0  • — "«<•)  • “ ) 

m(l) m(i)-i(i)  \i=lnNI,NI,I  (13.4) 

m(/U«)-m(/UW)+l(i)  J 

The  value  of  u depend)  on  the  characteristics  of  the  sensor  (e.g.  measurement 

fllOll). 

In  this  work,  uncertainty  maps  will  be  simulated  in  order  to  provide  a variety  of 
test  caws  for  the  data  fusion  process.  Therefore,  the  value  of  u will  not  be  chosen  to 
reproduce  the  actual  measurements  but  just  to  test  the  pruputed  methodology.  Note 
that,  if  the  instruments  are  ideal  and  no  uncertainty  in  tbeir  measurements  is  present, 
no  man  is  assigned  to  tbe  hypothesis  / J Nl.  'Hie  assignment  process  presented  in 
(134)  h appbed  to  each  point  on  the  DEM.  Given  the  three  seta  of  evidence  by  each 
expert,  the  general  combination  rule  for  paradoxical  sources  of  DSmT  is  applied,  and 
the  combined  evidence  is  computed.  The  following  step  is  to  compute  tbe  belief  in 
the  hypothesis  tnlarsfintj,  flef(/).  This  value  gives  a pessimistic  estimation  (lower 
boundary)  of  the  probability  of  that  point  to  be  actually  interesting.  Therefore, 
the  interest  map  will  contain,  for  each  point  on  the  DEM.  the  belief  that  point  is 
interesting,  nrmrdlng  to  the  high  level  mission  goals.  The  planner  will  then  give  more 
importance  to  those  areas  that  are  more  likely  to  be  interesting,  and  will  reallocate 
the  goals  in  order  to  maximise  the  cumulative  value  of  interest  with  the  highest 
reliability.  In  the  following  section,  we  will  present  how  each  maps  are  generated  and 
how  the  belief  is  computed  for  a specific  test  case. 
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13.4  Some  results  with  DSmT 


The  proposed  approach  was  initially  tested  in  a simulated  environment.  A synthetic 
landscape  was  Generated  inserting  typical  features  lib-  rocks  with  different  textures 
and  slopes  with  diilereut  gradients.  The  algorithm  was  run  simulating  the  behavior 
of  the  two  navigation  and  the  infrared  cameras  mounted  on  Nauslraa.  The  aim  of 
this  sample  teat  case  was  to  generate  an  interest  map  that  was  consistent  with  the 
simulated  features.  The  result  was  then  used  by  the  planner  |11)  to  generate  a set 
of  mission  goals  In  order  to  visit  only  the  spots  that  are  considered  to  be  the  most 
rewarding  in  terms  of  science.  The  synthetic  landscape,  represented  in  Fig.  13.3, 
was  contorted  into  a DEM.  The  x-y  plane  in  the  figure  represents  an  ideal  horizontal 
plane,  while  t is  the  elevation  of  each  point  of  the  terrain  with  respect  to  this  plane. 
Non-dimensional  units  for  distances  and  temperatures  hate  been  used.  Assuming  that 
the  rover  is  in  the  centre  of  the  map.  and  the  height  of  the  camera  from  the  ground  is 
<10  units,  it  has  been  pmsible  to  calculate  whether  each  point  of  the  map  was  in  sight 
of  the  camera  or  not  (Pig.  13.4).  As  explained  above,  the  module  that  generates  the 
DEM  provides  also  an  uncertainty  map  based  on  visibility  (partial  information  about 
the  landscape)  and  on  the  intrinsic  measurement  errors  of  the  digital  cameras.  The 
uncertainty  map  is  initially  created  with  values  of  zero  (point  in  sight,  no  uncertainty 
on  Its  elevation ) or  one  (hidden  point,  no  information  about  ito  elevation).  Then, 
the  uncertainty  due  to  errors  of  recognition  of  the  disparity  maps  are  simulated  by 
introducing  a noae  component,  with  a value  in  the  interval  }0, 0-2j.  The  resulting 
uncertainty  map  is  represented  in  Fig.  13.5. 


OEM 


Figure  13.3:  DEM  of  the  synthetic  landscape:  bumped  features  represent  rocks. 
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Figure  13.4:  Visibility  map  superimposed  on  the  DEM:  in  dark  grey,  surfaces 
that  are  not  in  sight.  The  camera  is  in  the  middle  of  the  map,  at  a height  of 
40  units  from  the  ground. 


Figure  13.5s  The  resulting  uncertainty  map  associated  to  the  DEM. 
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The  expert  that  creates  the  evidence  from  the  DEM  first  computes  the  map  of 
the  gradient  of  the  terrain,  starting  from  ita  elevation;  then,  it  assigns  high  interest 
to  the  points  which  have  a high  gradient,  and  km  interest  to  other  points  (Table  13.1). 

In  Fig.  13.6,  there  is  a representation  of  the  absolute  value  of  the  gradient  of  the 
DEM,  as  computed  by  the  corresponding  expert  The  virtual  infrared  map  contains 
the  temperature  of  the  corresponding  point  on  the  DEM 


uuHEWoissm 
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Figure  13.fi  Representation  of  the  absolute  value  of  the  gradient  of  t he  DEM 

The  expert  associated  to  the  infrared  camera  amigns  high  levels  of  interest  to  hot 
areas.  The  Fig.  13.7  shows  the  temperature  distribution  in  the  virtual  environment: 
tbe  whole  terrain  as  an  average  temperat  ure  below  5 (in  the  non-dimensional  units 
of  temperature)  which  correspond  to  a cold  terrain,  apart  from  single  circular  hot  area. 

The  texture  distribution  is  represented  in  Fig.  13.8  four  different  patterns  have 
been  considered,  each  one  corresponding  to  one  color  in  the  figure.  Tbe  reference 
textures  with  their  associated  level  of  interest  are  stored  in  a database  onboard.  The 
expert  of  this  map  assigns  the  gbba  according  to  tbe  reference  values  in  Table  13.3;  it 
was  assumed  texture  4 (colored  in  brown  in  Fig.  13.8)  has  tbe  a greatest  probability 
to  be  interesting  fur  this  particular  misuon. 
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Figure  13.7:  The  infrared  map. 


Figure  13.8:  The  texture  map. 
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The  experts  associated  to  the  texture  and  infrared  mop*  generate  the  rnrraspood- 
lug  uncertainty  mapo  in  a similar  fashion  as  the  expert  of  the  DEM:  they  rheii  fur 
risibility  of  endi  point  and  surface  in  the  mop.  In  fact,  if  the  infrared  image  and 
optical  image  are  captured  simultaneously,  without  moving  the  rover,  the  unknown 
areas  must  be  the  some.  However,  this  yields  the  same  level  of  uncertainty  fa*  the 
same  points  on  all  the  three  maps  Therefore  it  was  assumed  that  the  uncertainties 
for  the  infrared  map  grim  linearly  bom  the  bottom  end  of  the  map  to  the  upper  end 
of  the  map,  while  the  uncertainty  an  the  texture  grows  linearly  bom  the  right  end 
to  the  left  end  of  the  map.  os  shown  in  Pig.  13.9.  Note  that  this  assumption  has  no 
particular  physical  meaning,  but  it  allows  us  to  have  areas  with  very  different  and 
mixed  levels  of  uncertainties,  thus  testing  properly  the  proposed  data  fusion  frame- 
work. A different  distribution  of  uncertainty,  though  producing  different  values,  does 
not  change  the  signiliconce  of  the  results  presented  in  this  chapter.  As  stated  above, 
in  a real  case,  the  uncertainty  map  would  depend  on  the  properties  of  the  instruments 
and  on  the  level  of  conlidence  of  the  scientists  in  their  own  judgment. 


Figure  13.9:  The  uncertainty  associated  to  the  infrared  map  (left)  and  to  the 
texture  map  (right). 


Given  the  maps  and  the  experts,  the  result  of  the  fusion  proems,  as  explained  in 
paragraph  13.3.2,  is  the  interest  map  shown  in  Pig.  13.10.  The  value  associated  to 
each  point  in  the  map  represents  the  belief  that  the  point  is  interesting.  'Ihe  ureas 
identilied  by  the  letters  A,  B,  C.  D.  E,  P,  G,  H and  I in  Fig.  13.10.  corresponding 
to  rock  borders,  are  marked  as  very  interesting  because  of  the  high  gradient  value 
It  shall  be  noted  that  only  the  ports  in  sight  of  the  cameras  are  interesting  (this  is 
particularly  noticeable  in  the  case  of  sputa  B.  C,  D and  G)  Where  the  rock  b hidden, 
the  gradient  is  high,  but  its  unreliability  is  high,  as  well;  thus,  the  assignment  from 
the  expert  b uncertain  and  the  associated  belief  b low.  The  circular  area  identified 
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with  letter  L is  considered  interesting  mainly  by  the  expert  of  the  infrared  map  but  its 
visibility  is  high  as  well  as  Its  reliability.  In  fact.  Fig.  13.7  shows  that  the  temperature 
is  high  in  that  area  and  Fig.  13.9a  shows  that  for  that  area,  the  infrared  map  boa 
a low  uncertainty  value;  thus  the  information  it  gives  is  considered  to  be  very  reliable 


V I Q 


Figure  13.10:  Interest  map:  different  colors  represent  different  values  of  Bel(I). 


The  small  area  with  letter  M is  the  moat  interesting  of  the  whole  map.  with  a 
value  done  to  one.  This  is  due  to  the  synergy  between  the  DEM  and  the  infrared 
experts:  both  have  certain  information,  and  the  gradient  and  the  temperature  are 
very  high.  The  sudden  change  in  the  level  of  interest  uu  area  N is  a consequence 
of  the  discontinuity  of  the  soil  texture,  as  can  be  seen  in  Pig.  13.8.  Looking  at  the 
map.  starting  bom  the  area  N,  and  moving  right,  the  degree  of  interest  gradually 
decreases  because  the  texture  information  is  gradually  leas  reliable  on  the  right  part 
of  the  map,  os  ran  be  seen  in  Fig.  13.9b. 

Notice  how  both  the  infrared  and  the  DEM  expert  regarded  this  area  m not 
interesting  but  both  the  DEM  and  the  texture  experts  stated  that  the  reliability  of 
what  observed  was  good  while  the  infrared  stated  the  opposite.  Nonetheless,  the 
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fused  reliability  of  the  texture  and  of  thr  DEM  maps  supports  the  hypothesis  that 
this  area  is  worth  a visit  and  is  safe  enough;  as  a enturquence  the  associated  belief 
is  moderately  high.  Finally  a three  dimensional  representation  of  the  interest  map 
superimposed  onto  the  DEM  can  be  seen  in  Fig.  13.11. 


DEM  cotoured  with  belief  of  ■Interwstog'  hypothesis 


Figure  13.11:  Interest  map  superimposed  on  the  DEM. 


13.4.1  DST  applied  the  generation  of  the  Interest  Map 


The  DSrnT  can  be  considered  as  an  extension  of  the  Dempster -Shafer  Theory  of 
Evidence  (DSfT),  from  which  it  was  derived.  In  fact,  the  DST  is  a particular  case 
of  the  DSmT.  in  which  all  the  sets  of  a given  frame  of  discernment  are  disjoint  (i.e., 
VA,  If  e 0,  A # B — A C\  B = U).  As  a consequence,  the  set  of  passible  hypotheses 
for  a frame  of  discernment  0 = {fh.tfj}  is  its  power  set  2*  = {D,  A,B.A  U B ). 
As  for  the  DSmT,  we  have  m(0)  = 0 and  YIacd*  ">(  A)  = 1 but  in  this  case  D** 
reduces  to  2**  In  the  literature,  the  functioc  m(.)  is  generally  called  basic  probability 
assignment  (bpa),  when  referred  to  the  DST  framework.  There  axe  several  different 
rules  fur  combining  bodies  of  evidence  from  different  experts  under  this  framework. 
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The  classical  Dempster's  rule,  which  b associative  and  commutotive,  fuses  the  bpa 
mj  and  mj  til  two  experts  referred  to  the  sainr  frame  of  discernment  in  the  fallowing 
way. 


mu  (.4)  = 


£ m ,(0)ma(C) 

fiaes 


mi(fi)m,(C) 


. VA  e 2* 


(13.5) 


The  Belief  and  Plausibility  functions  are  computed  in  the  same  wav  as  in  the 
DSmT,  that  Is  using  (13.3),  given  that  the  power  set  2*’  shall  be  considered.  The 
different  behavior  of  the  two  theories  is  evident  when  conflicting  bba's  are  given  by 
the  experts.  In  particular,  the  famous  Zadeh'a  example  (!)  highlights  the  counter- 
intuitive results  which  the  LIST  can  lead  to,  while  the  DSmT  is  able  to  solve  the 
rontradietjoe  in  the  sources  of  information  quite  easily,  thank  to  the  presence  of  the 
paradoxical  hypothesis. 


A simple  case  that  brings  to  quite  different  results  is  when  the  assignments  of 
two  different  sources  are  given,  oo  in  Thlile  13.4  In  this  case,  the  evidence  of  the 
two  experts  is  almost  totally  cuntlkrling.  with  a small  uncertainty:  this  situation 
enn  happen,  foe  example,  when  the  terrain  is  flat  (then  not  interesting  for  the  DEM 
expert)  but  the  texture  a very  Interrating.  The  fusion  through  the  DST,  according  to 
(135).  leads  to  the  combined  bpa  shown  in  the  Brat  column  of  Table  13.5.  The  DST 
combination  rule  assigns  the  same  omuuut  of  evidence  to  both  the  hypotheses  / and 
Nl.  In  this  framework,  the  value  of  Bcl[l)  is  the  same  as  rn(f).  In  essence.  the  DSP 
states  that  the  point  has  the  same  probability  of  being  interrating  or  not  interesting, 
which  does  not  allows  the  rover  to  take  a decision  on  whether  to  investigate  that  point 
or  not.  On  the  other  band,  the  DSmT  amigos  moot  of  the  evidence  to  the  paradoxical 
hypothesis  fClNI  . which  b contributing  in  the  value  of  BeJ( I) 


Expert  1 

Expert  2 

m,(f) 

0.99 

0 

m,(jV/) 

0 

0.99 

m,(/u,V/) 

0.01 

0.01 

Table  13.4:  Example  of  conflicting  bodies  of  evidence  for  two  different  experts, 


To  show  the  different  results  in  fusing  the  data  using  cithex  the  DST  or  the  DSmT, 
let  us  consider  the  border  of  the  rock  D.  As  an  example,  we  take  the  point  (67.  20): 
for  this  point,  we  liuve  the  values  for  the  gradient  of  DEM.  texture  and  temperature 
lbted  in  Ihlde  13.6,  with  corresponding  uncertainties. 

According  to  thrae  values,  the  consequent  bba's  (or  gbba'a)  are  aloo  shown  in  the 
same  table 
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DST 

DSrnT 

mu  (/) 

0.4975 

0.0099 

inu(W/) 

0.4975 

0.0099 

mu(/UJV/) 

0.005 

0.0001 

mu(/nA7) 

- 

0.9801 

BeHl) 

0.4975 

0.99 

Table  13.5:  Combined  evidence  and  Belief  uccurding  to  DST  and  DSrnT,  far 
evidence  provided  by  the  two  experts  in  Table  13.4. 


Value 

m(l  n ,V/| 

./i  (A 7) 

m(lvSl) 

Gradient 
of  the  DEM 

G08S 

0.15 

0.05 

08 

0 

Texture 

4 

0 017 

0 

0.323 

0.06 

Temperature 

10.23 

0.162 

0.048 

0 

0.19 

Table  13.C:  Values  of  the  three  maps  at  point  (67.  20),  uncertainties,  and 
corresponding  assignments  made  by  the  experts. 


The  result  of  the  combination  through  the  DSrnT  b shown  in  Table  13.7.  In 
cuDcluskxi,  aranrding  to  tbe  DSrnT,  tbe  point  should  be  highly  interesting,  as  the 
belief  of  tbe  / hypothesis  b dew?  to  one. 


m(/  D iV/) 

0.02293001 

m(iV/) 

0.02765400 

md) 

0.14941600 

m(I  u Nl) 

0 

Bet{l) 

0.9723-1607 

Table  13.7:  Combined  evidence  and  Belief  using  the  DSrnT  combination  rule, 
for  bodies  of  evidence  given  in  Table  13.6. 

The  toe  of  tbe  DST,  instead,  leads  to  a different  result.  The  DST  nasooative  rule 
be  applied  to  the  same  point,  but  considering  that  in  the  DST  framework,  all  the 
are  disjoint,  •*»  / O SI  = 6,  it  would  make  no  sense  to  nasign  bpa  to  this  case, 
decided  here  to  reassign  the  gbba  of  the  hypothesis  / O SI  to  the  hypothesis 
SI.  as  in  'Ihbfe  13S.  since  a conflict  of  opiniuns  would  lead  to  a stall  in  the 
decision  making  process,  analogous  to  a lnrh  tif  information.  Note  that,  for  this  case, 
a different  choice  of  ihr  bpa  re- alignment  would  not  change  substantially  tbe  result 
obtained  with  the  DST.  Applying  the  DST  combination  rule,  we  obtain  the  evidence 
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In  Thble  13.9  Thai  we  con  state  that-  using  the  DST.  the  belief  in  the  interesting 
hypothesis  is  significantly  lima  than  tie  the  DSmT.  The  border  of  the  rudi  will  not 
be  a primary  objective  to  analyse  for  the  rover  in  this  case. 


»i(.V/ ) 

m(/) 

Kl(/  J SI) 

Gradient  of  the  DEM 

uuH 

U.b 

o-i-o.ir, 

Texture 

0 

0.323 

0.66  + 0.017 

Temperature 

0.6-18 

0 

0.19  + 0.162 

Table  13.8:  Re-assignment  of  the  gbba  of  the  paradoxical  hypothesis  to  the 
uncertain  hypothesis. 


EKiiiipsUr  Combined  Evidence 

m(Ar/) 

mm 

»»(/) 

0.6881 

m(I  U NI) 

0.0824 

Bel(I ) 

0.6881 

Titbit  13.9:  Combined  evidence  and  Belief  using  the  Dempster  combination 
rule,  for  bodies  of  evidence  given  in  Table  13.8. 


A great  number  of  fuslun  rules  exists,  in  the  DST  framework:  among  those,  a set 
of  Proportional  Conflict  Redistribution  rules  (PCR)  baa  been  studied.  The  so-called 
PCR5  b claimed  to  be  the  mint  mathematically  exact  rule  for  redbtributing  the 
conflicting  ms  [6].  Since  the  computation  of  the  combined  bba’s  using  the  PCRS 
becomes  quite  complicated  when  marc  than  2 sources  are  involved  (and  in  thb  exam- 
ple they  are  3),  we  decided  to  show  the  results  of  the  fusion  using  the  approximated 
formulation  PCRfib.  The  final  masses  are  obtained  In  two  steps-  first,  the  masses 
im(-)  and  m:(  ) relative  to  experts  1 and  2 are  combined  using  the  DSmT  classical 
rule,  obtaining  mu(-);  then  the  resulting  masses  are  combined  again  with  source 
3.  giving  mm(-)-  At  thb  point,  the  conflicting  mans  mi2i(A  O B)  is  redistributed 
proportionally  to  the  basic  probability  assignments  of  the  experts,  according  to  the 
rule.  If  we  call  mi>cftM>(t2}3(-)  the  combined  evidence  after  the  redistribution  of  the 
conflict,  we  have 
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= mUJ(/)  + m5(/)rni2(/  O NI)+ 

' mu(/)  + m,(W/) + *'  'm^n+m^NJ) 

">rcnz>ii2ti{NI)  = mua(NI)  + mi{N l)mvi(l  Cl  N I)+ 

m,(/)msl(iV/> 

rn,(W/)mu(/ 1 + msliV  J ) + mU<A  "m  ,0)  + 


"MMIBliV  U JV/)  = »n,u(/  U iV/)  + m,</  U W/)mu(/  n AT/) 


<13.6) 


This  rale  lends  to  the  rami) tiled  evidence  shown  in  Tahir  13  10  Although  the 
redistribution  oi  the  conflicting  mama  changed  the  results  slightly  with  respect  to  the 
classical  DST  combination  rule,  the  dilference  with  the  DSmT  remains  remarkable. 


PCRfib  Combined  Evidence 

mi/Vi) 

0.3*182 

Ml) 

0.6104 

m{lu  NI) 

0.0-114 

Be 1(1) 

0.610-1 

Tuble  13.10:  Combined  evidence  and  Belief  using  the  PCRSb  combination  rule, 
for  bodies  of  evidence  given  in  Table  13.8. 


13.4.1.1  Application  of  DST  to  a modified  frame  of  discernment 

If  the  frame  of  discernment  is  refined  in  the  following  way:  0,./  = {/  Cl  N I,  I /{I 0 
NI),NI/{IClNI)},  then  we  can  apply  DST  and  obtain  a result  equivalent  to  the  one 
computed  using  DSmT.  Given  the  new  refined  frame  of  di*emmenl,  the  power  set 

be 


2*">  = {^X,Y,Z.XyjY,XuZ,Y>jZ<X>jY\jZ) 


where. 


<13.7) 


X = / n jv/ 

Y = IU[IC\NI)  (13.8) 

z = ,v/u(;niv/) 

Let  us  denote  with  prime  the  bba’a  referred  lo  the  refined  frame  uf  discernment 
If  we  assign  the  bba’fl  £nr  each  generic  expert  I in  thr  fnUiiwing  way: 
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m’,(X)  = m,(IONI ) 

mK-YU  Y)=m,(l) 

m>,{XUZ)  = m,{NI ) (13.9) 

m;<A:uV'uZ)  = m1(/u,v;) 

mi(*  € 2*'*'  ,A  * X,  X U Y,  X U Z.  X U Y U Z)  = 0 

and  the  I) ST  combinat  ion  rule  in  (13.5)  » applied,  we  see  that  the  denominator  in 
(13.5)  te 

1-  Y,  mi(S)mi(C)  = 1 (13.10) 

6.C;j0r./ 

ac4?e* 

Computing  the  bbn.  for  example,  (or  m'u(AT).  we  obtain. 

m'ufA)  = mit’MX)  + u *)•"&(*  U Z)+ 

m',(.Y  U Z)mi(JY  U Y)  + m',(A)mi(A  U Y)+ 
m',(.Y)mi(A:  UZ)+  U Y UZ)+  (13.11) 

”ij(-Y  U >*)m i(A)  + m',(A  U 2)mi(A)+ 
mi(XuVuZ)mi(X) 

On  the  other  hand,  applying  the  DSmT  combination  rule  (13.2)  to  the  standard 
frame  6 = {/.  Nl)  . we  obtain  (or  mti(/  O Nl): 


rn u ( / (I Nl)  = mi(/  O JV/)mj(/  fl  Nl)-* 

nii(/)mi(.V/)  + mi(A7)mj(/)  -t-  mi((  nNI)mi(l)-* 

m,(/  C\  NI)ntt(NI)  + m,(/  n NI)tn,(l  U Nl)+  (13.12) 

m,(/)mi(/ n Nl)  + m,(N7)m,(/nJV/)+ 

m(/uW)m,(/nM) 

Eq.  (13.11)  and  (13  12)  are  equivalent  and  return  the  same  value.  The  same 
happens  (o»  m'l2(X  U 1'  U 2).  m'u(A  U 2),  rn'u(A').  Therefore,  the  fuinon  obtained 
using  the  DST  with  the  rehned  home  o(  discernment,  and  the  one  obtained  with  the 
original  model  and  DSmT  are  identical.  Note  that,  the  refinement  of  the  frame  of 
discernment  would  requite  a probability  arraignment  to  the  hypotheses  //(/  O Nl) 
and  N I /(I  ONI)  that  have  little  physical  meaning  and  are  not  intuitive.  Therefore, 
although  DST  can  be  used  to  detine  the  interest  map,  DSmT  offers  a more  direct 
detinitiou  and  treatment  of  the  two  hypotheses  1 and  Nl  without  the  need  fur  an 
artificial  redefinition  of  the  frame  of  discernment  Furthermore,  it  should  be  noted 
that  DSmT  allows  the  direct  treatment  of  a cose  in  which  a source  is  totally  sure 
about  its  assignment  and  therefore  cannot  assign  any  probability  to  the  hypothesis 
luNI.  In  this  cose  assigning  a probability  to  the  hypothesis  InNl  would  correspond 
to  allowing  some  room  for  discussion  and  oppmite  opinions  as  mentioned  above 
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13.5  Final  remarks 

In  this  chapter,  an  algorithm  far  tbs  definition  of  the  level  of  interest  of  mlariim  goals 
for  a planetary  rover  was  presented.  By  fusing  navigation  data  and  payload  data 
(infrared  camera  in  this  specific  case),  the  rover  was  endowed  with  the  capability  to 
autonomously  assign  a level  of  interest  to  mission  goals.  The  interest  level  allows  the 
rover  to  prioritise,  reallocate  and  choose  the  most  appropriate  set  of  goals  depending 
on  contingent  situations.  The  modern  theory-  of  Plausible  and  Paradoxical  Renaming 
was  used  to  generate  an  interest  map  by  which  the  rover  can  reallocate  its  goals 
autonomously  in  order  Ui  maximize  the  scientific  return  of  the  mission.  The  theory 
gives  the  possibility  of  dealing  with  vague  quantities,  like  the  degree  of  interest  of  an 
object.  In  particular,  the  advantage  of  DSmT  is  tbe  possibility  to  directly  assign  a 
level  of  interest  to  hypothesis  1 and  iVf  for  each  point  of  the  DEM,  leaving  room  for 
potential  disagreements  among  the  scientists  or  between  tbe  scientists  and  tbe  ground 
control  team.  Tbe  results  showed  that  the  prupuwd  approach  is  suitable  to  uniquely 
identify  tbe  interesting  zones.  erven  the  high  level  scientific  goals  of  the  mission.  The 
goals  can  be  easily  modified  or  tuned,  by  changing  the  experts  uwd  into  tbe  data 
fusion  pro* v:r. 
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Abstract:  The  mam  objective  of  One  uork  u to  mceafiyafc  the 

impact  of  the  quality  of  attribute  data  aoarcr  on  the  performance  of 
a target  tracking  algorithm.  An  array  of  dense  scenario*  arranged 
acivrding  to  the  ifufancr  bctu'rrn  closely  spa  ad  targets  is  studied 
by  different  confusion  matrices.  The  used  algorithm  u GrncuJ- 
iraf  Data  Aoooabon  algorithm  for  Multiple  Target  Tracking  (GDA- 
MTT)  processing  haematic  as  mil  as  atfnAulr  data.  The  fusion  rule 
for  attribute  data  u based  on  Dezert- Smarmdache  Theory  ( DSmT '). 
besides  the  mam  goal  a comjtanton  u made  Aelu«en  the  cited  above 
algorithm  and  an  algorithm  Kith  Kinematic  based  only  Data  Amo- 
nation  (KDA-MTT).  The  mnuuns  of  performance  are  evaluated 
using  mfenaioe  Monte  Carlo  simulation. 


This  work  ia  partially  suppoctid  by  MONT  giant  MI-1606/O.V 
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14.1  Introduction 

Target  tracking  of  closely  spaces!  targets  is  a challenging  problem.  The  kinematic 
information  is  ulten  insufficient  to  make  correct  decision  which  observation  to  be 
associated  to  some  existing  track.  A new  approach  presented  in  jl5]  describes  a 
Ceneraliml  Data  Association  (GDA)  algorithm  incorporating  attribute  information 
The  presented  results  are  encouraging,  but  it  is  important  to  study  the  algorithm 
performance  for  more  complex  scenarios  with  more  maneuvering  t nr  gets  and  different 
levels  of  quality  of  attribute  data  source.  It  is  important  to  know  tbe  level  of  quality 
cif  the  attribute  detection  used  to  assure  robust  target  tracking  in  critical,  highly 
conflicting  situations.  The  goal  of  this  paper  is  by  using  Monte  Carlo  simulation 
to  determine  the  sufficient  level  of  quality  of  attribute  measurements  that  for  given 
standard  deviations  of  tbe  kinematic  measurements  (in  our  case  stimuli,  and  distance) 
to  overcome  allowable  miscor relations. 


14.2  Problem  formulation 

Claoriral  target  tracking  algorithms  consist  mainly  of  two  basic  steps-  data  asioaatton 
to  associate  proper  measurements  (usually  kinematic  measurement  r(fc))  representing 
either  position,  distance,  angle,  velocity,  accelerations  etc.)  with  correct  targets, 
frock  filtermf  to  estimates  and  predict  the  state  of  targets  once  data  association 
has  been  performed,  'lhe  first  step  is  very  important  for  the  quality  of  tracking 
performance  since  its  gual  is  to  associate  correctly  observations  to  existing  tracks.  Tbe 
data  association  problem  is  very  difficult  to  solve  in  dense  mult. target  and  cluttered 
environment,  'lb  eliminate  unlikely  (kinematic- bawd)  observation- to- track  pairings, 
the  classical  validation  teat  |3,  7]  is  carried  on  the  Mahalanobis  distance 

^(k)  = v'j(k)S-,vJ(k)i7,  (14-D 

where  r,(fc)  = ;(*)  - r,(k)  is  the  diiferenre  between  the  predicted  pusjtion  i(k) 
and  the  j — Ih  validated  measurement  r,(k),  S is  the  innuvuliun  covariance  matrix, 
7 is  a threshold  constant  defined  from  the  table  of  the  chi-square  distribution  (3|. 
Once  all  the  validated  measurements  have  been  defined  for  tbe  surveillance  legion, 
a clustering  procedure  defines  the  dusters  of  the  tracks  with  shared  observations. 
Flirt  her  the  decision  about  observation- to- track  amocUtiuas  uaffiin  the  given  darter 
with  n existing  tracks  and  rn  received  measurements  is  considered.  The  Converted 
Measurement  Kalman  Filter  (CMKF)  [5j  coupled  with  a classical  Interacting  Multiple 
Models  (1MM)  |1.  4.  B]  fi»  maneuvering  target  tracking  is  used  Ui  update  the  targets' 
state  sector* 

When  CMKF  is  used,  one  advantage  and  one  drawback  arise  Receiving  measure- 
ments in  (r.  p)  coordinates  allows  us  to  continue  our  tracking  with  a simple  Linear 
Kalman  Filter  (KF)  instead  of  more  complicated  Extended  Kalman  Filter  (EKF). 
The  more  sophisticated  calculation  of  the  measurement  matrix  in  EKF  is  replaced 
with  a more  sophisticated  calculation  of  converted  measurement  covariance  at  each 
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recursion  ul  the  filler  The  drawback  is  that  CMKF  accuracy  strongly  depends  not 
only  on  the  original  measurement  accuracy  but  on  scenario  geometry,  as  well  In 
some  coses  the  mean  of  the  errors  is  significant  and  unbiased  compensation  is  needed. 
In  (111,  “ HmH  ol  validity  is  derived  when  classical  linearised  conversion  in  CMKF 
is  used  - < 0.4),  where  o*  and  a,  are  the  standard  deviations  (or  azimuth  and 

distance  measurements  respectively  The  quantity  from  the  left-hand  side  in  our  sce- 
narios is  must  often  less  than  0.01  and,  bence.  the  validity  limit  is  fully  satisfied.  The 
GDA-MTT  improves  data  asMiciation  process  by  adding  attribute  measurements,  Uke 
amplitude  information  or  RCS  (radar  cross  section)  |16],  or  eventually  |6],  target  type 
decision  coupled  with  the  confusion  matrix  to  classical  kinematic  measurements  In 
order  to  Increase  the  performance  of  the  MIT'  system  When  attribute  data  is  avail- 
able, tbe  generalised  (kinematic  and  attribute)  likelihood  ratios  are  used  to  improve 
the  alignment.  The  Global  Nearest  Neighbor  (GNN)  approach  is  used  in  order  to 
make  a decision  for  data  association  on  an  integral  criterion  base.  Tbe  used  GDA  ap- 
proach consists  in  churning  a set  of  assignments  {Xl  ) for  1 — 1, ...,  n and  j = 1, m 
. that  assures  maximum  of  the  total  generalized  likelihood  ratio  sum  by  solving  the 
classical  assignment  problem  ninff.!  22£-i“uXir.  whctt*  a<i  = -fa®{f./f».«(f,i)) 
with 

LR,„(i.j)  = LRk(i.j)LRa(i,j).  (14.2) 

LR*(i,j)  and  LR,(l,j)  are  kinematic  and  attribute  likelihood  ratios  respectively,  and 


if  measurement  j is  aadgnrd  to  track  1, 
otherwise. 


When  the  assignment  matrix  A [a,,]  Is  rnusUurted  its  elements  a0  take  the  following 
values  [12|: 


■{- 


log 


1- 


The  sulutiun  of  the  assignment  matrix  is  tbe  one  tint  minimize!  the  sum  of 
the  cbm en  elements.  We  solve  the  assignment  problem  by  realizing  tbe  extension  of 
Munkrrs  algorithm,  given  in  |9).  As  a remit  one  obtains  the  optimal  measurements-to- 
tracks  association.  Once  the  optimal  assignment  is  found,  Lr.  the  correct  oatociotion 
is  available,  the  standard  tracking  filter  is  used  depending  on  the  dynamics  of  the 
tracked  targets. 


14.2.1  Kinematic  likelihood  ratios  for  GDA 

Tbe  kinematic  likelihood  ratios  LR,(i.j)  involved  into  a„  are  easily  to  obtain  because 
they  ore  based  on  tbe  classical  statistical  models  for  spatial  distribution  of  fake  alarms 
and  for  correct  measurements  [5].  LR»(i,j)  is  evaluated  as. 

= LPru.{i.J)/LF/mlm 
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where  LFiru.fi,  j)  to  the  likelihood  function  that  the  measurement  ; originate*  from 
a target  (track)  i and  LF)alM.  is  the  likelihood  function  that  the  measurement  j 
originates  from  a false  alarm.  At  any  given  time  k.  LF, ru.  is  defined  os: 


LF„..  = £>(fc)LR<fc) 

Jal 

where  r to  the  numher  of  the  models  used  for  C'MKF-IMM  (in  our  case  of  two  nested 
models  r = 2).  (Jr(fc)  to  the  probability  (weight)  of  the  model  l for  the  scan  k,  LFi(k) 
is  the  likelihood  function  that,  the  measurement  j originates  from  target  (track)  ■ 
according  to  the  model  I,  i.e. 

LF,(k)  = (l/^|3hr$<*)|)  • exp 

LPjmUm  ia  deimod  as  LF/«u.  = » w^rr  kdac  probability  and 

l'c  i a tbr  ntohitkffl  ceil  volume  du***n  in  [6|  as  Vc  = n"»i  - 1 n our  case, 

n,  = 2 is  the  measurement  vector  sixe  and  R,,  are  sensor  error  standard  deviations 
fur  asimuth  0 and  distance  D measurements. 


14.2.2  Attribute  likelihood  ratios  for  GDA 


Hie  major  difficulty  to  implement  GDA-MTT  depends  on  the  correct  derivation  of  co- 
efficients o„.  and  more  specifically  the  attribute  likelihood  ratlin  LR.(i,j)  tot  correct 
association  between  measurement  j and  target  i based  only  on  attribute  information. 
When  attribute  data  are  available  and  their  quality  is  sufficient,  the  attribute  like- 
lihood ratio  helps  a lot  to  improve  MTT  performance.  In  our  case,  the  target  type 
information  is  utilised  from  KGS  attribute  measurement  through  a fuaiti  cation  inter- 
face. A particular  confusion  matrix  to  constructed  to  model  the  sensor's  classification 
capability. 


The  approach  fco  deriving  LRa{t,  j)  within  DSmT  (10.  14,  15]  to  based  on  relative 
variations  of  pignistic  probabilities  for  the  target  type  hypotheses,  H,  J = 1 for 
Fighter,  j = 2 for  Cargo),  included  in  tbe  frame  0,  conditioned  by  the  correct 
assignment.  These  pignistic  probabilities  are  derived  after  tbe  fusion  between  tbe 
generalised  basic  belief  naugiinients  of  the  track's  old  attribute  stale  history  and 
the  new  attribute/ID  observation,  obtained  within  the  particular  fusion  rule.  It  to 
proven  that  this  approach  outperforms  most  of  the  well  known  ones  for  attribute  data 
association.  It  is  defined  os  : 


A,(P-|2)  - A,(P-\2  = T, 


(14.3) 
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where 


I 


A,(P-|Z  = T1)=EJ.I 


I’rn;  ■ — 


Lt  A,(/’,|Z  = T|)  b obtained  by  forcing  the  attribute  observation  morn  vec- 
tor to  be  the  name  on  the  attribute  muss  vector  of  the  considered  teal  target.  i.e. 
mj(.)  = 4 lie  decision  for  the  right  association  relies  oo  the  minimum 

of  expression  (113).  Because  the  generalized  likelihood  ratio  LR,„  is  looking  for 
the  maximum  value,  the  hnal  furrn  of  the  attribute  likelihood  ratio  is  defined  to  be 
inversely  proportional  to  the  $,(/**)  with  i defining  the  number  of  the  track.  i.e. 


14.3  Scenario  of  simulations  and  results 


14.3.1  Scenario  of  simulations 

For  the  simulat  ions,  we  use  an  extension  of  the  program  package  TTLab  developed 
under  MATLAB™  fur  target  tracking  [13].  This  extension  takes  into  account  the 
attribute  information  A friendly  human-computer  interface  facilitates  the  changes 
of  the  design  parameters  of  the  algorithms. 

The  simulation  scenario  consists  of  twenty  fixe  air  targets  (Fighter  and  Cargo) 
moving  in  three  groups  from  North-West  to  South-East  with  constant  velocity  of 
170  m/a rc.  The  stationary  sensor  is  at  the  origin  with  T«0,  = 5 arc.  measurement 
standard  deviations  0.3  deg  and  100  m for  azimuth  and  range  respectively.  The  head- 
ings of  the  central  group  are  135  deg  from  North  and  for  the  left  and  right  groups  are 
150  deg  and  120  deg  respectively.  During  the  scans  from  151 A to  17f/i  and  from  48th 
to  50th  the  targets  of  the  left  and  right  groups  perform  maneuvers  with  transversal 
acceleration  4.4  m/aec’.  The  targets  are  closely  spaced  especially  in  the  middle  part 
of  their  trajectories.  The  scenario  is  shown  on  figure  14.1. 

The  typical  tracking  performances  for  KDA-MTT  and  GDA-MTT  algorithms  are 
shown  on  figures  142  and  143  respectively.  The  'Hack  Purity  performance  metrics 
is  used  to  examine  the  fraction /percent  of  the  correct  associations.  ’Hack  purity  is 
defined  as  a ratio  of  the  number  of  correct  observation- to- track  associations  to  total 
number  of  all  possible  associations  during  the  process  of  tracking  'Hack  purity  met- 
rics ciuicerns  every  single  target  and  could  be  averaged  over  all  targets  in  the  scenario 
os  sell  os  uver  all  Monte  Carlo  runs. 

Our  aim  In  these  simulations  is  to  investigate  what  level  of  classifier  accuracy  we 
need  in  a [larticular  scenario  with  the  given  sejiaration  between  tbe  closely  spaced 
targets.  We  have  performed  consecutive  simulations  starting  with  a confusion  matrix 
(CM)  coc responding  to  the  highest  (prior)  accuracy  and  ending  with  a matrix  dose 
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Figure  14.1:  Multitarget  scenario  with  25  targets. 


to  wluit  is  expected  in  prntice  with  common  claaifiers. 

Before  this,  we  did  several  simulation!!  with  highest  accuracy  CM  and  different 
separations  of  the  targets  starting  with  prohibiUndy  close  separation  (approximately 
d = 1.5  ffr.»i4i  hoe  a,.„t  is  the  residua]  standard  deviat  ion,  ranging  bum  260  m at 
the  beginning  of  the  trajectory  to  155  m)  (2).  FYom  these  simulation!,  we  try  to  find 
out  the  particular  target's  separation  which  insures  good  results  in  term  of  tracks' 
purity’  metrics  . 

14.3.2  Numerical  results 

We  started  our  experiments  with  series  of  runs  with  different  target  separation  and 
cutilxmiun  matrix 

CM  _ 0.995  0.005 
0 005  0.995 

Hrrrafter,  because  of  aymmetn'  w will  show  llie  lirat  row  of  the  matrix  only. 
All  the  values  in  thr  urxl  table*  are  averaged  over  tiir  50  Monte  Carlo  runa  At  a 


1 1 1 1 1 1 1 1 1 1 1 ,11111111111 
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Figure  Id. 2:  Typical  performance  with  KDA-MTT. 


Figure  ld.3:  Typical  performance  with  GDA-MTT 
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distance  u!  300  in  between  targets  the  results  are  extremely  discouraging  far  both 
the  kinematic  only  and  kinematic  and  attribute  data  used  (the  first  row  o{  the  Table 
1-1.1).  There  is  no  surprise  because  this  separation  correspunda  to  less  than  1.5  o„„, 
This  row  stands  out  with  remarkable  ratio  of  ‘attribute*  to  ' kinematic*  percents  of 
tracks*  purity.  In  the  'kinematic*  case,  leas  than  one  tenth  of  trucks  are  pruceased 
ptoperly  while  with  using  the  attribute  data  aim  cot  two  thirds  of  targets  are  not  loot 
Nevertheless,  the  results  are  poor  and  unacceptable  from  the  practical  point  of  view. 
In  the  not  rows  at  the  table,  we  have  increased  gradually  the  distance  between  the 
targets  until  reaching  a separation  of  600  m.  This  distance  curraponda  to  2.5  a...,* 
and  the  results  are  good  enough  especially  fat  the  DSmT  based  algorithm. 


1 Track  purity  [%] 

GDA(PCR5  ) 

KDA 

300 

57.99 

8.05 

350 

74.47 

12.43 

400 

87.45 

21.17 

450 

93.34 

35.47 

500 

95.94 

' 56.12 

550 

9G.74 

' 74.74 

GOO 

97.70 

86  40 

Thble  14.1:  Pi  =0.995,  CA/(0.995. 0.005). 


The  next  step  is  to  chotee  this  medium  separation  sire  which  ensures  highly 
acceptable  results.  We  lake  the  distance  of  -150  m because  it  is  in  the  middle  of 
the  table  and  its  results  are  very  daw  to  that  of  larger  distances  Now  we  start 
our  runs  with  cunfuUoa  matrix  (0.99S;0.005)  corresponding  to  highest  accuracy  and 
gradually  change  its  elements  to  more  realistic  values  according  to  the  'Ihble  14.2.  In 
this  table,  the  tracks'  purity  for  the  pure  datn  kinematic- based  algorithm  are  omitted 
because  they  do  not  depend  on  the  confusiim  matrix  values.  Then  we  have  chosen  the 
threshold  of  65%  fur  tracks'  purity  value  since  this  threshold  provides  results  which 
are  considered  os  satisfying  enough. 

Actually,  the  choice  of  threshold  is  a matter  of  an  expert  assessment  and  strongly 
depends  on  the  particular  implementation.  It  can  be  seen  from  the  'Ihble  14.2  that 
the  last  row  from  the  top  with  tracks’  purity  value  above  the  chceen  threshold  is 
the  row  with  CM(0.96;0  04).  So  that,  ii  our  task  is  to  track  targeta  separated  at 
normalized  distance  appruximately  l.Bormtf  to  30r«»i,  we  have  to  ensure  a classifier 
with  mentioned  above  confusion  matrix.  We  recall  that  the  value  of  the  tracks'  purity 
ratio  for  the  pure  data  kinematic-based  algorithm  fur  this  separation  is  only  35.4791- 

More  simulations  have  been  performed  by  degrading  the  quality  of  the  clami- 
fier/CM  for  try  ing  to  find  the  values  of  CM  which  does  not  influence  the  value  of 
tracks'  purity  ratio.  Le  when  the  'attribute'  algorithm  gives  the  same  results  as 
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Distance  it  = 450  tn 
Confusion  Matrix  TVack  Purity 


055| 

333T 

0.99 

0.01 

91.51 

0.98 

0.02 

89.53 

0.97  ' 

0.03 

86.83 

0.9G 

0,04 

85.26 

0.95 

0.05 

82.48 

0.94 

0.06 

79.41 

0.93 

0.07 

75.38 

0.92 

0.08 

75.25 

0.91 

0.09 

74.27 

0.90 

0.10 

70.69 

Thhle  14.2:  Truck  purity  with  different  CM  for  a scenario  with  d = 450  m. 


kinematic'  one  for  the  chosen  targets  separation.  The  results  we  hair  obtained  are 
given  in  ’Ihble  14.3. 


Distance  d = lSli  rn 


Track  Purity 

0.995 

0.005 

93.24 

0.95 

0.05 

82.48 

0.90 

0.10 

70.69 

0 80 

0.20 

52.04 

0.70 

0.30 

46.90 

0.00 

0.40 

43.01 

0 55 

0.45 

42.20 

Table  14.3  Distance  = 450  rn,  PCR5  algorithm. 

We  can  *e  that  even  for  the  values  of  elements  of  CM  close  to  the  probability 
mans  limit  values  of  (0.5;0.5>  the  investigated  ratio  remains  slightly  better  (the  last 
row  of  table  14  3)  than  that  of  'kinematic'  algorithm. 

Once  the  data  association  is  made,  the  dosttlral  1MM  Kahnou  hltering  algorithm 
is  used  for  target  state  estimation  and  to  reduce  positiun  emirs.  The  figures  14.4 
and  14.5  show  the  emirs  along  axes  X and  Y with  and  without  filtering.  It  can  be 
seen  a significant  reduction  of  the  sensor  errors  after  filtering.  The  figure  14.4  show’s 
the  result  of  the  more  precise  model  (model  1),  and  in  the  figure  14.2  the  result  of 
model  2 with  bigger  tallies  for  emirs  is  presented.  The  figure  14.6  shows  the  remit 
for  distance  errors  fin  the  two  models  We  can  verify  that  we  naturally  obtain  lower 
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errors  when  using  the  must  precise  model. 


Figure  14.4:  Monte  Carlo  estimation  of  errors  allong  axes  x and  y for  model  1. 


Figure  1 4.5:  Monte  Carlo  estimation  of  errors  allong  axes  x and  y for  model  2. 
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Figure  14.6:  Monte  Carlo  estimation  of  distance  errors  for  first  and  second 
models. 


14.4  Conclusions 

In  this  work.  we  have  proposed  and  evaluated  a multiple  target  tracking  algorithm 
calked  GDA-MTT  dealing  with  both  kinematic  and  alrrihute  data  GDA-M1T  is 
based  un  a global  nearest  neighbour  alike  approach  which  uses  Munkrea  algorithm  to 
solve  the  generalised  data  aswiciatiou  problem.  The  PCR5  combination  rule  devel- 
oped in  Desert -Smarandache  Theory  has  been  used  lor  managing  efficiently  attribute 
data  which  allows  to  improve  substantially  the  tracking  performances  Our  sim- 
ulation results  show  that,  even  in  dense  target  scenarios  and  realistic  accuracy  of 
attribute  data  claasiher,  the  GDA-MIT  algorithm's  performance  meeta  requirements 
concerning  its  practical  implementation.  Our  results  highlight  the  advantage  of  using 
a trailing  algorithm  exploiting  both  kinematic  and  attribute  data  over  a claasical 
tracking  approach  based  only  on  kinematic  data. 
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Abstract:  Thu  chapter  present)  a neu>  apprrach  far  soiling  the 

pamdosical  Blackman's  association  problem.  It  utilises  a 1 
of  fusion  rules  iuted  on  fussy  T-conorm/T-norm  opemton 
unth  Desert -Smanmdache  theory  and  the  relative  vanaltar. 
endued  piynuhc  probabilities  measure  of  lorrrcl  auociafior 
from  a partial  ordering  function  of  hyper- power  set.  The 
Ihu  approach  to  solve  the  problem  against  the  classical  L 
Shafer’s  method,  proposed  in  the  literature  is  proven-  It 
that  the  approach  improver  the  separation  power  of  the  decision  pro- 
cess for  this  association  problem. 


This  work  is  partially  auppoeud  by  MONT  giant  MI- 1508/05. 
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15.1  On  Blackman's  association  problem 


15.1.0.1  Introduction 


Data  association  willi  its  goal  to  select  the  moot  probable  anil  correct  unsocial  inns 
between  sensors'  measurements  and  target  tracks,  (rum  a large  net  of  possibilities, 
in  a fiifviainmtnl  mid  Important  cocDpoDcct  fur  nuth  radar  nurveillAiicv?  system.  Id 
general,  the  fucua  of  tracking  algorithms  has  centered  on  kinematics  state  estimation. 
However,  targets'  attribute  information  has  the  potential  to  not  only  estimate  the 
identity/ type  information  of  the  tracking  targets,  but  it  may  also  improve  data  awe 
datioo  and  kinematics  tracking  performance.  Attribute  data  nawidntina  can  become 
a crucial  and  challenging  problem  in  cose  when  the  sources  of  information  ore  impre- 
cise, uncertain,  even  conflicting  and  paradoxical.  The  specifics  of  the  data  association 
problem  can  vary  according  to  both:  the  dilferent  fusion  methods  and  the  criteria 
to  estimate  the  correct  associations.  There  are  various  methods  for  combining  such 
information  and  the  choice  of  method  depends  on  the  richness  of  abstraction  and 
diversity  uf  sensor  data.  The  most  used  until  now  Dempoter-Sbafer  Theory  (DSI1) 
( [2]  and  [5] ) proposes  a suitable  mathematical  framework  for  representation  of  un- 
certainty. Although  very  appealing,  DST  presents  some  weaknesses  and  limitations, 
related  with  the  law  of  the  third  excludes!  middle.  The  Dempster's  rule  of  combina- 
tion can  give  rise  to  some  paraduxes/anomalie*  and  can  fail  to  provide  the  correct 
solution  fur  some  spedfic  association  problems.  This  has  been  already  pointed  out 
by  Samuel  Blackman  in  |1).  where  the  famous  Blackman  Association  Problem  (BAP) 
is  fntmulaled.  In  this  chapter  we  focus  our  attention  on  the  ability  of  cine  new,  al- 
ternative class  fusion  rule,  interpreting  the  fusion  in  terms  of  funy  T-Couo»m  and 
T-Natm  operators  (TCN  rule),  to  solve  efficiently  tbe  paradoxical  Blackman's  Associ- 
ation Problem  on  the  base  of  relative  variations  of  generalised  pianist  ics  probabilities 
measure,  defined  within  recently  developed  Denert-Smarandndie  Theory  (DSrnT)  of 
plausible  and  paradoxical  reasoning  ( |6]  and  |7|).  It  propiues  a new  general  math- 
ematical framework  fur  solving  fusion/association  problems,  'lhis  theory  overcomes 
the  practical  limitations  of  DST.  coming  essentially  from  its  inherent  constraints, 
which  are  cliwly  related  with  the  acceptance  of  the  Law  of  the  third  excluded  middle 
and  can  be  interpreted  as  a general  and  direct  extension  of  probability  theory  and  tbe 
DST  We  first  recall  the  BAP.  then  we  browse  tbe  state-of-the-art  to  find  the  cnrrrct 
solution  through  different  approaches  available  in  tbe  literature.  After  a brief  presen- 
tation ol  DSmT,  DSrnT  based  Proportional  Redistribution  Rule  number  5 (PCR5), 
the  new  TCN  combination  rule  and  DSmT  baaed,  relative  variations  of  generoioed 
plgnistics  probabilities  measure,  we  provide  a new  solution  of  this  problem,  which  is 
encountered  in  modern  uiultisensur  multitarget  tracking  and  identification  systems 
involved  in  defense  applications.  'Ihe  last  part  of  the  chapter  provides  a compari- 
son of  the  performances  of  all  the  proposed  approaches  from  Monte-Carlo  simulation 
results. 
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15.1.1  Blackman's  association  problem 

Tbe  main  purpose  ul  information  f union /association  la  to  produce  reasonably  aggre- 
gated,  refined  and/or  completed  uselul  pieces  of  Information  obtained  from  a single 
or  multiple  sourcra  of  information  with  a consequent  adequate  reawning  proem;.  It 
means,  that  the  main  problem  here  eonaiata  not  only  in  the  way  to  aggregate  correctly 
the  suture*  of  information,  which  in  general  are  imprecise,  uncertain,  or/and  conflict- 
ing, but  it  ia  also  important  to  dispose  of  proper  criterion  to  estimate  tbe  correct 
association.  Actually,  there  ia  no  a single,  unique  rale  to  deal  simultaneously  with 
such  hind  of  information  peculiarities,  but  a huge  number  of  possible  combinational 
rules,  appropriate  only  (or  a particular  application  conditions,  as  well  aa  a number  of 
criterion  to  estimate  tbe  correct  association. 

1C. 1.1.1  Original  Blackman's  Association  Problem 

Tbe  well  known  association  problem,  denoted  HAP1,  provided  by  Samuel  Blackman 
considers  a very  simple  frame  of  discernment  according  to  only  two  target's  attribute 
lyp«  »={*.*,). 

It  curresponds  to  a Mingle  attribute  observation  and  two  t&tim&Uxl  targets  tracks 
7'i  and  7i  associated  with  two  predicted  basic  belief  assignments  (bba):  m^(.)  and 
respectively: 

mri(  ) = im*\  (^»)  = mn  (^a)  — °-5'-  mTi  (#i  Udj)  = 0.0} 

mra(-)  = <rnra  (#i)  = 0.1;  mr,  ($2)  = 0.1;  rnra  (#i  Ufa)  = 0.8} 

It  sly  mid  be  mentioned  that  both  sources  of  information  an?  independent  and 
share  one  and  the  same  frame  of  hypotheses,  on  which  their  basic  belief  assignment 
are  defined  During  the  next  time  instant,  a single  new  attribute  observation  is 
detected.  It  is  characterized  with  an  associated  bba,  rnz(.),  described  within  the 
same  frame  of  discernments: 


m*(.)  = {mg  (»,)  = 0.5;  mg  (0,)  = 0.5;  mi  (0i  U0a)  = 0.0} 

It  la  evident  here,  the  new  observation  perfectly  lito  with  the  predicted  bba  of 
the  Ural  track.  Le.  mz(.)  = mr, (.),  whereas  rnz(.)  has  some  disagreement  with  tbe 
predicted  bba  of  the  second  track  mr,().  It  should  lead  to  a categorical  ded-oon 
about  the  correct  assignment:  mg(.)  = mr,(.).  However,  counter-intuitively,  the 
solution,  taken  on  tbe  base  of  DST  is  Just  thr  opposite  one:  mj(.}  = mr,(0- 


ID. 1.1. 2 Second  Blackman’s  association  problem. 

In  order  to  complete  and  compare  all  possible  cases,  we  modify  the  first  aawciutiou 
problem  into  a second  one.  denoted  BAP2,  with  preserving  the  same  predicted  tracks' 
bba;:  mi\(.)  and  rnr,(.)  . In  the  opposite  of  the  first  case,  we  cumider  the  new 
attribute  measurement  to  fit  with  the  second  track’s  bba,  Le.  mi(.)  = mr»(.)- 
Because  of  perfect  fitting,  the  correct  decision  here  is  apparently  trivial:  mg{.)  «> 
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15.2  State-of-the-art  to  find  a correct  solution 

In  [fij  there  are  described,  examined  and  discussed  several  approaches  to  resolve  the 
BAP.  The  first  group  includes  approaches  bawd  on  DST:  (!)  a minimum  cooHict  crite- 
rion; (a)  a relative  attribute  likelihood  function  criterion,  proposed  by  Blackmon;  /in) 
minimum  distance  criterion:  (llii)  Shubert's  meta-couHict  function  criterion;  fiati) 
entropy-hased  approaches.  The  results  obtained  via  Monte  Carlo  simulations  indi- 
cate that  there  is  no  reliable  approach  to  solve  the  assignment  problem  based  on 
DST  for  both  cases  described  above.  The  numerical  computation  of  the  conflict  for 
BAP1  yields  on  unexpected,  nun- adequate,  counter- intuitive  result.  The  fusion /(vali- 
dation process  actually  assigns  the  lower  degree  (if  conflict  to  the  incurred  solution 
m«(.)  o my,  (.)  , providing  a Larger  discrepancy  between  olaertaliun'a  bba  mj(.) 
witli  the  predicted  bba  mr,(.)  . than  with  the  prnllcted  bba  mr,(.)  , neverthele* 
m«(.)  = myj  (.).  Therefore,  the  search  for  the  minimum  conflict  between  suuirre 
cannot  be  taken  as  a relialile  solution  fur  the  general  assignment  problem  since  at 
least  one  example  exists  for  which  the  method  fails.  The  meta-conflict  approach, 
proposed  by  Sbubert  [4|,  does  not  allow  getting  the  optimal  efficiency.  Blacxman’s 
approach  gives  the  same  performance.  All  entropy-based  methods  are  less  efficient 
than  the  ruin-conilict  approach.  The  min-distance  approach  is  the  least  efficient  one. 
According  to  the  combination  rule  used,  it  has  been  already  reported  in  [3.  6|,  and  [4j 
that  the  use  of  DST  mint  usually  be  done  wilh  extreme  caution  if  one  has  to  take 
a final  nnd  important  decision  from  the  result  of  the  Dempter’o  rale  of  combination. 
Always  there  is  a need  to  be  added  some  ad-hoc  or  heuristic  techniques  to  the  asso- 
dation  process,  in  order  to  manage  or  reduce  the  possibility  of  high  degree  of  conffict 
between  sources.  Otherwise,  the  fusion  results  lead  to  nun-adequate  condusions,  or 
cannot  provide  reliable  results  at  all.  The  second  group  of  approaches  rely  on  the  new 
DSmT  of  plausible  and  paradoxical  reasoning  Its  foundation  is  to  allow  imprecise/* 
vague  notions  and  concepts  between  elements  of  the  frame  of  discernment.  The  main 
approaches  to  examine  and  estimale  the  rurrect  data  association  within  DSmT  arc 
based  on  the  generalised  pignistie  transformation  |G]:  minimum  variation  of  entrupy- 
like  measure,  minimum  variation  of  generalized  pignistie  entropy,  minimum  of  relative 
variation  of  pignistie  probabilities  condit  ioned  by  the  correct  alignment.  The  results 
obtained  show  that  the  method  bused  on  the  relative  variations  of  generalized  pignis- 
tic  probabilities  conditioned  by  the  correct  assignment,  yields  adequate  and  proper 
decisions  and  outperforms  all  above  approaches  examined. 

15.3  Basics  of  Dczcrt-Smarandacho  theory 

DSmT  of  plausible  and  paradoxical  reasoning  prop  iocs  a new’  general  mathematical 
framework  for  wilving  fusion  problems  and  a formalism  to  describe,  analyze  and  com- 
bine all  the  available  information,  allowing  the  possibility  for  conflicts  and  paradoxes 
between  the  elements  of  the  frame  of  discernment.  DSmT  differs  from  DST  because 
it  is  based  on  the  free  Dedekind  lattice.  It  works  for  any  model  (free  DSm  model 
and  hyhrid  models  - including  Shafer's  model  as  a special  case)  which  fits  adequately 
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with  the  true  nature  ul  the  fusion  problem  under  consideration,  expressed  in  terms 
of  belief  functions,  with  static  and  dynamic  fusioo  problematics.  DSmT  includes  the 
possibility  to  deal  with  evidences  arising  from  different  sources  of  information,  which 
don't  have  acceai  to  absolute  interpretation  of  the  elements  under  consideration  and 
can  be  interpreted  as  a general  and  direct  extension  of  probability  theory  and  the 
DST. 

15.3.1  Free  DSm  model 

Let  6 = (01.01 } be  a set  of  elements,  which  cannot  be  precisely  defined  and  sepa- 
rated. A free- DSm  model,  denoted  as  Af/(0),  consists  in  assuming  that  all  elements 
0,.  i=l....n  of  0 are  not  exclusive.  The  free-DSm  model  is  an  opposite  to  the  Shafer's 
model  ,VT(0).  which  requires  the  exclusivity  and  exhaustively  of  all  elements  in  0 


15.3.2  Hybrid  DSm  model 

A DSm  hybrid  model  ,M(0)  is  delined  from  the  free-DSm  model  M'(&i  by  introduc- 
ing some  integrity  constraints  on  some  elements  0.  6 D",  if  there  are  some  certain 
facts  in  accordance  with  the  exact  nature  of  the  model  related  to  the  problem  under 
consideration.  An  integrity  constraint  on  0,  € D*  consists  in  forcing  0,  to  be  empty 
through  the  model  A4(0),  denoted  as  0,  = B.  ’lhere  are  several  pinsible  kinds  uf 
integrity  constraints: 

• excfumdy  coartnnnli  - when  some  conjunctions  of  elements  0(.  ■=/,... n of  0 
are  truly  impossible,  i.e.  0,  O ...  Cl  0*  = B ; 

• nim-crlsfcnfnd  constraints  - when  some  disjunctions  of  elements  0,.  ■ =l,...n  of 
0 are  truly  impiatsibic.  i.c.  0,  U ...  U 0,  = 0. 

• nurture  o/  ercfumity  and  non-cxu/entiof  amitmintf  , fo«  example  (0,  f>0,)U0» 

The  introduction  of  a given  integrity  constraint  0,  = fl  imp  be?  the  set  of  inner  con- 
straints B = 0 ha  all  B C 0i  Shafer's  model  Ad°(0)  con  be  considered  os  the  most 
constrained  DSm  hybrid  model  including  all  passible  exclusivity  constraints  without 
nun-existential  constraint,  since  all  elements  in  the  frame  are  forced  to  be  mutually 
exclusive. 


15.3.3  Hyper-power  set  and  classical  DSm  fusion  rule 

The  hyper-power  set  D*  is  delined  os  the  set  of  all  composite  possibilities  built  from 
0 with  U and  C l operators  such  that- 

L B.0,  . 

2.  VA*.  B € I>e(  (A  U B)  6 De,  (A  Cl  B)  € 
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3.  No  other  elements  belong  to  D",  except  thine.  obtained  by  the  previous  rules 
1 and  2. 


0 with  its  free- DS in  model,  it  Is  defined 
mopping  m(.)  : f)“  — [0, 1)  , associated  to  a given  source  of  evidence,  which  ca 
support  paradoxical,  or  conflicting  informal  iun,  as  follows: 


m{0)  = 0 and  £ m(A)  = 1 

The  quant  ity  rn(.4)  is  called  A's  general  basic  belief  assignment  (gbba)  in  the 
general  basic  belief  mom  fur  A.  The  belief  and  plausibility  functions  are  defined  for 
VA€f)e: 


\ W(A)  = ™(B) 

The  DSm  classical  rale  uf  combination  is  based  on  the  free- D Sin  model  For  k > 2 
independent  boiiira  of  evidence  with  gbbas  , mi(.),  mj(.). over  D*  becomes: 


mMlit 


(A)  = JT  m,(A, 


Xi^-Aca*1 


with  m^/je)  = 0 by  definition.  Thb  mk  b commutative  and  c 
no  xiunualixati'.m  procedure. 


(15.1) 

iriative  and  requires 


15.4  Proportional  coulllct  redistribution  rule  no. 5 

I os  trod  of  distributing  equally  the  total  conflicting  mass  onto  elements  of  power 
set  as  within  Dempster's  rale  through  the  normalization  step,  or  transferring  the 
partial  coallicts  onto  partial  uncertainties  as  within  DSm  hybrid  rale,  the  idea  behind 
the  1‘rupurtkmal  Conflict  Redistribution  rules  is  to  transfer  conflicting  nuiows  (total 
or  partial)  proportionally  to  non-empty  sets  involved  in  the  model  ac curding  to  all 
integrity  constraints  The  general  principle  is  to  : 

• calculate  the  conjunctive  rale  of  the  belief  mama  of  sources, 

• calculate  the  total  or  partial  conflicting  mooses  ; 

• redistribute  the  conflicting  mans  (total  oc  partial)  proportionally  on  non-empty 
seta  involved  in  the  model  arrurding  to  all  integrity  constraints. 

The  way  the  conflicting  mass  is  redistributed  yields  to  several  versions  of  PCR  rales 
|7).  These  I’CR  fusion  rules  work  both  in  DST  and  DSmT  frameworks  and  £i«  static 
or  dynamical  fusion  problematic,  for  any  degree  of  conflict  in  (0,  l|.  for  any  DSm 
models  (Shafer's  model,  free  DSm  model  or  any  hybrid  DSm  model).  The  most 


Chapter  IS:  Sew  fusion  rules  for  Blackman's  association  problem 


•131 


sophisticated  rule  among  than  is  tbe  proportional  conflict  redistribution  rule  iui  5 
(FCR5).  'llir  FCR5  combination  rule  (or  only  two  source*  o 1 information  is  defined 
b r mpcjn(t)  = 0 and  for  VX  e G*(fl 


•nPCM(.V)  = mn(.()+ 


E I 


XnV*» 


m x{X)*.mi(Y) 
mil'A'i  - "ijlV  ) 


-n3(X),..n1(K)  , 


05.2) 


■be  re  G”  1*  tile  generalised  power  set;  mu(X)  corresponds  to  the  conjunct  ire  con- 
sensu* on  X between  the  two  wurres  and  where  all  denominator*  ore  ditlerrnt  from 
lero.  If  a denominator  ia  leio.  that  fraction  la  discarded.  All  seta  involved  in  the  for- 
mula are  in  inmmiial  form  No  matter  how  big  or  small  is  tbe  conflicting  mass,  It'Rii 
mathematically  does  a better  redistribution  of  the  conflicting  mass  than  Dempster's 
rule  and  other  rules  since  PCR5  goes  backwards  on  the  tracks  of  the  conjunctive 
rule  and  redistribute*  the  partial  conflicting  maunes  only  to  the  seta  involved  in  the 
conflict  and  proportionally  to  their  mimes  put  in  the  conflict , considering  the  enn- 
junctive  normal  form  of  the  partial  conflict.  FCRS  is  quaai-amociative  and  preserve* 
the  neutral  impact  of  the  vacuous  belief  assignment  An  improvement  of  PCR5,  called 
PCR6.  far  the  fusion  of  three  sources  or  more  can  be  found  in  (7]. 


15.5  T-conorm/T-norm  based  combination  rules 

Tbe  TCN  rule  of  combination  j8j  represents  a new  clam  of  combination  rules  based 
on  specified  funy  T-Cononn/T-Nonn  operators  This  rule  takes  its  source  from 
the  T-nurm  and  T-cununn  operators  in  funy  logics,  where  tbe  AND  logic  operator 
corresponds  in  information  fusion  to  the  conjunctive  rule  and  tbe  OR  kiglc  operatoc 
corresponds  to  the  disjunctive  rule.  In  this  work  we  propose  to  interpret  the  fuoon/as- 
sodation  between  the  source*  of  Information  as  a vague  relation,  characterised  by  the 
fallowing  two  characteristics: 


• The  uuy  of  aaanciattan  Aefuvrn  the  yoinUr  proponfuma  It  is  built  on  tbe 
base  of  the  frame  of  discernment.  It  is  based  on  tbe  operations  of  union  and 
intersect  ion.  and  their  combinations.  These  sets'  operations  corrcspund  to  logic 
operations  Conjunction  and  Disjunction  and  their  combinations. 

• The  decree  oj  atsitriulinn  beliirrn  the  prvpaalttmu.  It  is  obtained  os  a T-Durm 
(for  conjunction)  or  T-cunortn  (fa*  disjunction)  operators  applied  ova  the  pro- 
bability masses  of  corresponding  focal  elements.  While  the  logic  operators  deal 
with  degree*  of  truth  and  false,  the  fusion  rules  deal  with  decrees  of  belief  of 
hypotheses.  Within  this  work,  we  focus  only  uu  the  Minimum  T-uorm  based 
Conjunctive  rule.  It  yields  results  very  clou-  to  tbe  conjunctive  rule,  which 
is  appropriate  far  identification  problems,  restricting  tbe  set  of  hypotheses  we 
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are  looking  fcic.  It  has  an  adequate  behavior  in  cases  of  total  conflict.  It  to 
commutative  and  simply  to  apply. 

The  general  principle  of  the  TCN  rule  consists  in  the  following  steps: 

• Step  I:  Definmy  the  min  T-nvrm  conjunctive  omsensws.  The  tnin  T-norrn 
conjunctive  consensus  is  bawl  on  the  default  min  T-narm  function.  The  de- 
gree of  association  between  particular  prupusitions  X.Y  of  given  two  sourera 
of  infonnation  mi(.|  and  mj(.>,  is  defined  for  A = X O Y as  mu(.4)  = 
min)mi(AT).  mjIK)},  where  mu(<4)  represents  the  basic  belief  assignments  af- 
ter the  fusion,  associated  with  the  given  proposition  .4  by  using  T-nonn  based 
conjunctive  rule.  The  TCN  combination  rule  in  Dempster  Shafer  theory  frame- 
work is  defined  for  YA  6 2*  by  the  equation: 

m(A)=  £ min{m,(X).mJ(V'))  (15.3) 

WfSl 

• Step  £•  Ihiinl/ulwn  of  the  matt,  assigned  to  the  co n/hets.  'Ib  some  degree  it 
follows  the  distribution  of  conflicting  maw  in  the  most  sophisticated  DSmT 
based  Proportional  Conflict  Redistribution  rule  number  5 (PCR5)  proposed 
in  {7],  but  the  procedure  here  relies  on  fuzzy  operators.  The  particular  partial 
and  total  conflicting  masses  are  distributed  to  all  noo-empty  sets  proportionally 
with  respect  to  the  Maximum  between  the  dements  of  corresponding  maso 
matrix's  columns,  associated  with  the  given  element  of  the  power  set.  It  means 
the  bigger  mass  is  redistributed  towards  the  element.  Involved  in  the  conflict 
and  crintribut  mg  to  the  conflict  with  the  maximum  specified  probability  no— > 
If  X ft  Y = 0,  and  mu(AT  O Y)  > 0 then  X and  Y are  involved  in  a particular 
partial  conflict.  One  needs  to  redistribute  it  to  the  non-empty  seta  X and  Y 
with  respect  to  both.  max)mi(.V).  maCK)}  and  max{mi(y),ms(X)}. 

• Step  3:  The  basic  belief  alignment,  obtained  as  a result  of  the  applied  TCN 
rule  been  mm: 


murc'(4)=  ^2  “in{mi(.V).mj(V')}+ 


x.Y«a" 


XeX-t 


",r(.4)  X max{mj(.‘i|. mil.V j)  (,M) 


when?  G*  bi  a DSiu  generalised  hyper  power  oet,  which  in 
xnixirl  becomes  reduced  to  the  power  act  2d. 


of  Shafer's 
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Step  4:  iVorrnofrrafiou  of  the  reiufi.  The  final  step  ot  five  1CN  fusion  rule 
enneerna  the  normalization  procedure 


*r cm(A) = 


r 


wrcwM) 


mrcN 


m 


<15-5) 


The  TCN  combinational  ruk  does  not  belong  to  the  general  Weighted  Operator 
Class.  The  nice  features  of  the  new  rule  could  be  defined  at:  very  easy  to 
implement,  satisfying  the  impact  of  neutrality  of  Vacuous  Belief  Assignment; 
commutative,  convergent  to  idemputence,  reflecting  majority  opinion,  assuring 
nn  adequate  data  processing  and  interpretation  in  case  of  total  conflict.  These 
main  features  make  it  appropriate  fur  the  needs  nf  temporal  data  fusiun 


15. G Measure  of  estimation  based  ou  generalized 
pignistic  probabilities 

The  minimum  of  relat  ive  variation  of  generalized  pignistic  probabilities  within  DSmT. 
conditioned  by  the  correct  alignment  S.(P')  is  chosen  as  a measure  of  correct  data 
association.  It  is  defined  from  a partial  ordering  function  of  the  hyper-power  set. 
which  is  the  base  of  DSmT.  It  is  proven  that  this  measure  outperforms  all  methods, 
examined  in  |6]  fur  correct  solving  at  Blackman’s  association  problem  Our  goal  is  to 
estimate  and  compare  the  performance  of  the  TCN  combination  rule  on  the  base  of 
the  best  criterion: 


I A.(P*|Z)  - A,{P‘/t  = 71)  | 
» A.(/-/2  = T) 


<15.6) 


where 


(a,(p-/z>  = Z%i 
|a,(P*/2  = t.)  = Z^.i 


T»7 


-rrrrjr 


The  term  P‘(.)  represents  a generalized  pignistic  probability,  according  to  a given 
proposition;  A,(P*)  defines  the  relative  variations  of  corresponding  pignistic  pnibo- 
bihties;  A ,(P‘/2  = T,)  is  obtained  as  for  A,  (P*)  by  forcing  the  new  measurement's 
bba  to  be  equal  to  the  given  track's  bba,  i.e.  mz(.)  = for  pignistic  probabi- 

lities PfiZ(0,)  derivation.  In  the  next  section  «e  will  test  its  performance  to  resolve 
the  BAT  on  the  base  of  the  TCN  rule  and  will  compare  it  with  the  results,  obtained 
by  DST,  i.e_  A ,(P’/2  = T,)  is  obtained  by  forcing  the  measurement's  attribute  moss 
vector  to  be  the  same  as  the  attribute  mass  vector  of  the  considered  target's  bba, 
l.e.  mr(.)  = mr,  (.).  The  decision  for  the  right  areociatiun  relies  on  the  minimum  of 

Ai<P*)- 
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15.7  Simulation  results 

la  table  IS  1,  the  performance  evaluation  ol  several  methods  (or  solving  the  BAP 
are  shown.  We  compare  the  percentage  ol  succeed  in  correct  BAP  resolving  by  the 
new  TCN  combination  rule,  DSmT  based  Proportional  Coullirt  Redistribution  rale 
number  5 and  Dempster's  rale  with  the  corresponding  measure  of  correct  association 
as  follows: 

• TCN  combinational  rale  and  the  best  criterion  based  on  the  relative  varia- 
tions of  generalised  pignislic  probabilities  build  from  DSmT  (and  the  free  DSin 
model) 

• DSmT  based  Propurtioaal  Conflict  Redistribution  rule  number  5 and  the  crite- 
rion based  on  the  relative  variations  of  generalised  pignislic  probabilities  build 
from  DSmT 

• Dempster's  rale  of  combination  and:  ft)  Dempster-Sbafer  theory  based  Black- 
man approach;  (ti)  DST  based  Min  Conflict  approach;  (hi)  DST  based  Meta 
conflict  approach;  (iih)  DST  based  Min  Entropy  approach. 

The  evaluation  ol  methods'  pcrformances/efliciency  is  estimated  through  Monte- 
Carlo  simulations.  They  are  baaed  on  10.0UO  independent  runs.  A basic  ran  consists 
in  generating  randomly  the  two  predicted  bba:  mr„  mr,  and  the  new  observed  hba 
mi  according  to  a random  assignment  mz(-)  <0  m r,  (• ) or  mz(.)  o mr,()  . Then 
we  evaluate  the  percentage  of  right  assignments  for  the  given  association  criterion. 
The  evaluation  of  the  method  proposed  here  for  BAP’a  solving  is  performed  on  the 
base  of  the  association  criterion,  proven  to  be  the  bust  among  the  investigated  ones 
in  [6|.  The  results  show  that  all  the  methods,  applied  as  measures  of  correct  data 
associations  within  Dempster-Shaler  theory  lead  to  nun-adequate  and  nun-reliable 
decisions.  Dempster's  rule  ol  combination  can  give  rise  to  some  paradnxea/anomalies 
and  can  fail  to  provide  the  correct  solution  fur  hdf  specific  association  problems. 
Monte  Carlo  simulations  show  that  only  methods  based  on  the  new  TCN  combination 
rale  and  DSmT  based  PCR5  rale  with  the  minimum  relative  variations  of  generalized 
pignislic  probabilities  measure  outperform  all  methods  examined  in  this  work 
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% of  success 

Retain*  variation*  of  generalized  pignistic  probabilities 
build  frxm  DSmT  (free  DSm  model ) 

100 

DSinT  based  PCR5  rule 

Rdaltt'e  \nnaium.\  of  generalized  pignut ic  probabilities 
build  from  DSmT  (free  DSm  model ) 

100  1 

Dempst  er  s rule 
DST  based  Blackman  approach 

70.31 

DST  based  Min  Conflict  approach 

70.01  ^ 

Dempster  s rule 

DST  based  Meta  Conflict  approach 

70.04 

Dempst  er  s rule 
DST  based  Min  Entropy  approach 

I 

64.50 

Table  15.1:  Performance  Evaluation  of  Methods  for  Solving  Blackman's  Asso- 
ciation Problem. 


15.8  Conclusions 

We  focused  our  altcntiun  un  the  paradoxical  Blackman's  amodatioa  problem  and 
propate  a new  approach  to  outperform  Blackmon’s  solution.  The  proposed  approach 
utilizers  the  recently  defined  new  class  fusion  rule  based  on  fuzzy  T-cononu/T-uorm 
operators.  It  is  applied  and  tested  together  with  a Dezert-Surarandacbe  theory  based, 
relative  variations  of  generalized  pignistics  probabilities  measure  of  correct  associa- 
tion. defined  from  a partial  ordering  function  of  the  hyper-power  set.  The  ability  of 
this  approach  to  solve  the  problem  against  the  classical  Dempster-Shafer'a  method, 
proposed  in  the  literature,  is  proven.  It  is  shown  that  it  assures  an  adequate  data 
processing  in  case  of  high  conflict  between  sources  of  information,  when  Dempster1* 
rule  yields  counter- Intuitive  fuakrn  results  and  improves  the  separation  power  of  the 
decision  procras  for  the  considered  association  problem. 


15.9  References 

[1)  S.  Blackman,  R.  Popoli.  Design  and  Analysis  of  Modem  Tracking  System*. 
Artech  House.  1986 

[2]  A.  Dempster,  Journal  of  the  Royal  Statistical  Snarly. Serial  B,  pp.  205-247,  1968. 


438 


Chapter  15:  New  fusion  rules  for  Bladcman's  association  problem 


|3]  J.  Lcmrancr.  T.  Garvey.  Evidential  reasoning:  an  implementation  Jar  mufltsen- 
sot  integration.  'Ifechiilral  Note  307.  Artificial  Intelligence  Centre,  International. 
Menlo  Park,  CA,  19B3. 

|4]  J.  Schubert,  Chutennq  bell ej  functions  hosed  on  ollrnding  and  conflictiing  met- 
alevel  evidence,  Proceedings  of  IP  MU  cant.  Annecy.  FVance.  2002- 

|5]  G.  Shnfer,  A mathematical  theory  of  evidence.  Princeton  University  Pirn?,  197C 

|6]  P.  Smnr onilac he,  J.  Deaert  (Editora).  Applications  and  .-lili'iimes  of  DSmT  for 
Information  /•brum.  American  Research  Proa.  2001 
ht  tp:  //svw  . gall  up  .unn.  edu/  ' srarandacho/D3nT-book! . pdf 

|7)  P.  Smnr  amine  hr,  J.  Desert  (Editors),  Applications  and  Advances  of  DSmT  for 
Information  Fusion.  VoL& \ American  Rea-arch  Prrae.  2006. 
http t //wvw . gall up . unn . edu/ ‘ star andacho/DSnT-book2 . pdt 

|B]  A.  Tchamova,  J.  Dcxert.  F.  Sinoramladie  A nor  dau  of  fusion  rules  based  on  T- 
Ca norm  and  T-Natrn  fnay  operators,  Infarmatiun  he  Security,  An  International 
Journal.  VoL  20,  2006. 


Chapter  16 


Target  type  tracking  with  DSmP 


Jeon  Desert 

The  I'iendi  Aenepa ce  Lab., 
ONHRA/DTIM/SIF, 

29  Av.  Division  LccUic. 
92320  Chntilinn.  Franer. 
jean.desertUunera.fr 


Flurraillu  Smorandarhe 
Chau  of  Math.  Ai  Sciences  Dept., 
Uuiv.  of  New  Mexico. 

2(10  College  Hoad. 

Gallup.  NM  87301,  U S A. 
amurandUumn.edu 


Albena  Tchninnva  and  i'nvlina  Konstantinova 
Instil  ule  for  Parallel  Procming. 
Bulgarian  Acndetnv  of  Sciences, 

-Acad.  G.  Bonchrv”  Sir..  bL2S-A. 

1113  Solia.  Bulgaria. 
tchamovaUbaabg,  pavlinattbas.bg 


Abstract:  In  this  diopter  me  analyze  the  performances  of  a neu1 

probabilistic  belie/  trans/crrmulion.  denoted  DSmP.  for  the  seyuential 
estimation  n/  turret  ID  /win  classifier  outputs  in  the  7'unjet  7\ipe 
Ihuhng  problem  (TTT).  We  complicate  heir  a bit  the  TTT  prob- 
lem In  considering1  three  type  • o/  targets  (Interceptor,  Fighter  and 
Cargo)  and  show  through  .Uonte- Carlo  simulations  the  advantages 
of  DSmP  aver  the  pigmstic  t nmi/itrm  at  Ion  which  Is  elastically  used 
for  decision-making  under  uncertainty  tchen  dealing  mith  belief  as- 
signments Only  the  Propnrtwnal  Can/ltd  Hrdiitntjutum  rule  and 
the  hybrid  fusion  rule  air  considered  in  this  uort  for  their  ability  to 
deal  consistently  Kith  high  conflicting  sources  of  evidence  Kith  three 
different  belief  assignment  modeling! 


This  week  is  partially  supported  by  the  Bulgarian  National  Soence  Fund-  giant  Ml- 
lBOfl/OS 
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16.1  Introduction 

Id  urdrr  to  improve  the  performances  of  Generalised  Data  Association  (GDA)  in 
tracking  algorithms  (U]*t  we  investigate  here  the  poaaability  ol  using  uncertain  clas- 
nilier  attribcute  decuriuua  coupled  with  a sequential  luaion  mechanism  baaed  eitho 
on  a Proportional  Conflict  Redistribution  (PCR  |12j)  fusion  rule  or  on  a hybrid 
(DSmll  (10])  rule.  The  novelty  of  this  chapter  lies  {aaide  the  fusiun  mechanism  itaell) 
in  the  way  the  decision-making  is  carried  out  lor  tracking  the  types  of  targets  under 
observation.  In  this  work  we  analyze  and  show  the  difference  of  performances  ob- 
tained lor  the  decainn- making  support  by  the  clatticn!  bettlng/pignisllr  probability 
(BelP)  introduced  in  nineties  by  Smets  [13].  and  the  new  probabilistic  transformation, 
denoted  DSmP.  developed  by  Dezerl  and  Smarandache  in  |5].  We  will  show  that  BetP 
and  DSmP  yield  to  same  performances  when  the  optimistic  PCR  fusiun  rule  is  used, 
but  that  DSmP  outperforms  slightly  BetP  if  the  more  prudent/cautkius  DSrnH  fusion 
rule  is  preferred  by  the  fusion  system  designer.  This  chapter  extends  and  iinprorra  our 
previous  works  on  the  Target  'type  'IVacking  problem  (ITT)  published  in  (3|  and  |12|. 

In  section  162  and  16.3.  we  briefly  intzoduce  DSmT  (Deiert-Smarandache  The- 
ory) and  its  two  main  rules  o!  combination:  the  PCR  rule  no.  5 and  the  DSm  hybrid 
role*.  In  section  16  1.  we  recall  the  claadcol  p ignis!  ir  transformation  of  a belief 
mass  into  a subjective  probability  measure  and  we  also  present  our  new  probabilistic 
transformation  DStnP  which  provides  in  general  a better  Probabilistic  Information 
Content  (PIC)  than  with  BetP.  In  section  16.5.  we  present  the  general  mechanism 
for  solving  the  'PIT  problem  and  simulations  results  and  comparisons  presented  and 
discussed  in  section  16.6.  The  section  16.7  concludes  this  work. 


16.2  A short  introduction  of  DSmT 

In  Dempster-Shafer  Theory  (DST)  framework  |6],  one  considers  a frame  of  discern- 
ment 0 = ,0n}  as  a finite  set  of  n exclusive  and  exhaustive  elements  (i.e. 

Shafer's  model  denoted  A4°(0)).  The  power  net  of  0 is  the  set  of  all  subsets  of  0. 
'llir  order  of  a (>ower  set  of  a set  ol  ordex/cardinality  |0|  = n is  2".  The  power  set  of  0 
is  denoted  2®.  FW  example,  if  0 = (0i.0j).  then  2”  = {0, 0i. 0j,0i  U03).  In  Dezcrt- 
Smarandache  Theory  (DSmT)  framework  (10,  12).  one  considers  0 = (fli,  . . ,0.)  be 
a finite  set  of  n exhaustive  elements  only  (it.  free  DSm- model  denoted  Mf(0)). 
Eventually  ttutnr  integrity  constraint*  can  be  introduced  in  this  frrt*  model  depending 
on  the  nature  of  problem  we  have  to  cupe  with.  Tire  hyper- power  set  of  0 (it  the 
free  Dedekind's  lattice)  denoted  Oa  |10]  is  defined  as 

L Mt 


'Chapter  12. 

3 DSmll  la  a natural  extension  of  Dubois  and  Prode  fusion  rule  (6|  fox  dealing  with  dy. 
nannra]  frames  c£  discr^nnxsts. 
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1 If  A.  B € />*,  then  AnfiaodAuB  belong  to  D ”. 

3.  No  other  elements  belong  to  D" . except  tbtwe  obtained  by  using  rules  1 and  ‘1. 
If  |0|  = n,  then  \D*\  < 2a'~l.  Since  far  any  finite  sH  0.  |D®|  £ |2®|, 
call  D”  the  hyper-power  set  of  0.  Fur  example,  if  0 = (tfi.Bj),  then  £>e  = 
{#,«,  Oft, The  free  DSm  tnirdel  ,Vt'(0)  corresponding  to  D*  allows 
to  work  with  vague  concepts  whidi  exhibit  a continuous  and  relative  intrinsic  nature. 
Surh  concepts  cannot  be  precisely  refined  in  an  absolute  interpretation  became  of  the 
unreachable  universal  truth.  It  a clear  that  Shafer's  model  A4U(0)  which  astumes 
that  all  elements  of  0 ate  truly  exclusive  is  a more  constrained  model  than  the  Irve- 
DSm  model  <Vf^(0)  and  the  power  set  2®  can  be  obtained  from  hyper-power  set  Z>® 
by  introducing  in  ,Vt'(0)  nil  exclusivity  constraints  between  elements  of  0.  Between 
the  fret— DSm  model  .Vf,(0)  and  Shafer's  model  At"(0),  there  exists  a wide  claw  of 
fusion  profile  ms  represented  in  term  of  the  DSm  hybrid  models  denoted  .M(0)  where 
0 involves  both  furry  continuous  hypothesis  and  discrete  hypothesis.  'Hie  main  dif- 
ferences between  DST  and  DSm'I  frame  winks  are  (i)  the  model  on  which  one  works 
with,  and  (ii)  the  choice  of  the  combination  rule  and  conditioning  rules  [10,  12].  In 
the  sequel,  we  use  the  generic  notation  G'“  foe  denoting  either  D"  (when  working  in 
DSmT  with  free  DSm  model)  or  2®  (when  wurlang  in  DST  with  Shafer's  model). 

From  any  finite  discrete  frame  0,  we  define  a generalixed  basic  belief  assignment 
as  a mapping  m(.)  ! 6*®  — (0,1]  associated  to  a given  body  of  evidence  B which 
satisfies 

m(fl)  = 0 and  V]  m(<4)  = I (16.1) 

m(-A)  is  the  generalixed  basic  belief  assignment /ma*  (bba)  of  A.  The  belief  and 
plausibility  funct  inns  are  de  lined  as: 

Bel(.4)  S 52  m(B ) and  Pl(^)  5 52  m(fl)  (16.2) 

b£A  BrxAt* 

beO° 

The ae  deftimtiims  art*  compatible  with  tbe  Bel  and  1*1  definitions  given  In  DST  whrn 
.Vfu(0)  bolds.  When  the  (ret*  DSm  model  Ad*(0)  holds.  the  pure  conjunctive  con- 
sensus. adled  DSm  cIaobc  mie  (DStnC).  h performed  un  = D*.  DStnC  of  two 
independent J sour  cm  associated  with  gbba  mi(.)  and  mj(.)  is  thus  civen  VC  € If* 

by  110]: 

mDS»c(C)  = 52  "*»  (-»)"«a<fl)  (lfi-3) 

D"  being  chned  under  U and  f \ operators,  DStnC  guarantees  that  rn(.)  is  a proper 
bba. 


1 While  independence  u u difficult  cocccpt  to  dr  tine  m all  theories  managing  qustenne 
uncertainty.  wo  consider  that  two  sources  of  evidence  axe  independent  (ie.  distinct  ard 
nnmnteracting)  if  each  leaves  one  totally  ignorant  about  the  particular  value  the  other  will 
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16.3  DSinH  and  PCR5  combination  rules 
16.3.1  DSmll  combination  rule 

When  m'(B)  does  not  hold  (some  integrity  constraints  exist),  one  denb  with  a 
proper  DSm  hybrid  model  A4(0)  yt  MUG).  The  DSm  hybrid  rule  (DSurH)  for 
t > 2 independent  sources  is  thus  defined  for  all  A € l>a  os  jlOj: 

mOSmH(.4)  « *(A)  • [s,(A>  + S,(A)  + S,(A)]  (16.4) 

where  <HA)  is  the  characteristic  ncmemptinras  function  of  a set  A.  Le.  tf(A)  = 1 if 
A i 0 and  0(A)  = 0 otherwise,  where  0 - (fl.vi.fl).  Am  b the  set  of  all  elements  of 
D*  which  have  been  forced  to  be  empty  thruugli  the  constraints  of  the  model  M and 
A is  the  chumical/universal  empty  set.  5i(A)  = "l *«/(»)( A),  Si(A),  Sj(A)  are  defined 
by 


s*iA)±  £ n 

(16.5) 

Sr(A)i  £ 

(16  6) 

xka 

E n-w 

(167) 

Xi.Xa ,wl 

u/XinX/i..nX4)pA 

rXinXan...RXA)€# 

where  each  clement  is  in  the  disjunctive  normal  form  (L  e.  disjunctions  of  conjunc- 
tions); 14  — u(.Vi)  U . . . U u(A’,)  where  u(A)  is  the  union  of  all  6,  that  compose  AT, 
I,  $ 0,  U...U0„  b the  total  ignorance.  S,{A)  b nothing  but  the  DSmC  rule  foe  k 
independent  sources  based  on  M1  (0);  Sa(A)  is  the  mass  of  all  relatively  and  abso- 
lutely empty  sets  which  is  transferred  to  the  total  or  relative  ignorances  associated 
with  nun  existential  constraints  (if  any,  like  in  some  dynamic  problems);  Sj(A)  trans- 
fers the  sum  of  relatively  empty  sets  directly  onto  the  cnnnnical  dbjunrtlve  form  of 
non-empty  sets.  DSmH  generalises  DSmC  and  allows  to  work  on  Shafer's  model.  It 
b definitely  not  equivalent  to  Dempster's  rule  since  these  rules  are  different  DSrnH 
works  for  any  models  (free  DSm  model.  Shafer's  model  or  any  hybrid  models)  when 
manipulating  precise  bba  and  is  actually  an  extension  of  Dubob  and  Prado's  rule  for 
working  with  static  or  dynamic  frames  as  well  [10]. 


16.3.2  PCR5  combination  rule 

Instead  of  distributing  equally  the  total  rnnlllcting  mass  onto  elements  of  as  within 
Dempster's  rule  through  the  normalualion  step,  or  transferring  the  partial  conflicts 
onto  | wort  ini  uncertain!  ies  aa  wit  kin  DSmH  rule,  the  idea  behind  the  Proportional 
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Conillct  Redistribution  rules  [11,  12j  is  to  transfer  conflicting  masses  (total  os  partial) 
proportionally  to  non  empty  sets  involved  in  the  model  according  to  all  integrity 
constraints.  The  general  principle  of  PCR  rules  is  then  to  : 

1.  calculate  the  conjunctive  rule  of  the  belief  masses  of  sources  ; 

2.  calculate  the  total  or  partial  conflicting  masses  ; 

1 redistribute  the  conflicting  mas  (total  ur  partial)  proportionally  on  non-empty 
sets  involved  in  the  model  according  to  all  integrity  constraints 

I be  way  the  conflicting  mass  is  redistributed  yields  actually  to  several  versions  ol 
PCR  rules.  These  PCR  fusion  rules  work  for  any  degree  of  conflict  in  |0,  l),  for  any 
DSm  models  (Shafer's  model,  free  DSm  model  or  any  hybrid  DSm  model)  and  both 
in  DST  and  DSrnT  frameaorks  for  static  at  dynamical  fusion  problems.  We  just  now 
present  only  the  most  BO[ihist tented  proportional  conflict  redistribution  rule  no  5 
(PCR5)  since  this  rule  that  we  feel  is  the  moat  etheient  PCR  fusion  rule  proponed  so 
far  fur  sequential  fusion  problem  like  in  this  TIT  problem.  'Ihe  PCR5  cumlunatioo 
rule  for  only  two  sources  is  defined  by:  mf>cja(0)  = 0 and  IX  € G”  \ (tl) 


mPC/ia(Al  = mu(i)+ 


tr*  | mi(X)3mj(K) 
2-  'mt(A)  *«,(>■) 


ma 


ma 


(A>3m«0')  , 

WTSiflT 


(16.8) 


where  each  element  X,  and  Y,  is  in  the  disjunctive  normal  form.  mu(.V)  corresponds 
to  the  conjunctive  consensus  on  X between  the  two  sources  All  denominators  are 
different  from  xero.  If  a denominator  is  xeiu.  that  fraction  is  discarded.  No  matter 
how  big  or  small  is  the  cunllirting  mam , PCR5  mathematically  does  a better  redis- 
tribution of  the  conflicting  mass  than  Dempster's  rule  and  other  rules  since  PCR5 
goes  backwards  on  the  tracks  of  tbe  conjunctive  rule  and  redistributes  the  partial 
conflicting  masses  only  to  tbe  seta  involved  in  the  conflict  and  proportionally  to  their 
maawss  put  in  the  conflict,  considering  the  conjunctive  normal  Lam  at  the  partial 
conflict.  PCR5  is  quasi- associative  and  preserves  the  neutral  impact  of  the  vacuous 
belief  assignment. 


16.3.3  How  to  choose  between  PCR5  and  DStnll 

It  is  important  to  note  that  we  don't  claim  that  PCRS  is  better  than  DSrnH.  neither 
tbe  oppurite,  since  they  apply  differently.  All  depends  actually  on  the  paint  of  view 
the  fusion  system  designer  and  the  risk  he/she  is  ready  to  accept  If  the  fusioa  system 
designer  is  pessimistic  (not  confident ) about  the  singletons  of  the  frame,  then  it  is  safer 
to  use  DSrnH  and  transfer  tbe  partial  conflicting  mass  to  tbe  corresponding  partial 
ignorance.  But  if  be/ahe  is  optimistic  (confident)  about  the  singletons  of  the  frame, 
then  he/she  can  apply  FCR5  to  transfer  the  conflicting  mans  bock  to  the  singletons 
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involved  in  that  conflict  fut  mure  specificity.  In  short  summary,  the  main  differences 
between  DST  and  DSmT  ore  (1)  the  model  on  which  one  works  with,  and  (3|  the 
choice  of  the  combination  rule  and  its  possibility  to  deal  with  qualitative  beliefs  ns 
well  [121- 


16.4  Probabilistic  belief  transformations 

In  order  to  take  a decision  from  a basic  belief  assignment  m(.),  a common  adopted 
approach  consists  in  approximating  the  bba  m(.)  by  a subjective  probability  measure 
/'(.)  through  a given  probabilistic  transformation  and  then  choose  the  element  of  the 
frame  which  has  the  highest  probability.  Several  transformations  have  been  proposed 
in  the  literature  mainly  by  Smets  in  the  nineties  (lit,  14|,  later  by  Sudano  [15-18] 
and  last  year  by  Cunolin  |l,  2j.  In  chapter  3,  we  proposed  a new  probabilistic 
transformation,  denoted  DSrn /*(.),  which  outperfunns  all  previous  transformations 
in  term  of  maximum  of  Probabilistic  Information  Content  (PIC)  [15.  16,  18].  In 
this  chapter,  we  focuse  our  presentation  and  comparison  only  on  Smets'  pignlstlc 
transformation,  denoted  BetP(.)  and  on  our  new  DSmP(.)  since  BclP(.)  Is  well 
known  and  generally  adopted  by  the  community  of  mennhers  and  engineers  working 
with  belief  functions.  A detailed  comparison  of  all  main  probabilistic  transformations 
of  bba  can  be  found  in  [5|. 


16.4.1  Classical  and  generalized  pignistic  probabilities 

The  basic  Idea  of  Smets'  pignistic  transformation  [13],  denoted  BelP(.)  consists  in 
transferring  the  positive  mass  of  belief  of  each  non  specific  element  (also  called  partial 
or  total  ignorance)  onto  the  singletons  involred  in  that  element  split  by  the  cardinality 
of  the  proposition.  In  Dempster- Shafer  framework  [8]  (when  working  with  normalised 
basic  belief  assignments  (bba's)  and  with  m{0)  = 0),  BetP(.)  is  defined  bv  BctP(l I)  = 
0 and  VA  € 2*  \ (*)  by: 

BdP(X)  = £ JLm(Y)  = m(A)  + £ ‘ m (V)  (16.9) 

Ye.  2°  1 vex®  1 

XZY  XC Y 

where  2”  is  the  power  set  of  the  finite  and  discrete  frame  0 with  Shafer’s  model, 
i.e.  all  elements  of  0 are  assumed  truly  exclusive.  This  transfurmatioo  has  been 
generalised  in  DSmT  for  any  model  of  the  frame  (free  DSm  model,  hybrid  DSrn  model 
and  Shafer's  model  as  well)  [10].  It  is  defined  by  BclP(«)  = 0 and  V*  € C*\  {«}  by 


I V £m(.V  Ol')..  „„ 

arlr\X)  = 2_.  " c'.«,  I V‘~ ) " ' 


(16.10) 


where  G*  corresponds  to  the  hyper-power  set  including  all  the  integrity  constraints 
of  the  model  (if  any);  Cm(Y)  denotes  the  DSm  cardinal  of  Y , Le.  the  numlier  of  parts 
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The  formula  (16.10)  reduces  to  (16.9)  when  G®  reduces  to  classical  power  set  2® 
when  one  adopts  Shafer's  model. 


In  chapter  3 and  (5),  we  have  developed  a new  generalired  quantitative  pignistic  trans- 
formation denoted  DSmP( .)  to  avoid  cunfusion  with  the  previous  BetP(.)  transfor- 
mation DSmPf.)  has  oho  been  extended  In  |5)  to  deal  with  qualitative  belief  as- 
signments but  it  is  out  of  the  scope  of  this  chapter  and  this  will  not  be  presented 
hue  The  new  DSmP{.)  transformation  Is  atraight/urward,  different  from  Smets'. 
Sudano's  and  Cuuolin's  transformations.  The  two  last  ones  are  more  refined  than 
Smets'  approach  but  le-e  in te rating  and  elfident  In  our  opinions  than  DSml'{.) 
as  proved  in  [5|.  The  basic  idea  of  our  DSmP(.)  transformation  consists  In  a new 
way  of  proper  tionaliaatluns  of  the  in  nos  of  each  partial  ignorance  such  os  Ai  U Ai  or 
At  U ( Ai  n As)  or  (At  H Aj)  U (As  D As),  etc.,  and  the  ma«  of  the  total  ignorance 
Ai  J.A,J...UA,.  to  the  elements  involved  In  the  ignoranca.  The  main  innova- 
tion in  this  new  transformation  is  to  take  into  account  both  the  values  of  the  belief 
mosses  and  the  cardinality  of  elements  in  the  redistribution  process,  contrariwise  to 
previous  transformations  proposed  in  the  literature  m far.  We  first  recall  what  is  the 
Probabilistic  Information  Content  (PIC)  of  any  given  discrete  probability  measure 
/*(.)  and  then  we  brietiy  present  the  DSml’f.)  formula.  In  the  next  section,  after 
presenting  the  Target  Type  lYacking  problem,  we  will  show  how  DSmPf.)  performs 
with  respect  to  BrtP{.)  from  Monte  Carlo  simulations  based  on  da-oifier  decisions 
in  a t hive- targets- 1 vpe  scenario. 


10. -1.2.1  The  probabilistic  information  content 

The  probabilistic  information  content  (PIC)  is  a criterion  introduced  by  John  Su- 
dani! |16j  ft*  depicting  the  strength  of  a critical  decision  by  a specific  probability 
distribution.  PIC  is  an  emential  measure  in  any  threshold-driven  automated  decision 
system.  A PIC  value  of  one  indicates  the  total  knowledge  (Le.  minimal  entropy) 
or  information  to  make  a correct  decision  (one  hypothesis  has  a probability  value  of 
one  and  the  rest  of  zero).  A PIC  value  of  zero  indicates  that  the  knowledge  or  infor- 
mation to  make  a correct  decision  does  not  exist  (all  the  hypothesis  have  an  equal 
probability  value),  Le.  one  has  the  mail  mill  entropy.  Mathematically,  the  PIC  of  n 
probability  measure  /*{.}  associated  with  a probabilistic  source  over  a discrete  frame 
6 = (ft, ft.  )b  defined  by: 


16.4.2  A new  generalized  pignistic  transformation 


PIC(P)  = 1 + 


i 


(16.11) 


4-1-4 
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The  PIC  is  noshing  but  the  dual  uf  the  normalized  Shannon  entropy  |9]  and  thus 
is  actually  unit  leas.  PIC[P)  takes  its  values  in  [0, 1|.  PIC(P)  is  maximum,  Le. 
PICau  = 1 with  any  deterministic  probability  and  it  is  minimum,  i.e.  P/Cm  = 0, 
witli  the  uniform  probability  over  the  frame  0 The  simple  relatioushiiss  between 


n >.  . »»/rw  • fweini  . Hlfi  ■ »/n\  >• 


16.4.2.2  The  DStuP  formula 

Let’s  consider  a discrete  home  0 with  a given  model  (free  DSm  model,  hybrid  DSm 
model  ur  Shafer's  model),  the  DStnl’  transformation  is  debited  by  DSmP.(i I)  = 0 
and  VX  € G»  \ {#)  by 


eluding  eventually  all  the  integrity  constraints  (if  any)  of  the  model  M\  C{ X O V7) 
and  f(V)  denote  the  DSm  cardinals’  of  the  seta  X fl  Y and  Y iwpectively. 


Content  (PIC)  of  the  approximation  of  m(.)  into  a subjective  probability  measure 
The  smaller  t is,  the  bettur/bigeer  PIC  value  is.  In  some  particular  degenerate 
cases  however,  the  DSmP.- D(.)  values  cannot  be  derived,  but  the  Di>mP1>u(.)  val- 
ues can  however  always  be  derived  by  choosing  e as  a very  small  podtire  number,  say 
r = 1/1000  for  example  in  order  to  be  as  dose  os  we  want  to  the  maximum  of  the 
PIC  (see  examples  in  |5|).  It  is  interesting  to  note  oho  that  when  » = 1 and  when 
the  manses  of  all  elements  Z having  C(2)  = 1 are  zero,  the  DSmP  formula  (16.12) 
reduces  to  the  formula  (16.10),  i.e.  DSmP.- 1(.)  = BclP{.).  The  pomace  from  a free 
DSm  model  to  a Shafer’s  model  involves  the  passage  from  a structure  to  another  one, 
and  the  cardinals  change  os  well  in  the  DSmP  formula. 


16.4.2.3  Advantages  of  DSmP 

It  has  been  shown  in  [5]  that  among  all  main  probabilistic  belief  transformations 
proposed  so  far.  only  DSmP(.)  transforms! ions  yields  the  highest  PIC  value  and  its 


’We  have  omitted  the  index  of  the  model  M for  ootaUanal  r.mv*nlrivr 


£ m(Z)  + t-C{xnY) 


m(P)  (16.12) 
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main  advantage  is  ilia!  it  mirks  fur  all  models  (free.  hybrid  and  Shafer's)  - while 
other  transformations  mirk  for  Shafer  's  model  only.  In  order  to  apply  other  transfor- 
mations we  had  to  first  refine  the  frame  0 (the  cases  when  it  is  possible!)  in  order 
to  work  with  Shafer's  model,  and  then  apply  their  formulas.  In  the  case  when  it  ts 
passible  to  build  a ultimate  refined  frame,  then  one  can  apply  the  other  subjective 
probabilities  on  the  refined  frame.  DSmP.{.)  mirks  on  the  refined  framr  os  well  nnd 
gives  the  same  result  os  it  does  on  the  n on-refined  frame.  Thus  D$rnP,>c  transfor- 
mation works  on  any  model  and  *i  is  very  general  and  appealing.  DSmP,(.)  can  be 
seen  as  a combination  of  Sudano's  PrBel(.)  transformation  [17]  and  Smets'  Bef /*(.). 
The  advantages  and  limitations  of  Smets  [13|,ChapterTTTDSmP-Suilann  [15-18]  and 
Ctmulin  [1.  2;  transformations  have  been  discussed  in  details  in  [5|. 


16,5  The  target  type  tracking  problem 

The  Target  Type  'IVacking  Problem  can  he  simply  stated  as  follows  [3,  1|: 

• Let  k = 1,2,  be  the  lime  index  and  consider  Af  poauble  target  types 

= l#i, »u  \ in  the  environment;  far  example  in  air  target  surveil- 

lance systems  « could  be  0 = {lntercej*or.F>ghter.Caryo}  and  Tj  - Interceptor , 
h - Fighter , 7's  - Cargo,  in  ground  target  surveillance  systems  © could  he 
0 = (Tan*. Truck,  Cor,  Bus)  |7],  etc. 

• at  each  instant  k,  a target  of  true  type  T(k)  6 8 (not  necessarily  the  same 
target)  is  observed  by  an  attribute-sensor  (we  aasurne  a perfect  target  detection 
probability  here). 

• the  attribute  measurement  of  the  sensor  (say  nuisy  Radar  Cross  Section  for 
example)  is  then  processed  through  a classifier  which  provides  a decision  7'd(k) 
on  the  type  of  the  observed  target  at  each  instant  k. 

• The  sensor  is  in  general  not  totally  reliable  and  is  characterized  by  a Af  x Af 
ciinfusinn  matrix 

C = [c.r  = PiT,  = T ,\T  r ueT or  getType  = T,)| 


We  had  proposed  and  analyzed  in  |3,  4|  a method  for  solving  the  Target  Type 
IVacking  Problem  which  was  Ixwxl  on  Shafer's  model  for  the  frame  of  Ihrget  Types  €* 
and  the  sequential/tcinporal  combination  of  basic  belief  assignments  (measurements) 
with  prior  belief  rna®  available  at  previous  step/scan  to  update  at  each  current  step 
the  belief  in  each  target  type.  So  we  gave  a solution  to  estimate  T(fc)  from  the  se- 
quence of  declarations  done  by  the  unreliable  dumber  up  to  time  k,  i.e  we  built 
au  estimator  f(fc)  = /(Td(l),Td<2) Td(k))  of  T(fc).  The  derision  about  the  tar- 

get type  was  then  taken  from  Smets'  BetP[.)  transformations  of  the  updated  belief 
assignment / mu  We  had  shown  the  efficiency  of  PCR5  fusion  rule  with  respect 
to  its  main  alternatives  to  track  efficiently  the  true  target  type  of  the  target  under 
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observation  at  each  scan.  Our  'Ihrget  Type  IVackrr  coosbted  in  tiir  sequential  com- 
bination ol  tbe  current  basic  belief  assignment  (drown  from  climitWr  derision.  Le 
our  mnsuremenU)  with  the  prior  bba  estimated  up  to  tbe  current  time  from  oil  part 
class ili rr  declarations  and  can  be  sketched  by  the  following  steps: 


• a)  Initialization  step  (Le.  k = 0).  Select  tbe  target  type  frame  0 = {tfi, Pm  ) 

and  set  the  prior  bbam“(.)  as  vacuous  belief  oaugnment,  i.e  m~(PiU...Udu)  = 
1 since  one  has  no  information  about  the  first  target  type  that  will  be  oboerved. 

• b)  Generation  of  current  observation:  We  investigate  in  this  chapter  three 
possible  modelings  for  building  m *«,(.)  from  the  current  decision  Td(k)  and 

tbe  cunfusiun  matrix.  Let's  aoiume  that  J’d(*>  = T„  j 6 {1,2 A/}  and 

lei's  denote  by  S,  the  sum  of  tbe  )-th  column  of  the  confusion  matrix  C,  Le. 

c'l- 


- Modeling  #1  (probabilistic  bba  modeling)  : For  i = 1, ...  ,i\f,  one  takes 

= Dv/3>- 

- Modeling  #2:  We  commit  a belief  only  to  P,  and  to  tbe  2D  partial 
ignorances  which  include  0, , Le.  one  takes  idmi(^i  U P,)  — c,,/St. 

- Modeling  #3:  We  commit  a belief  only  to  P,  and  tbe  full  ignorance,  Le. 
one  takes  mri.(0,)  = c„/5,  and  moJ(0,  U . . . U Pm ) = 1 - c ,,/S,. 


• c)  Combination  of  current  bba  m0i.(.)  with  prior  bba  rn~{.)  la  get  the  esti- 
matioa  of  the  current  bba  m(.).  Symbolically  we  will  write  the  generic  fusion 
operator  os  ©,  so  that  m(.)  = (m„i.  A m~](.)  = [m“  t£t  rn  „»,](.).  The  combina- 
tion © is  done  according  either  with  DSmH  fusion  rule  (Le.  m(.)  = mosmjj(.)) 
or  with  PC'Rii  rule  (Le.  m(.)  = itiKJal*))  to  show  what  happens  in  simulation 
if  one  adopts  a pessimistic  ot  an  optimistic  point  of  view  of  the  fusion  proem 

• d)  Estimation  of  True  Target  Type  b obtained  from  in(.)  by  taking  the  singlelun 
of  0.  Le.  a Target  Type,  having  the  maximum  of  BctP(.)  or  the  maximum  of 
DSmP(.). 


• e)  set  m”(.)  = m(.);  do  * = fc  + 1 and  go  back  to  b). 


In  this  chapter,  »e  follow  the  same  target  type  tracking  approach  os  in  |3,  4)  but 
we  complicate  a bit  the  scenario  and  we  want  to  *re  how  the  new  pruptned  DSmP(.) 
transformation  performs  with  respect  to  BetP(.)  with  the  drllerent  bba  modelings 
for  observations.  For  doing  this  we  examine  the  PCR5  and  DSmH  fusion  rules  foe 
the  sequential  update  of  belief  moss  of  target  types.  Tlic  two  fusion  rules  correspond 
actually  to  tbe  confidence  the  fusion  system  designer  lias  in  the  singletons  of  the 
frame.  If  the  fusion  system  designer  b not  confident  in  the  singletons,  then  he/sbe 
would  prefer  to  use  DSmH,  otherwise  he/she  would  prefer  to  use  PCH5. 
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16.6  Simulations  results 

In  order  lu  analyse,  evaluate  nail  In  rompnn  (airly  the  performances  af  birtli  pmbn- 
biliit ic  bebcf  transformations  (BctP(.)  nnd  the  new  DSmP(.)  one),  fur  the  sequential 
(temporal)  ntlmatfcm  <1  target  ID  in  the  Target  Type  'Parking  problem  considered 
here.  w*  did  a set  of  Monte-Carlo  simulations,  based  on  an  assumed  scenario  lor  n 
3D  'lhrget  Type  frame,  Le. 

0 = {( l)ntercepliir.(F)ighter.{C)argo } 

fur  a given  closdlier,  corresponding  to  the  following  confusion  matrix: 


0.7 

0.2 

0.1 

0 15 

0.7 

0.15 

0.1 

0.2 

0.7 

The  cunfusion  matrix  is  nayrumetric.  reflecting  the  degree  of  mutual  discrimina- 
tion between  the  considered  target  types.  In  our  scenario  we  consider  that  there  are 
three  closely- spaced  targets:  one  interceptor,  one  fighter  and  one  cargo.  Due  to  cir- 
cumstances, attribute  measurements  received  cume  hum  one  ur  another  target,  and 
all  three  targets  generate  actually  one  single  (unresolved  kinematically)  track. 

In  the  real  world,  the  tracking  system  should  in  this  case  maintain  three  separate 
tracks:  one  for  interceptor,  one  fur  lighter  and  one  fin  cargo,  and  then,  based  on 
the  classification.  allocate  the  measurement  to  the  proper  track.  But  in  a dilllcult 
scenario  like  this  one,  there  is  no  way  in  advance  to  know  the  true  number  of  targets 
because  they  are  unresolved  and  that’s  why  only  a single  track  Is  maintained.  Of 
course,  the  single  track  can  further  be  split  into  three  separate  tracks  as  soon  as  three 
different  targets  are  declared  based  on  the  attribute  tracking.  This  is  nut  the  purpose 
of  our  wurk  however  since  we  only  want  to  examine  how  the  new  probabilistic  belief 
transformation  works,  and  to  compare  its  performance  with  the  well  known  Bell' 
transformation  for  'forget  Type  'Packing 

lb  simulate  such  scenario,  a true  Thrget  Type  sequence  over  200  scans  was  gen- 
erated according  to  figure  16.1.  The  target  type  sequence  (Gruundtruth)  is  charac- 
terised with  variable  switches’  time  steps,  starting  with  the  observation  of  a Cargo 
Type  (called  Type  3)  during  the  lust  20  scans.  Then  the  observation  of  the  Target 
Type  switches  four  timer,  onto  Fighter  Type  (called  Type  2)  during  time  duration 
of  25  scans;  again  onto  Cargo  'IVpe  during  the  next  25  scans;  onto  Interceptor  Type 
(called  Type  1)  during  the  next  15  scons  and  finally.  again  to  Cargo  Type  during  the 
last  115  scans  As  a simple  analogy,  tracking  the  target  type  changes  committed  to 
the  same  (hidden  unresolved)  track  can  be  interpreted  ns  tracking  color  changes  of  a 
chameleon  moving  in  a tree  on  its  leaves  and  on  its  trunk. 

Our  simulation  consists  in  500  Monte-Carlo  runs  and  we  compute,  show  and 
analyse  in  the  sequel  the  averaged  performances  of  the  two  probabilistic  bebcf  trans- 
formations. applied  over  the  results  of  sequential  fusion,  performed  via  PCR5  and 
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DSrnH  combinational  rules.  At  each  time  step  k the  decision  7j(t)  is  randomly  gen- 
pratti<l  According  to  tlic?  currcapuDiJlng  row  of  thr  confusion  niAttix  of  tlic?  cliuudhpf 
given  the  true  Target  Type  (known  in  simulations).  Then  ike  algorithm  presented  in 
the  previous  section  is  applied. 


Figure  10.1:  Sequence  of  True  Target  Type  (Groundtruth). 


16.6.1  Results  based  on  DSrnH  fusion 

The  lack  of  confidence  about  the  singletons  of  the  frame  justifies  the  application  of 
DSrnH  combination  rule  and  we  test  the  three  modelings  for  the  measurement  s basic 
belief  assignment  os  proposed  in  step  b)  of  the  TIT  algorithm  described  in  the  section 
16.5.  Figures  16.2  and  163  show  the  performances  uf  DSmP  and  BetP  probabilistic 
belief  transformations  obtained  by  our  Ihrget  Type  Tlocker  based  on  DSrnH  fusion 
rule  for  the  three  measurement 's  bba  modelings.  We  have  set  the  tuning  parameter 
r = 0.0001  when  applying  the  DSmP  transformation.  IVutn  these  figures,  one  dearly 
sees  the  advantage  of  DSmP  transformation  with  respect  to  Bet l'  transformation 
since  the  level  of  prubnbilty  of  the  true  target  type  under  observation  is  clearly  bigger 
with  DSmP  than  with  BetP.  DSml'  shows  a faster  reaction  to  the  target  type  changes 
than  BetP.  shortening  that  way  the  time  fur  correct  decision-making  in  comparison 
to  BetP.  It  b also  interesting  to  note  that  modelings  2 and  3 pruvide  significantly 
higher  PIC  than  with  modeling  1.  This  is  because  modelings  2 and  3 are  lews  strict 
than  modeling  1 and  thus  otier  a better  ability  to  readapt  after  I’arget  ID  switches. 
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Figure  1G.2:  DSn\P{.)  results  after  using  DSmU  rule  of  combination. 
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Figure  16.3:  BetPf.)  results  after  using  DSmH  rule  of  combination. 
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16.6.2  Results  based  ou  PCR5  fusion 

The  possible  confidence  of  the  fusion  system  designer  about  the  singlet cuis  of  the 
Irnrne  justifies  the  application  of  PCK5  comhfnatkm  rule  of  our  TIT  algorithm.  Flg- 
uns  16.4  and  16.5.  show  the  performances  of  DSmP  and  BetP  probabilistic  belief 
transformations  obtained  by  our  'Ihrget  TypelVacker  based  oo  PCRS  fusion  rule, 
at  curding  to  Interceptor,  Fighter  and  Cargo  types  respectively  and  for  the  three 
measurements'  bba  mi»dehngs  considered  in  this  work.  Here  again  t = 0.0001  when 
applying  DSmP{.)  transformation. 

It  hod  been  proven  in  |3,  4|  that  the  ITT  based  on  PCR5  fusion  rule  tracks 
properly  the  quick  changa  of  target  type,  with  a Very  short  latency  delay  in  order 
to  produce  the  correct  target  type  decision.  Since  PCR5  reacts  faster  to  the  target 
target  changes,  then  the  mass  of  ignorance  quickly  decreases  because  of  the  strict 
redistribution  of  nmlllcting  mass  (total  or  partial)  proportionally  on  non-empty  sets 
involved  in  the  considered  model.  In  parallel,  the  mass  to  be  transferred  to  single- 
tons  d err  rasa  very  fast  Because  of  this,  the  behavior  of  both  probabilistic  belief 
transformations  (DSmP  and  BetP)  converge  very  quickly.  When  the  maw  assigned 
to  the  ignorance  becomes  nero,  DSmP  and  BetP  coincide.  Here  again  we  see  the  ad- 
vantage of  using  bba  modeling  2 and  3 with  respect  to  bba  modeling  1.  even  though 
the  difference  between  performances  is  less  important,  than  when  using  DStnH  fusion 
rule. 


16.6.3  Results  based  on  Dempster-Shafer  rule 

We  provide  in  figures  16.6  and  167  the  results  obtained  when  applying  Dempster- 
Shafer  rule  for  this  scenario  with  same  inputs  and  bba  modelings  1.  2 or  3.  We  dearly 
see  that  this  rule  under  same  conditions  cannot  track  correctly  the  types  of  targets 
under  olwertatlon  whichever  probabilistic  transformation  DSmP(.)  or  BelP(.)  is 
fhoKD  £nr  decuioth tzutkiuK- 
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Figure  10.4:  DSmP(.)  results  after  using  PCR5  rule  of  combination 


Figure  16.5:  Bet  PI,.)  results  after  using  PCR5  rule  of  combination. 
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Figure  16.0:  DSmP( .)  results  after  using  DS  rule  of  combination. 


Figure  16.7:  BetP(.)  results  after  using  DS  rule  of  combination. 
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16.7  Conclusions 

Thin  chapter  rimrerned  the  application  at  a new  probabilistic  belief  transformation, 
denoted  DSmP,  for  solving  the  Target  Type  'IYadiing  problem  (ITT).  We  have  con- 
sidered three  types  of  targets  (Interceptor,  Fighter  and  Cargo)  in  our  scenario  and 
have  shown  bow  the  types  of  each  target  can  be  efficiently  estimated  from  the  se- 
quential outputa/decisiona  of  a classifier  and  its  confusion  matrix  when  using  differ- 
ent belief  mass  modelings  with  DSmT  fusion  rules  couples  with  DSmP.  The  advan- 
tages of  DSmP  over  tbe  classical  pignistic  transformation  have  been  shown  through 
Monte-Carlo  simulations,  Based  on  our  previous  works  for  the  justification  of  rules 
of  combination  for  the  TIT  problem,  only  the  Proportional  Conflict  Redistribution 
rule  no.  5 and  the  DSm  hybrid  fusion  rules  were  considered  in  this  work  for  their 
ability  to  deal  consistently  with  high  conflicting  sources  of  evidence  in  an  optimistic 
or  a peosunistic/cautious  way.  Hutu  our  analysis  one  can  clearly  conclude  on  the 
advantage  of  the  new  DSmP  transformation  with  raped  to  BetP  whenever  tbe  cau- 
tious DSmH  fusion  rule  e used.  When  PCR5  fusion  rule  is  preferred,  DSmP  and 
BetP  provide  very  quickly  aim  in  t the  same  perturmnnra  because  PCK5  reduces  effi- 
ciently and  quickly  tbe  masses  committed  to  ignorances  (partial  or  total)  and  in  such 
caw,  DSmP  and  BetP  mathematically  coincide  We  enn  claim  that  DSmP  |imvides 
a stable  and  faster  readme  behavior  than  BetP  and  reduces  tbe  delay  for  correct 
decision- making  in  nunpareon  with  BetP.  Our  simulation  results  show  also  the  ad- 
vantage of  using  uncertain  bba  modelings  of  type  2 and/or  3 over  the  probabilistic 
bba  modeling  1 in  term  of  higher  level  of  probability  of  correct  ID  estimation 
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Abstract  : This  chapter  present*  a framework  far  multi-biometric 

match  score  fusion  when  non-idtnl  conditions  caiue  conflict  in  the 
results  at  different  unimodal  biometrics  classifiers.  1 he  proposal 
framework  uses  belief  function  theory  to  e/fertirefy  fuse  the  match 
scores  and  density  estimation  technique  to  compute  the  belief  assign- 
ments. /talon  it  performed  using  belief  models  such  as  Tmnsfemble 
Belief  Model  and  Proportional  Conflict  Redistribution  rule  fallowed 
by  the  likelihood  nxiio  6oicd  decision  making.  Two  case  studies  on 
multiclassifier  face  verification  and  multicliusificr  fingerprint  serf* 
fication  show  that  the  proposed  fusion  fmmeuvrk  with  PCRS  rule 
yields  the  best  verification  accuracy  even  tchcn  individual  biometric 
classifiers  pnnidc  conflicting  mulch  ftvrrj. 
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17.1  Introductiou 


The  performance  of  the  biometric  recognition  algorithms  depends  on  several  forlorn 
such  as  biometric  modality,  application  environment,  and  database.  For  example, 
the  performance  of  fingerprint  recognition  algorithms  depend  on  the  quality  of  lin- 
gcrprint  to  be  recognized,  the  resolution  and  the  type  of  the  fingerprint  sensor,  and 
the  number  of  fraturoi  present  in  the  image  The  fare  recognition  algorithms  require 
good  quality  images  with  representative  training  database.  Signature  biometrics  de- 
pend on  the  type  of  pen  and  mode  of  capture  Variation  in  any  of  those  factors  olten 
lead  to  pour  verification  performance,  lb  overcome  this  problem,  researchers  have 
proposed  the  use  of  multi- biometrics  for  recognition.  Multi-biometrics  combines  two 
or  more  biumetric  modalities  and  it  has  been  established  that  fusion  of  multiple  bio- 
metric evidences  enhances  the  recognition  performance  |12.  19).  Biometric  fusion  con 
be  performed  at  data  level,  at  feature  level,  at  match  score  level,  at  decision  level, 
or  at  rank  level.  Data  level  (us inn  combines  raw  biometric  data  such  as  infrared  and 
visible  face  images.  Feature  level  fusion  combine*  multiple  features  extracted  from 
the  individual  biometric  data  to  generate  a new  feature  vector  which  is  subsequently 
used  for  recognition-  In  match  score  fusion,  the  features  extracted  from  individual 
biumetric  are  first  matched  to  compute  tbe  corresponding  match  scores  which  are 
then  combined  to  generate  a fused  match  score.  In  decision  level  fusion,  decisions 
of  individual  biometric  clamiiir.ia  are  fused  to  compute  a combined  decision  Hank 
level  fusion  involves  combining  identification  ranks  obtained  from  multiple  unimodal 
identification  systems.  Further,  multi-  biometrics  can  be  a multidassifier  system,  a 
multi-unit  system,  or  a multimodal  system.  In  multicLnssilier  systems,  different  clas- 
sifiers are  used  to  extract  different  types  of  features  to  perform  matching  and  fusion. 
For  example,  in  face  biometrics,  global  and  local  facial  features  can  be  extracted  us- 
ing different  rlassifieni/ algorithms  and  then  inf  unnation  cun  be  fused.  In  multi-unit 
system,  multiple  samples  of  the  same  biometrics  are  used  for  feature  extraction  and 
fusion.  For  example,  texture  features  can  be  extracted  for  both  left  and  right  iris  im- 
ages and  then  information  from  these  images  are  combined.  In  multimodal  system, 
information  from  two  or  more  modalities  arc  combined,  e.g.  face-fingerprint  bimodnl 
system. 

In  this  research,  we  focus  on  match  score  fusion  to  enhance  tbe  perfonnance  of 
biometric  systems.  Existing  biometric  match  score  fusion  algorithms  can  be  divided 
into  three  categories;  statistical  fusion  algorithms,  learning  based  fusion  algorithms, 
and  belief  function  theory  based  fusion  algorithms.  Statistical  fusion  algorithms  arc 
based  on  statistical  rules  such  as  AND  rule,  OR  rule,  and  SUM  rale  [15].  Learning 
based  fusion  algorithms  use  learning  techniques  such  as  support  vector  machine  and 
neural  network  to  train  tbe  fusion  algorithm  and  then  us-  the  trained  model  to  decide 
whether  an  individual  is  genuine  or  an  impostor  |2|.  Belief  function  theory  based 
fusion  algorithms  [18,  2l|  use  the  match  scores  to  compute  tbe  belief  assignments  and 
then  combine  them.  Existing  evidence  hosed  fusion  algorithms  use  Dempster  Shafer 
(DS)  theory  [16,  33]  and  Desert  Smnrandachr  |DSm)  theory  [5,  6)  in  which  match 
scores  are  considered  as  evidence  over  a frame  of  discernment . 
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A ninjur  problem  with  statistical  and  learning  baaed  multi- biometric  fusion  algo- 
rithms occurs  when  different  biometric  classifiers  generate  highly  conflicting  results 
for  the  same  individual.  Specifically,  if  one  classficr  strongly  supports  one  hypothesis 
and  the  other  classifier  strongly  rejects  the  same  hypothesis.  For  example,  in  a face 
and  fingerprint  based  bimodal  biometric  system,  variance  in  image  capture,  image 
quality,  lighting  conditions,  facial  expressions,  and  sensor  noise  coukl  generate  a face 
match  score  of  O S (perfect  accept  is  1)  and  a fingerprint  match  score  of  0.2  (perfect 
reject  is  0).  Existing  fusion  algorithms  may  not  be  able  to  handle  such  conflicting 
information  and  degrade  the  performance  drastically.  Farther,  belief  function  theory 
based  fusion  algorithms  are  computationally  expensive.  To  oddreia  these  issue*  and 
improve  the  verification  performance  of  a biometric  system,  we  propose  a framework 
fur  multi- biometric  fusion  which  combines  the  belief  function  theory  with  statisti- 
cal methods.  Further,  density  estimation  technique  b used  for  computing  the  belief 
models  such  as  DS  theory.  'IVnnsferabie  Belief  Model  (I  BM)  [23,  25].  DSm  fusion, 
and  I'rupoitiunal  Conflict  Redistribution  (PCR)  rule  [6|  for  information  fusiun,  and 
likelihood  ratio  fix  decision  making. 

Section  17.2  briefly  presents  the  fundamental  concepts  and  notations  involved 
in  the  belief  function  theory  based  fusiun  algorithms.  Section  17.3  drecribos  the 
proposed  biometric  match  score  fusion  framework  and  Section  17.4  describe*  the  al- 
gorithms and  databases  used  for  evaluation.  Sections  17.5  discuss  the  experimental 
results  of  the  proposed  fusion  framework.  Section  17.6  briefly  presents  the  concept 
of  a biometric  unification  framework. 


17.2  Overview  of  belief  fuuction  theory  based  fusion 
algorithms 


Belief  function  theory  or  the  theory  of  evidence  b a theoretical  framework  for  rea- 
soning with  imperfect  data.  It  is  a generalisation  of  probability  theory  and  includes 
many  approaches  of  reasoning  under  uncertainty.  Examples  of  such  approaches  are 
Dempster  Shafer  theory,  'IVanxfrrable  Belief  Model,  I W—ii  Smarandachr  fusion,  and 
Proportional  Conflict  Redbtributiun  rule.  In  thb  section,  only  the  main  concepts 
and  notations  of  DS  theory,  TBM.  DSm  fusion,  and  PCR  rule  are  presented  for  a two 
class  - two  classifier  problem.  A detailed  explanation  of  belief  function  theory  can  be 
found  in  [16.  31]. 

Let  m € |0, 1]  be  a mapping  function  and  0 = {fli.fla)  be  the  frame  of  discern- 
ment that  represents  the  finite  set  of  exhaustive  and  mutually  exclusive  hypothesis. 
Probability  theory,  as  mentioned  before,  b the  bnab  of  belief  function  theory.  Be- 
lief function,  alsi  known  ns  the  basic  probability  alignment,  (fcpu)  b defined  as 
m(-)  : 0 — [0. 1|.  such  that  m(0i)  + m(tfj)  = 1.  Here,  m(tfi)  represents  the  belief  of 
data  belonging  to  clam  and  m(t>j)  represents  the  belief  of  data  belonging  to  flj. 
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In  the  probabilistic  framework.  book  fusion  rule  la  a urn  rule  as  defined  in  Equations 
(17.1)  and  (17.2)  (for  two  information  sources). 


nr/.».<(ft)  = 


mi(0i)  + nrj(0i) 


(17.1) 


TO/u»crf(ft)  = 


>ni(ft)  + mj(ft) 


(17.2) 


The  basic  sum  rule  fusion,  though  effective  foe  simple  tioo -conflicting  cases,  is  not 
very  effective  for  Imprecise,  uncertain,  and  conflicting  case*.  To  addrma  the  limita- 
tions of  the  sum  rule,  approximate  reasoning  approach  hawed  fusion  rales  including 
DS  theory,  TBM  and  DSm  fusion  have  been  proposed.  In  DS  theory,  belief  func- 
tions have  been  computed  on  the  power  set  of  0 (Le.  2s)  and  Dempster's  rale  of 
combination  [16,  33)  for  fusing  two  information  source*.  X and  Y,  Is  defined  as, 


<i>DS{A)  = 


-A  I 


(*)"•(!') 

mT) 


"" 


Vn 


(17.3) 


Although  D9  theory  based  fusion  has  been  efficiently  used  for  many  practical  ap- 
plications, it  has  some  limitations.  As  presented  by  Zadeh  [34],  Dubois  and  I'rade  |7|. 
Voorbraak  [31].  and  Desert  and  Sruarandache  [6],  DS  theory  is  not  reliable  when  con- 
lllct  between  the  sources  is  very  large,  lb  circumvent  the  limitations  of  DS  fusion 
algonthm.  researchers  have  proposed  several  other  models.  Smets  proposed  the  trans- 
ferable belief  model  [23]  that  quantitatively  represents  the  epistemic  uncertainty.  Ac- 
cording to  Smets,  the  TBM  conjunctive  combination  rale  for  fusing  two  information 
sourer*,  X and  1’,  can  be  represented  as, 

mrfiM(A)=  Y.  "‘(-XWn  (174) 

X,  Yt.7° 

Krcentiy,  Drrrrt  and  StuarfUnWiir  proposed  a fuidun  al^nritiim  iwinr  plausible 
and  paroduxical  reuauuuij:  [0]  tbal  addintm  the*  Inuitalium  of  OS  tbrurv  and  includes 
Baves  theory  and  DS  theory  as  special  cares.  It  operate*  on  the  hyper-power  set 
defined  as  D"  = (fl.ft.ft.ft  'J  ft. ft  Oft).  This  algorithm  uses  generalised  basic 
belief  assignment  (gbba)  on  0 which  is  defined  as  m(-)  :Oe  — (0, 1]  such  that 


m(fl)  = 0 

rn(tfi)  + m(ft)  + m(ft  U ft ) + m(ft  ft  ft)  = 1 

Foe  fusing  two  information  sources,  X and  Y.  the  DSm  rule  of 
defined  as. 


(17.5) 
[5]  is 


m.M(*)(A>  = *(A)  (5i(-4)  + &(<*)  + S.(-4)|  (17.6) 

where.  A4(0)  is  the  model  over  which  DSm  theory  operator  and  tf(A)  b the  char- 
acteristic uon-emptinrair  function  of  .4  which  b 1 if  .4  £ 0 and  0 otherwise.  Sr(A), 
•S’j(A).  and  &(A>  are  defined  os. 
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Si(A)=  L[x.Y(0-.  xny. 4)  mi(X)m,(y) 

■S:M)=  E(x.ve*.  |™a|v  ((■«•)  <17.7) 

s*iA)  = H(x.y€D«.  Xuy-A.  Xoy'f*)  mi(A)mi(V') 

where  I,  is  tbe  Uilnl  ignorance  and  to  tbe  union  of  all  0,  (i  = 1,2),  Le.  h = 0i  U0j. 
4>  = (*.d)  to  the  wt  of  all  clnnroU  of  D®  which  are  empty  under  the  constraints 
ol  some  specific  problem  and  i>  to  the  empty  aet.  v = u(A)  U u(F),  where  u(A') 
to  the  unioo  of  all  singletons  0,  that  compose  X and  Y.  Here,  Si  (A)  corresponds 
to  the  classical  DSm  rule  on  the  free  DSm  model  [5].  Sj(rl)  represents  the  mass  of 
all  relatively  and  absolutely  empty  sets  which  is  transferred  to  the  total  or  relative 
ignorance,  and  Sj(d)  transfers  the  sum  of  relative  empty  sets  to  the  non-empty  seta. 


In  the  DSm  fusion  algorithm,  the  partial  cimllicta  are  redistributed  onto  corre- 
sponding part  ini  ignorance  |5|.  However.  in  some  coses  this  redistribution  may  yield 
very  non-specific  generalized  basic  belief  asaignmenta  and  thus  decrease  the  perfor- 
mance. Panther  analysis  by  Smeta  [25]  suggests  that  the  term  Si  in  Dquatiun  (17.7)  is 
a "potential  source  of  difficulties"  and  "seems  to  be  language  dependent",  'lb  address 
this  i*ue,  Derert  and  Stnarundache  prop  coed  a set  of  proport  tonal  conflict  redistribu- 
tion rules  [6;  which  consists  of  fire  ditferent  versions  uf  the  1*0 R rule;  PCRl  to  PCR5 
in  order  of  increasing  complexity  and  correctness.  Tliey  have  reported  that  among 
the  fire  rules,  PCR5  is  the  moat  efficient  and  precise  fur  information  fusion  under 
uncertainty  and  conflict.  In  PCR5.  redistribution  of  the  partial  cunflictB  to  performed 
only  to  the  elements  which  are  truly  involved  in  each  partial  conflict  and  moreover 
this  is  done  according  to  the  proportion  or  weight  of  each  source.  For  a two  class  - 
t*x>  cWficr  problem  and  VX  € D*  \ {0},  the  PCR5  rule  |6]  is  defined  a* 


= nija(AT) 

+ E 

Yf.DO\{X).  XnYm* 


ml(X)3m,{Y)  nH<*)lm,(V) 


(17.8) 


In  this  equation,  mi  and  mj  nrpiwent  tbe  curraponding  belief  alignments  to  the 
two  classifier*:  mia(-V)  correspond*  to  the  conjunctive  consensus  on  X between  the 
two  sourcre  and  where  ail  denominator*  ore  dillerent  (rum  zero.  If  a denominator  a 
zero,  that  fraction  is  discarded.  All  arts  involved  in  the  formula  are  in  canonical  form. 


Tbe  PCH5  fusion  rule  pttctely  cumblno  and  redistribute*  the  information  even  with 
coniliciing  gbba’a.  A detailed  foqilanatkin  of  the  FCR  rules  can  be  fimnd  in  |6). 


17.3  Framework  for  biometric  match  score  fusion 

In  bio  me  tries,  DS  theory  has  been  used  for  match  score  and  decision  fusion  [4,  1SJ. 
However,  as  mentioned  in  Section  17.2,  DS  theory  has  some  limit atrona  and  it  can- 
not always  provide  good  results  with  imprecise,  imperfect  in  uncertain  data.  In  our 
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Figure  17,1:  Proposed  match  score  fusion  framework. 


previous  research,  we  proposed  the  use  of  DSm  theory  lor  biometrics  match  score 
fusion  [21.  28],  In  our  experiments,  we  found  that  there  arc  few  cases  when  DSm 
theory  is  not  able  to  yield  correct  results  and  sometimes  the  decisions  are  not  accu- 
rate As  distrusted  in  Section  17.2,  sometimes  DSm  fusion  generates  non-specific  belief 
assignments  which  reduce  the  performance  because  of  the  term  Su  in  Equation  (17.7). 

In  this  chapter,  a gene  rallied  framework  is  presented  in  which  the  belief  theory 
based  fusion  approach  is  combined  with  the  statistical  approach.  In  the  proponed 
framework,  the  first  step  is  to  transform  the  match  scores  into  belief  assignments 
using  density  estimation  technique  In  the  next  step,  a belief  theory  based  algorithm 
is  used  hit  match  score  fusion  and  finally  a statistical  likelihood  ratio  test  is  applied 
for  classification.  In  this  manner,  the  properties  of  both  statistical  and  belief  function 
theories  are  combined  for  biometric  match  score  fusion.  Figure  17.1  shows  the  steps 
involved  in  the  proposed  framework.  This  fusion  framework  consists  of  two  steps- 
(1)  match  score  fusion  and  (2)  classification.  In  this  chapter,  the  description  of  the 
proposed  framework  uses  two  class  - two  classifier  approach  and  the  subscript  ci  rep- 
resents tbe  first  biometric  classifier  and  subscript  Cj  represents  the  second  biometric 
dawifier. 


17.3.1  Match  score  fusion 


Let  the  frame  of  discernment  0 = {W„„.  tfim,},  where  9f,n  represents  tbe  genuine 
hypothesis  and  0,m*  represents  the  impostor  hypothesis.  The  first  step  in  tbe  pro- 
posed fusion  framework  is  to  transform  tbe  match  scores  into  belief  alignments. 
We  use  a density  estimation  technique  for  this  task  assuming  that  the  match  scares 
follow  a Gaussian  distribution.  This  method  transforms  a match  score  into  the  pro- 
bability measure  which  is  helpful  in  computing  belief  assignment.  Gaussian  density 
estimation  [8|  can  be  written  as. 


p(5,,p„,<r„)  = 


(17.9) 


where  (i  = 1,2)  are  tbe  twu  match  a cures  to  be  fused,  ami  otJ  are  the  mean 
and  standard  deviation  of  tlir  i,h  rlawiftrr  corresponding  to  the  element  of  z (in 
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basic  aum  rale  : = 0.  In  DS  tbesiey  : = 2e  and  in  DSin  theory  : = D").  Therefore 
the  Gaussian  distribution  la  used  to  compute  the  belief  m,(j). 


mi 


(17.10) 


The  belief  assignments  of  each  biometric  clamilier  are  then  fused  using  eq.  (17.11) 


m/ulg  = mT.i  $ mu  (17.11) 

where  t~  represents  the  fuooa  rule  described  In  Section  17.2.  Note  that,  in  this 
research,  we  evaluate  tbe  performance  of  the  prupiaed  fusion  framework  with  the 
babe  sum  rule,  DS  theory  f union.  'IBM  conjunctive  combination  rule,  DSm  fusion 
rule,  and  I'C'R  rale. 


17.3.2  Statistical  classification 

Match  score  fusion  using  the  proposed  framework  yields  the  fused  belief  and  a decision 
of  accept  or  reject  is  made  using  the  statistical  classification  technique.  First,  the 
fused  beliefs  are  converted  into  probability  measure  using  the  pignistic  probability. 
BetP,  that  maps  a belief  measure  to  a probability  measure  (23). 


BetP{0,)=  £ 
*i€*Ce 


1 ">/...<(•■'> 


If  m,UMd(H)  = 0.  Equation  (17.12)  can  be  wntten  as, 


(17.12) 


BetP(B,)=  £ m,UrfA)  (17.13) 

In  this  moaner,  wr  transform  fused  belief  assignment  into  probability  measure 
so  tbat  we  con  apply  the  statistical  cL&asilicatkin  approach  for  computing  thr  titud 
decision.  We  perfunn  likelihood  ratio  test  for  decision  making  an  shown  in  Equation 
(17.14). 


Decision 


-{! 


genuine 


ofArnnK 


(17U) 


where  t is  tbe  decision  threshold  and  is  chosen  booed  on  a specific  false  accept  rate. 
Tbe  advantage  of  this  statistical  clamification  approach  is  its  simplicity,  control  over 
false  accept  and  false  reject  rates,  and  it  satisfies  the  Ncynian- Pearson  theorem  (13) 
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17.4  Algorithms  and  databases  used  for  evaluation 

lb  evaluate  the  Verification  performance  of  the  proposed  fusion  framework  described 
in  Section  17.3,  »e  use  two  case  studies;  (1)  multidassifier  face  verification  and 
(2)  multiclassifier  fingerprint  verification.  In  this  section,  we  brieily  describe  the 
algorithms  and  databases  used  for  evaluation. 


17.4.1  Face  verification  algorithms 

The  first  case  study  for  evaluating  the  performance  of  tbe  proposed  fusion  framework 
is  performed  with  multiclassdier  face  verification.  The  face  is  first  detected  from  the 
input  images  using  the  triangle  based  fare  detection  algorithm  [17].  Global  and  local 
facial  features  are  extracted  and  match  scores  are  computed  from  tbe  detected  face 
images  using  the  two  face  verification  algorithms  described  below. 


• 2D  Log  Polar  Gabor  TVansform;  In  the  2D  log  point  Gabor  transform 
based  fare  recognition  algorithm,  the  face  image  is  transformed  into  polar  co- 
ordinates and  texture  features  are  extracted  using  the  neural  network  archi- 
tecture based  2D  lt«  polar  Gabor  transform  |20j.  These  features  are  matched 
using  Hamming  distance  to  generate  the  match  scores. 


• Local  Binary  Pattern;  In  this  algorithm,  a face  image  is  divided  into  several 
regions  and  weighted  Local  Binary  Pattern  (LBP)  features  are  extracted  to 
generate  a feature  vector  [3].  Matching  of  two  LBP  feature  vectors  is  performed 
using  the  weighted  Chi-square  distance  measure. 


In  this  case  study,  the  two  face  classifiers  are  represented  as  d and  cj.  and  the 
match  scores  rumpuled  using  these  rlaimfirrs  are  combined  using  tbe  pt opened  fusion 
framework. 


17.4.2  Fingerprint  verification  algorithm 

Multidasaiiler  fingerprint  verification  is  used  ns  the  second  cose  study  for  evaluating 
the  performance  of  the  proposal  fusion  framework.  Level-2  minutiae  and  level-3  pore 
features  based  verification  algorithms  are  used  to  compute  the  match  score*. 


Level-2  Minutia  Verification  Algorithm;  A ridge  tracing  minutiae  ex- 
traction algorithm  [11]  is  used  to  extract  the  level-2  minutia  feature*  from  a 
fingerprint  liuagv.  Gallery  nod  probe  minutiae  are  malcbpil  using  a dynamic 
bounding  box  based  matching  algorithm  [10]. 


• Level-3  Pore  and  Ridge  Verification  Algorithm;  The  level-3  pore  and 
ridge  feature  extraction  algorithm  [2>»j  uses  Mumford  Shah  functional  curve 
evolution  based  fast  feature  extraction  algorithm  to  efficiently  segment  contours 
and  extract  the  intricate  level-3  features.  Matching  of  gallery  and  probe  feature 
sets  is  performed  using  the  Mahaionobis  distance  measure 
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These  minutiae  and  pore  based  matching  algorithms  are  used  as  classifiers  ci  and 
ca  and  the  rnrrmpouding  match  scores  are  (used  using  the  proposed  fusion  framework. 

17.4.3  Biometric  databases  used  for  evaluation 

We  use  two  biometric  databases  fie  these  case  studies.  'Iheae  databases  are:  Notre 
Dame  face  database  |1.  9|  used  fur  evaluating  the  performance  for  multichuuifirr  face 
verification  and  high  resolution  fingerprint  database  for  the  experiments  related  to 
multiclosaifier  fingerprint  verification. 

1.  Notre  Dame  Face  Database  [9]:  This  database  is  a part  of  the  NIST  Fbce 
Recognition  Grand  Challenge  (FRGC).  We  use  collection  B of  the  Notre  Dame 
face  database  which  contains  around  35.000  high  resolution  frontal  face  images 
under  different  lighting  conditions  and  expressions.  It  is  one  of  the  most  cum- 
prehensive  face  databases  widely  used  for  evaluating  the  performance  of  face 
recognition  algorithms. 

Z High  Resolution  Fingerprint  Database  [28]:  The  high  resolution  finger- 
print database  contains  5500  images  from  550  classes.  Fbr  each  class,  there  are 
10  fingerprints.  Tlie  renlution  of  fingerprint  images  is  101)0  ppi  to  facilitate 
the  extraction  of  both  level-2  minutiae  and  level-3  pore  features. 


17.5  Experimental  evaluation 


As  mentioned  before,  the  proposed  fusion  framework  is  evaluated  for  two  multl- 
hiocnetric  scenarios.  Hit  each  case  study,  we  compute  the  verification  accuracy  of  the 
proposed  fusion  framework  with  sum  rule.  DS  theory  fusion.  TBM.  DSm  and  PCR 
rule.  Hit  performance  evaluation,  we  use  cruso  validation  with  20  trials  Three  im- 
ages are  randomly  selected  fur  training  (estimating  densities,  thresholds,  and  learning 
classifiers)  and  the  remaining  linages  are  used  os  the  teat  data  to  evaluate  the  algo- 
rithms. This  train-test  partitioning  is  repealed  20  times  and  the  Receiver  Operating 
Characteristics  (HOC)  curves  are  generated  by  computing  the  genuine  accept  rates 
(GAR)  user  these  trials  at  dilferent  false  accept  rate  (FAR).  This  scctiun  presents  the 
experimental  results  with  their  analysis. 


'Ib  evaluate  the  performance  of  the  propmed  fusion  framework,  we  use  multidos- 
sifier  face  verification  using  the  Notre  Dome  face  database  os  the  first  cose  study. 
The  ROC  pkit  in  Figure  17.2  and  Table  17.1  show  the  verification  accuracies  of  this 
case  study.  Here  cloaaUiei  1 is  the  2D  lug  polar  Gabor  transform  based  verification 
algorithm  that  yields  an  average  verification  accuracy  of  33.1%  at  001%.  FAR  and 
classifier  2 is  the  local  binary  pattern  based  verification  algorithm  that  yields  on 
average  verification  accuracy  of  823%  at  0.01%  FAR. 

The  sum  rule  based  fusion  algorithm  (using  bpa)  improves  the  verification  per- 
formance by  1.6%  During  our  experiments,  we  analyse  that  the  Sum  rule  fusion 
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Algorithms 

Verification  Accuracy 

MoltJclaasifieff 
Face  Verification 

Multiclassifier 
Fingerprint.  Verificat  ion 

Average 

(Max.,  Min.) 

Average 

[Mac..  Min.) 

Classifier  1 

93.1 

[94.3.  85. 7| 

88.9 

[92.1.  83.ej 

TTaasTnorl 

SO 

l&ft.S.  7S.11 

9L5  : 93.5,90.8 

Sum  Rule 

97.7 

[98.8.  92.fi| 

971 

|98.2.  93.5] 

DS  Theory  Fusion 

98.0 

[98.9.  95.7] 

97.7 

|99  0,  95.4] 

(55.6.  56.11 

(99  l.  9-i. oi 

9S.5 

“7/onr 

5t*.7 

I5S13STP 

PCR5  Fusion  Rule 

98.9 

|99.8,  98.2] 

99.1 

[99.9.  98.5] 

Table  171:  Experimental  results  of  fusion  algorithms  at  0.01%  FAR. 


algorithm  is  not  able  to  handle  mint  of  the  conflicting  cam.  Furthermore,  during 
different  cross  validation  trials,  we  also  observe  that  the  variance  in  the  verification 
accuracies  obtained  by  the  stun  rule  is  very’  large  This  shows  that  the  Sum  rule 
is  not  very  stable  and  it  depends  upon  the  training  images.  The  proposed  fusion 
framework  with  DS  fusion,  'IBM,  and  DSm  fusion  improves  the  verification  accuracy 
in  the  range  of  4.9-5.4%  and  is  more  stable  compared  to  the  Sum  rule.  Analysis  of 
the  experimental  results  of  the  proponed  fusion  framework  with  DS  fusion,  IBM  rule, 
and  DSm  fusion  show  that  the  these  three  rul™  efficiently  redistribute  the  bebefs  and 
fuse  the  match  storm  which  are  not  highly  conflicting.  However,  with  highly  conflict- 
ing match  scorn  that  are  caused  due  to  variations  in  expmion,  lighting  and  time 
difference  between  gallery  and  probe  face  images,  they  do  not  provide  reliable  deci- 
sion- The  proposed  framework  with  PCR5  rule  yields  tbe  brat  senficallou  accuracy 
uf  98.0%.  This  b because  tbe  fusion  framework  with  PCR5  rule  first  performs  effi- 
cient redistribution  of  the  partial  conflicts  according  to  the  proportion/ weight  of  each 
source  After  redistribution,  tbe  belief  measure  b transformed  into  tbe  probability- 
measure  and  likelihood  ratio  test  is  used  for  decbion.  In  this  manner,  it  includes  tbe 
properties  of  tbe  theory  of  evidence  and  satisfies  the  Ncyman-Pearsoo  theorem  [13]  as 
well.  Finally,  the  proposed  framework  with  PCR5  fusion  b the  must  stablr  algorithm 
across  all  cross  validation  trials  whereas  verification  accuracies  pertaining  to  other 
fusion  algorithms  vary  significantly. 

Tbe  second  case  study  on  multiclassifier  fingerprint  verification  shows  similar 
results.  The  ROC  plot  in  Figure  17.3  and  Table  17.1  show  the  verification  accuracies 
cif  thb  case  study.  Level-2  minutiae  verification  algorithm  b classifier  1 that  yields 
an  average  verification  accuracy  of  88.9%  at  0.01%  FAR  and  level-3  pore  and  ridge 
verification  algorithm  a the  classifier  2 that  yields  an  average  verification  accuracy 
of  91.5%  at  0.01%  FAR.  We  evaluate  the  performance  of  the  fusion  algorithms  and 
the  rraulta  are  consbtent  with  multirlnasifier  face  verification.  The  | imposed  fusion 
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Figure  17.2:  ROC  of  the  proposed  fusion  framework  with  Sum  rule.  DS  theory 
fusion.  TDM,  DSm  and  PCR  rule  for  multidassifier  fact  verification. 


framework  with  PCR5  rule  efficiently  handles  highly  conflicting  canes  that  are  caused 
due  to  variations  in  fingerprint  image  quality  compared  to  other  belief  model  based 
fusion  rules.  'Hie  proposed  framework  with  PCR5  rule  is  the  most  stable  fusion 
algorithm  and  yields  99.1%  average  verifleation  accuracy. 


17.G  Unification  of  fusion  rules 

Existing  fusion  algorithms,  including  the  proposed  fusion  framework,  may  not  fulfill 
all  the  requirements  (Le.  high  verification  accuracy  and  low  computational  time)  of 
a real  world  biometric  system  and  provide  optimal  performance  for  nil  scenarios.  In 
our  recent  research  paper,  we  pruptaed  an  unification  framework  to  efficiently  address 
both  accuracy  and  time  complexity  of  multimodal  biometric  fusion  [30[.  Inspired  from 
Smarandodie’s  theoretical  concept  [22]  and  research  by  Woods  cl  al  on  dynamic  clas- 
sifier selection  [32],  the  unification  algorithm  includes  a riillectinu  of  fusion  algorithms. 
For  n probe  case,  the  input  biometric  evidences  such  os  match  scores,  image  quality 
scores  and  verification  accuracy  prior  are  used  to  dynamically  select  the  optimal  fu- 
sion algorithm  for  information  fusion.  In  [30].  we  proposed  a framework  that  unifies 
the  sum  rule  fusion  with  the  DSm  fusion  rule,  The  sum  rule  is  simple  and  eflrctive 
for  cases  with  minor  conflict  whereas  DSm  fusion  performs  redistribution  of  conflict- 
ing beliefs  and  yields  good  performance  with  highly  conflicting  information  at  the 
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Figure  17.3:  ROC  of  the  proposed  fusion  framework  with  Sum  rule,  DS  theory 
fusion,  TBM,  DSm  and  PCR  rule  for  muUidosstfier  fingerprint  verification. 


exptmae  of  computational  time.  Hie  proposed  unification  framr»\irk,  in  which  sum 
rule  and  DSm  fusion  algorithms  are  unified,  improves  the  verification  performance 
both  in  terms  of  accuracy  and  computational  time.  More  details  of  the  unification 
algorithm  can  be  obtained  from  (30). 


17.7  Conclusion 

This  chapter  preswila  a framework  for  multi' biometric  match  score  fusion  when  non- 
ideal  conditions  cause  conflict  in  the  results  of  different  classifiers.  The  proposed 
framework  uses  a belief  model  based  fusion  algorithm  to  effectively  fuse  the  match 
scores.  The  framework  cotnbina  statistical  model  with  belief  function  models  by 
using  density  estimation  technique,  belief  model  fusion  rules  and  statistical  classlica- 
tim.  Thus,  it  has  the  properties  of  both  statistical  fusion  approaches  as  well  as  belief 
function  rules.  Experimental  results  on  mull  iclassilier  face  tenheutnm  and  multicla*' 
siiier  linger  print  verification  show  that  the  proposed  fusioo  fromrwork  with  PCR5 
rule  yields  the  best  vrnlication  accuracy  even  when  the  individual  biometric  claau- 
fiers  provide  highly  conflicting  match  scares.  As  a future  work,  the  fusion  framework 
can  be  generalised  without  Gaussian  assumption  and  the  recently  proposed  DSniP 
can  be  included  for  improved  performance. 
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Abstract:  We  propose  m this  chapter  a cimlenl-hased  information 

retnezal  frumewori:  to  select  document*  in  a database,  cxmnsttng  of 
several  image*  tenth  semantic  in/nrmuiiofL  Information  in  these  doc- 
uments is  no!  only  heterogeneous,  but  also  often  incomplete.  So, the 
method  we  propose  may  rearer  a uide  range  of  applications.  To  se- 
lect the  most  relevant  cutct  m tAe  database,  for  a query,  a degree  of 
match  betueen  tuvs  cases  i a defined  for  each  case  feature,  and  these 
degrzes  of  match  are  fused.  Tseo  different  fusion  models  are  pro- 
posed: a Shafer *s  model  consisting  of  turo  hypotheses  and  a hybrid 
DSm  model  consisting  of  jV  hypotheses,  inhere  S u the  num6er  of 
cases  in  the  dalabste.  They  allow  us  to  model  our  confidence  in 
each  feature . and  tahe  it  into  account  m the  fusion  process , to  im- 
prove the  retrieval  performance . Tv  include  images  in  sticA  a system, 
tie  chamcteriie  them  by  their  digital  content . The  proposed  meth- 
ods are  applied  to  fm?  multimodal  medical  datubuev  for  computer 
aided  diagnosis:  a cctmpans on  uniA  other  retrieval  methods  u*  pro- 
posed recently  is  provided.  A mean  prrcinvn  at  /it*  of  81. 8%  and 
84.8%  mas  obtained  on  a diabetic  retinopathy  and  a mammography 
database,  respectively;  the  methods  are  precise  enough  to  be  used  in 
a diagnosis  aid  system. 
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18.1  Introductiou 

Case-based  reasoning  (CHK)  |1]  was  introduced  in  the  early  lfltHhi  as  a new  decision 
support  tool.  It  is  based  on  the  assumption  that  analogous  problems  have  similar 
solutions'  to  help  interpreting  a new  case,  similar  coses  are  retrieved  from  a database 
and  returned  to  the  user.  In  this  chapter,  we  focus  on  CBR  in  multimodal  databases, 
’lb  retrieve  heterogeneous  information,  some  simple  approaches,  based  on  early  fu- 
sion (21,  24|  or  late  fusion  (14,  26]  have  been  introduced  in  the  literature.  Recently,  an 
elaborate  retrieval  method,  based  on  dissimilarity  spaces  and  relevance  feedback,  has 
also  been  proposed  |5|.  In  the  same  time,  »e  proposed  several  other  approaches*  that 
do  not  rely  on  relevance  feedback,  and  can  efficiently  manage  missing  information 
and  the  nggregutiun  of  heterogeneous  features  (symbolic  and  multidimensional  digi- 
tal information).  The  first  approach  is  based  on  decision  trees  [15],  The  second  one 
is  baaed  on  Bayesian  networks  [16].  We  introduce  in  this  chapter  a third  approach, 
based  on  DSmT:  information  coming  from  each  case  feature  F,,  i = l.  Af,  is  used 
to  derive  on  estimation  of  the  degree  of  match  between  a query  case  and  a case  in 
the  database.  A case  feature  F,  can  be  either  a nominal  variable,  an  image  acquired 
using  a given  modality,  or  any  other  type  of  signal.  These  estimations  are  then  fused, 
in  order  to  define  a consensual  degree  cif  match,  which  is  used  to  retrieve  the  must 
relevant  cases  for  the  query.  In  order  to  model  our  confidence  in  the  estimation  pro- 
vided by  each  source  of  evidence,  we  piopuse  two  fusion  models  based  on  DSmT.  The 
Brat  one  is  based  on  a Shafer’s  model  consisting  of  two  hypotheses*.  The  second  one  is 
based  on  a hybrid  DSm  model  consisting  of  JV  hypotheses*,  where  N is  the  number  of 
rases  in  the  database  Finally,  the  cases  in  tbe  database  maximizing  the  consensual 
degree  of  match  with  the  query  ore  returned  to  the  user. 

The  propened  approach  is  applied  to  computer-aided  diagnosis.  In  medicine,  tbe 
knowledge  of  experts  is  a mixture  of  text  book  knowledge  and  experience  through  real 
life  clinical  case*.  So,  tbe  aasumption  that  analogous  problems  have  similar  solutions 
is  backed  up  by  physicians’  experience  Consequently,  there  is  a growing  interest  in 
the  development  of  medical  decision  support  systems  based  on  CBR  [4],  especially  to 
assist  the  diagnosis  of  physicians.  Such  systems  are  intended  to  be  used  as  follows: 
when  a physician  has  doubts  about  his  diagnosis,  be  sends  the  available  patient  data 
to  the  system.  The  must  similar  cases,  along  with  their  medical  interpretations,  are 
retrieved  from  the  database  and  returned  to  the  physician,  who  can  then  compare  his 
case  to  these  retrieved  cases.  Renaming  by  analogy,  the  physician  may  so  rnuBrin  or 
invalidate  his  diagnosis. 

Medical  cases  often  consist  of  digital  information  like  Images  and  symbolic  in- 
formation such  as  clinical  annotations.  Diabetic  retinopatby  experts,  for  instance, 
analyze  multimodal  series  of  images  together  with  contextual  information,  such  as 
the  age,  the  sex  and  the  medical  history  of  tbe  patient.  So,  to  use  all  the  information 
available.  »v>  have  to  manage  both  digital  and  semantic  information.  On  one  hand, 
there  are  some  medical  CBR  systems  designed  to  manage  symbolic  information  (6). 
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On  the  oilier  hand,  some  systems,  baaed  on  Content-Based  Image  Retrieval  [20],  have 
been  designed  to  manage  digital  images  |13],  However,  few  attempts  have  been  made 
to  merge  the  two  kinds  of  approaches.  Actually,  in  some  systems,  it  is  possible  to 
formulate  both  textual  and  digital  queries  in  parallel  (2,  11],  but  the  two  kinds  of 
information  axe  processed  separately.  In  another  system,  a text  based  and  an  image 
based  similarity  measure  ore  combined  linearly  into  a common  similarity  measure  |18j. 
Nevertheless  in  our  application,  none  of  those  solutions  is  suitable  to  use  at  best  the 
relationships  between  symbolic  and  digital  information  Our  approaches  are  efficient 
solutions  foe  information  retrieval  based  on  both  clinical  descriptors  and  digital  image 
features.  Mure,  they  take  into  account  the  fact  that  the  information  is  often  incom- 
plete and  uncertain. 

The  objectives  are  detailed  in  section  18.2.  Shafer's  model  is  presented  in  section 
1*3  and  the  hybrid  DSm  model  in  section  18  * The  proptned  approaches*  are  applied 
to  computer-aided  diagnosis  of  diabetic  retinopathy  and  mammography  in  section 
18.5:  we  provide  a comparison  with  the  other  two  multimodal  information  retrieval 
methods  we  proposed  [15,  16].  We  end  with  a discussion  and  a conclusion  in  section 
18.6. 


18.2  Objectives 

As  mentioned  before,  we  have  already  proposed  methods  to  manage  databases  with 
heterogeneous  information.  But  they  do  not  take  into  account  the  uncertainty  of 
information  and  the  pcasiblr  conflicts  between  some  feature  values*.  We  propose  to 
evaluate  the  contribution  of  DSmT  fur  medical  CBR,  in  comparison  with  the  other 
two  multimodal  retrieval  methods  we  propened.  For  this  purpose,  let  us  remind  the 
evaluation  procedure  we  use.  Let  (xj )»»!..«  be  the  coses  in  the  database  and  x, 
be  a cose  placed  as  a query  to  the  retrieval  system.  The  system  retrieves  fc  cases 
from  the  database,  where  k is  chosen  by  the  users.  The  objective  b to  maximise  the 
percentage  of  relevant  caws,  according  to  the  users,  among  the  k retrieved  raws*  'Ibis 
percentage  is  called  the  precision  at  k.  For  each  method,  we  define  a degree  of  match 
(or  a similarity  measure)  between  cases,  and  the  k cases  in  the  database  maximizing 
the  degree  of  match  with  x,  are  retrieved.  We  tune  the  definition  of  the  degree  of 
match  in  order  to  maximize  the  percentage  of  relevant  cases  among  the  k retrieved 
cases,  by  training  these  methods  Fbr  this  purpose,  the  cases  in  the  database  have 
to  be  classified  by  the  users,  in  order  to  catch  their  perception  of  relevance  bet  ween 
cases.  Then,  the  database  is  divided  into  a training  dataset  and  an 

evaluation  dataset  (xf 


18.3  Shafer's  model  for  information  retrieval 

In  order  to  select  the  k cases  to  retrieve  for  a query  x,.  we  compute  the  similarity 
of  each  case  x,  in  thr  database,  j = 1...V,  with  r,.  For  this  purpeoe.  we  first  eo- 
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tlmalr,  for  each  case  feature  Fi,  the  decree  of  match  between  x>  and  r0  according 
to  F„  denoted  drn,(r,.r,).  'lVj  compute  throe  estimations,  we  define  a finite  num- 
ber of  states  /„  for  each  feature  F, . ( — 1...V/,  and  we  confute  the  membership 
degree  of  any  case  y to  each  state  /„  of  F\.  noted  oa,(y).  y denote*  either  x,  ur  x„ 
j = 1..N.  If  F,  is  a nominal  variable,  a„(y)  ia  Boolean;  for  instance,  if  y is  a male 
then  a-,„<-.-maj."(v)  = I “'1  •/■n.ai.-(v)  = 0.  If  F,  b an  image  (or  any  type 

of  signal),  the  definition  of  /,»  and  u,.(y)  is  given  in  section  18.3.1.  The  estimation 
of  the  degree  of  match  between  t,  and  i,  according  to  F,,  namely  dm,(x,,x,),  is 
cuinputed  on  described  in  section  18.3.2. 

These  estimations  ore  then  combined  The  frame  of  discernment  used  In  the  fusion 
process  is  described  in  *ctiun  18.3.3.  A belief  mam  function  is  first  derived  from  each 
fstlmatinn  of  the  degree  of  match,  provided  by  a cose  feature  (see  section  18.3.4).  It  is 
designed  In  order  to  give  more  importance  in  the  fusion  process  to  sources  of  evidence 
in  which  we  have  more  confidence  These  belief  maw  functions  are  then  fused  (see 
section  18.3,5)  and  a consensual  degree  of  match  between  r,  and  x,  is  derived:  this 
consensual  degree  of  match  is  used  to  find  the  k cases  in  the  database  maximising 
the  similarity  with  x,  (see  section  18.3.6). 


18.3.1  Image  processing 

If  the  cane  feature  ia  a nominal  variable,  defining  states  /,.  lor  F,  is  straightforward, 
it  is  more  difficult  fur  images  To  define  states  for  images  of  a given  type,  we  propose 
to  follow  the  usual  steps  of  Content-Based  Image  Retrieval  (CBIH)  |20j,  that  is:  1) 
building  a signature  fin  each  image  (Le.  extracting  a feat  ure  vector  summarising  their 
digital  content),  and  2)  defining  a distance  measure  between  two  signatures.  As  a 
consequence,  measuring  the  distance  between  two  image*  comes  down  to  measuring 
the  distance  between  two  signatures.  Similarly,  defining  states  fi«  images  of  a given 
type  comes  down  to  defining  stains  for  the  signatures  of  the  corresponding  images. 
For  this  purpose,  we  duster  similar  image  signatures,  as  described  below,  and  we 
associate  each  cluster  with  a state.  By  this  procedure,  images  can  be  piocemed  by 
the  retrieval  method  like  any  other  feature. 

In  previous  studies  on  CB1R,  we  used  a customized  wavelet  dccompixition  to  ex- 
tract signatures  from  images  |10j.  Thrae  signatures  characterise  the  distribution  of 
the  wavelet  coefficients  in  each  subband  of  the  decomposition.  Wouwer  [25;  showed 
that  the  wavelet  coefficient  distribution,  in  a given  subband,  can  be  modeled  by  a 
generalized  Gaussian  function.  We  define  the  signature  os  the  juxtaposition  of  tbe 
maximum  likelihood  estimators  of  tbe  wavelet  coefficient  distribution  in  each  sub- 
band. lb  define  a distance  measure  between  signatures,  we  used  a symmetric  version 
of  tbe  Kullback- Leibler  divergence  between  wavelet  coefficient  distributions  [8|:  tbe 
distance  between  two  images  ia  a weighted  sum  of  these  symmetrised  divergences  [10]. 
The  ability  to  select  a weight  vector  and  a wavelet  basis  makes  this  image  represen- 
tation highly  tunable. 
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In  order  lo  deline  stale*  for  images  of  a given  type  Ft,  we  cluster  similar  images 
with  on  unsupervised  clarification  algorithm,  thanks  to  the  image  signatures  and 
the  associated  distance  measure  above.  The  Putty  C- Means  algorithm  (FCM)  [3] 
was  used  for  this  purpose:  each  case  y is  assigned  to  each  cluster  s with  a fuzzy 
membership  o„(p),  0 < o,.(p)  S 1.  >">di  that  V,  a„(y)  = 1, 

Other  features  can  be  discret Bed  similarly:  the  age  of  a person,  munodimensiunal 
signals,  videtn,  etc. 


18.3.2  Estimation  of  the  degree  of  match  for  a feature  F, 


We  have  to  define  a similarity  measure  between  two  cases  from  their 
degree  to  each  state  of  a feature  F,.  We  could  assume  that  cases  with  membership 
degrees  clme  to  that  of  x,  are  the  moat  liable  lo  be  relevant  for  So.  a similarity 
measure  between  x,  and  x„  according  to  a case  feature  F,.  may  be  V.  o„(x,)a„(x,). 
However,  this  assumption  is  only  appropriate  if  all  cases  in  a given  class  tend  to  be 
at  the  same  stale  fat  F,.  Another  model,  more  general,  is  used:  we  assume  that 
cares  in  the  same  doss  are  predominantly  in  a subset  of  states  for  F,.  So,  to  estimate 
the  degree  of  match,  we  define  a correlation  measure  S,*  between  couple*  of  states 
Ut;  M °f  Fit  regarding  the  doss  of  the  coses  at  three  state*.  Sut  is  computed  using 
the  casei  (*f)Jmi.MT  in  the  training  dataset.  Let  c = 1..C  be  the  possible  classes  for 
in  the  database  We  first  compute  the  mean  membership  D,«  (resp.  D,u)  of 


i,  in  a given  class  c to  the  state  /„  (resp.  /„): 

„ *)“«(*?) 

— " " V,4<xJ'.c| 

jrDL  = iM‘'j) 


(18.1) 

<18.2) 


where  \e)  = 1 U x j bdoogi  to  cUsa  c,  4(xj\c)  = 0 otherwhbc,  aari  )iba 
nunnolixing  factur  chuten  90  that  equation  18.2  liokis.  SXBt  b given  by  equation  18.3: 


•r.f 


= £Ou<0-. 


So  we  estimate  the  degree  of  rnaldi  between  the  two  i 
a case  feature  F,.  as  follows: 


(18.3) 

x,  and  x,,  with  respect  to 


drn,(x,,x,|  = ^ ^-Q..<xJ)5„,o„(x>; 


<«•«) 


18.3.3  Designing  the  frame  of  discernment 

In  order  to  estimate  the  relevance  of  a care  x,  for  the  query  x,,  os  a consensus 
between  all  the  sources  ol  evidence,  we  define  two  hypolhr*es:  Q=~r,  is  relevant  for 
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x,"  and  Q=~ii  b not  relevant  lot  x«".  The  following  frame  of  discernment  b 
in  the  tunica  problem:  011*  = To  define  the  belief  mass  function  associated 


with  a given  *mrce  of  evidence,  I.e.  a feature  F(,  we 


mam  to  each  element 


in  D8*"  = Q'~'Q,  Q<jQ}  In  fact,  it  b meaningless  to  assign  a masa  to 

Q O <5,  as  a consequence,  we  only  assign  a maos  to  elements  in  D*’"'  \Q  ClQ  = 
{i\Q,Q,QuQ}  = 2e"\  We  are  thus  designing  a Shafer's  model  consisting  of  two 
hypotheses. 


18.3.4  Defining  the  belief  mass  functions 

To  cumpute  the  belief  mass  functions,  *e  define  a test  T,  an  the  degree  of  match 
drri,(x,,x,):  7',  b true  if  dm(x,,x,)  >=  t,  and  false  otherwise,  0 < r,  < 1.  The  belief 
masses  are  then  assigned  according  to  T,: 


• m,[Qj  = /’(7’,|r,  is  reJeianf  for  x,)  — • the  sensitivity  of  7’, 

• m,(Q'jQ)  = l-m,(Q) 

• m‘(Q)  = o 

• else 

• m,(0)  = P(7',|x,  is  not  relevant  for  x,)  — the  specificity  of  T, 

• m,(<?U<3)  = l-m,«J) 

• m,(Q ) = 0 

The  sensitivity  (resp.  five  specificity)  represents  the  degree  uf  confidence  in  a positive 
(resp.  negative)  answer  to  test  T;  m,(Q  U Q).  the  belief  mam  assigned  to  the  total 
ignorance,  represents  the  degree  of  uncertainty:  the  higher  fins  term,  the  lower  our 
confidence  in  the  case  feature  F,.  The  sensitivity  and  the  specificity  of  T„  lot  a 
given  threshold  r,.  are  estimated  using  each  pair  of  cases  (x*,Xg  ) in  the  training 
dataset,  one  playing  the  role  of  x,,  the  other  playing  the  role  of  x,.  The  sensitivity 
(resp.  the  specificity)  is  estimated  by  the  average  number  of  pairs  for  whidi  T,  b 
true  (resp.  fate)  among  the  pairs  of  cases  belonging  to  the  same  class  (resp.  to 
different  classes).  7',  b appropriate  if  it  b both  sensitive  and  specific  As  r.  increases, 
sensitivity  increases  and  specificity  decreases.  So,  we  set  r,  as  the  intersection  of  the 
two  curves  'sensitivity  according  to  r,"  and  “Specificity  according  to  r,".  A binary 
search  b used  to  find  the  optimal  r,. 


18.3.5  Fusing  the  belief  mass  functions 

If  the  i,h  case  feature  b available  for  both  x,  and  x,.  the  degree  of  match  dm,(r,,x,) 
b estimated  (see  section  18.3.2)  and  the  belief  mam  function  b computed  according  to 
test  T,  (see  section  18.3.4).  TTie  computed  belief  mass  functions  are  then  fused.  Let 
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Af ' S Af  be  the  number  uf  belief  mass  functions  to  fuse.  Usual  rules  of  cumliinatioo 
have  n time  complexity  exponential  in  Af',  which  might  be  a limitation  So  we 
propose  a rule  of  combination  for  problems  consisting  of  two  hypotheses  ( Q and 
Q in  our  application),  adapted  from  the  Proportional  Conflict  Redistribution  (PCK) 
rules  [19],  with  a time  complexity  evolving  polynomial]/  with  A/’  (ace  appendix  1B.B). 


18.3.6  Identifying  the  most  similar  cases 

Once  the  murces  available  foe  x,  are  fused  by  the  proposed  rule  of  combination, 
a decision  function  is  used  to  cumpule  the  riiusenaual  degree  of  match  between  r, 
and  x,.  We  exprev  this  cunsrnsual  degree  of  match  either  by  the  credibility  (cl. 
equation  18.5),  the  plausibility  (<£  equation  18.6),  or  the  pignut ic  probability  of  Q 
(cl.  equation  18.7). 

Bd(A)  = £ m(B)  (18.5) 

fl€D*».  BCA.Bgi 

PI(A)=  £ m (fl)  (18.6) 

ArnB44 

Bc,P(A)=  V C"(-4'?6)m(fl)  (18.7) 

Cm{B) 

The  notation  B 2 ® means  that  fl  2 fl  and  fl  has  not  been  furred  to  be  empty 
through  the  constraints  of  the  model  M\  C.m(A)  denotes  the  number  ul  parts  of  fl 
in  the  Venn  diagram  of  the  model  M(&)  |7,  22].  It  emerges  from  our  applications 
that  using  the  pignistic  probability  of  Q leads  to  a higher  mean  precision  at  * (more 
elaborate  decision  functions  might  improve  the  retrieval  performance).  The  pignistic 
probability  uf  Q.  BetP(Q),  is  rumputrd  according  to  equation  18  8. 

Bc,P(Q)  = m/  (Q)  + (18.8) 

The  k cases  maximising  BctP(Q)  are  then  returned  to  the  user. 


18.3.7  Managing  missing  values 

The  proposed  method  wurks  even  if  some  features  are  missing  fur  x,  and  x,:  we  sim- 
ply take  into  account  the  sources  of  evidence  available  fur  both  x,  and  x,.  Hcm-ever. 
it  may  be  more  elDcient  tu  take  also  into  account  infunnatioa  available  for  unly  one 
of  the  two  cases. 

A solution  is  to  use  a Bayesian  network  modeling  the  probabilistic  dependencies 
between  the  features  F„  i = l..Af.  The  Bayesian  network  is  built  from  the  training 
dataset  automatically  [16j.  We  use  it  to  infer  the  pinterii*  probability  uf  the  features 
F,  unavailable  foe  x,,  but  available  fur  x9.  As  a consequence,  all  the  features  available 
flu  x,  are  used  to  infer  the  posterior  probability  uf  the  other  features.  And  all  the 
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features  available  fur  19  air  involved  in  five  fusion  process:  a belief  mag  function  b 
deiined  for  each  feature  available  for  t,. 


18.4  Hybrid  DSra  model  for  iuforinatioa  retrieval 

In  the  model  presented  in  section  18.3.  we  have  estimated  the  probability-  that  each 
case  x,  in  the  database  is  relevant  for  the  case  1,  placed  as  a query,  j = 1...Y.  In  this 
secund  model,  «e  slightly  reformulate  the  retrieval  problem-  we  estimate  the  probabi- 
lity that  z,  is  relevant  for  each  case  1,  in  the  database,  j = 1..JV.  The  interest  of  this 
new  formulation  b that  we  can  include  in  the  model  the  similarity  between  cases  x,. 
To  find  the  casra  maximising  the  similarity  with  the  query  in  the  database,  we  nssras 
the  following  hypotheses  -V,  = -x,  is  relevant  for  x,’\  j = l .iV,  and  we  select  the  k 
most  likely:  the  k corresponding  cases  x,  are  thus  returned  to  the  user.  As  a conse- 
quence. a different  frame  of  discernment  b used  (see  section  18.4.1).  The  likelihood 
of  each  hypothecs  .Vj,  j = I..N,  b estimated  fur  each  feature  F,.  ■ = l.Jkf.  These 
estimations  ore  based  on  the  same  degree  of  match  that  was  used  in  the  previous 
model  (see  section  18.3.2). 

Since  we  use  a new  frame  of  discernment,  a new  belief  mam  function  b deiined 
for  each  feature  F,  (see  section  18.4.2).  These  belief  mass  functions  are  then  fused 
(see  section  18.4.3).  And  a consensual  estimation  of  the  likelihood  of  .V,  b derived: 
the  consensual  estimation  of  the  likelihood  b used  to  find  the  rases  in  the  database 
maximising  the  similarity  with  r9  (see  section  18.4.4). 


18.4.1  Designing  the  frame  of  discernment 

The  following  frame  of  discernment  b used  in  the  new  fusion  problem:  0™  = 
(A’i,  Xi, ....  Xs).  The  cardinal  of  D"  b hyper-exponential  in  .V.  As  a conse- 
quence. to  solve  the  fusion  problem,  it  b necessary  to  set  some  constraints  in  the 
model.  We  are  thus  designing  a hybrid  DSm  model.  These  constraints  are  ahu  Jus- 
tified from  a logical  point  of  view:  a pnnn,  if  two  cases  r,  and  r>  are  dissimilar, 
or  if  x„  and  it  belong  to  different  classes  (as  indicated  by  the  users),  tben  the  two 
hypotheses  X.  and  X , are  incumpatihlc. 

'lb  design  the  frame  of  discernment,  we  first  build  an  undirected  graph  G,  = 
(V,  E).  that  we  call  compatibility  graph.  Each  vertex  v 6 V in  this  graph  represents 
an  hypolhesb,  and  each  edge  e 6 E represents  a couple  of  compatible  hypotheses.  To 
build  the  compatibility  graph,  each  case  j,  in  the  database,  J = 1...V,  b connected  in 
the  compatibility  graph  G.  to  its  I nearest  oeighbora  The  dbtauce  measure  we  used  to 
find  the  nearest  neighbors  b simply  a linear  combination  of  heterogeneous  distance 
functions  (one  for  each  case  feature  F,),  managing  inbsing  information  (24].  The 
complexity  of  the  fusion  process  mainly  depends  on  the  cardinality  of  the  largest  clique 
in  <?-  (a  clique  b a set  of  vertices  l"  such  that  fur  every  pair  of  vertices  (u,  r)  € V'1, 
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there  in  an  edge  connecting  u and  v).  The  number  / is  dowdy  related  to  the  cardinality 
of  the  largest  clique  in  G,  and  consequently  to  the  complexity  of  tbe  fusion  process. 
I woo  set  to  tree  in  the  application  (see  section  1S.5).  The  Venn  diagram  of  the  model 
.Mf©'11)  is  then  built:  lot  this  purjKee.  we  identify  the  cliques  in  Gc.  os  described  in 
figure  18.1. 


Figure  18.1:  Building  the  frame  of  discernment  from  the  compatibility  graph. 
Hypotheses  associated  with  cases  in  the  same  class  are  represented  with  the 
same  color. 


18.4.2  Defining  the  belief  mass  functions 

For  each  feature  F„  the  belief  mam  function  m,  b defined  as  follows.  We  first  identify 
the  set  of  cases  s'<M  ,uch  that  ifm,(x,,r,)  is  greater  than  a threshold  r,'. 

j = 1..N'  £ N: 

• a belief  mass  m,i  b assigned  to  the  set  (jjC?*  X» 

• anil  a belief  maos  m<j  = 1 — rxiii  b asaigned  to  the  total  Ignorance  (J'V_,  X,. 

r,'  b searched  similarly  to  threshold  r,  (see  section  18.3.4)  with  the  following  test: 
X,  b true  if  difi,(x,,x,)  > t,\  otherwise  X,  b fabe;  we  perform  a binary  search  to 
find  the  threshold  maximising  the  minimum  of  the  sensitivity  and  of  the  specificity  of 
that  test,  whatever  X,  (a  single  threshold  b searched  for  each  case  feature).  m,i 
b defined  as  the  sensitivity  of  that  test. 


480 


Chapter  IS:  Multimodal  information  retrieval  based  on  DSmT  . . . 


18.4.3  Fusing  the  belief  mass  functions 

Once  tbe  Venn  diagram  of  tbe  mode]  ,M(8(3>)  hni  been  designed,  we  ansciate  a 
unique  number  with  each  element  in  this  diagram  Tbe  belief  mass  function  rnt 
defined  above  is  then  encoded  as  follows: 

• a binary  string  denoted  e»(A)  is  assigned  to  each  set  A € D*  *'  such  that 
mt(A)*0, 


• the  )ik  character  in  tiir  string  e<{A)  in  1 if  and  only  if  tbe  set  in  tiie  Venn 
diagram  b included  in  A. 

In  tncmuiy,  the  binary  strings  arv  encoded  as  byte  strings:  we  associate  each  element 
in  the  diagram  with  a bit,  and  bit*  are  grouped  eight  by  eight  into  bytes.  Tbe  elements 
of  tbe  Venn  diagram  form  a partition  of  H = Ujti  Xt.  as  a consequence,  tbe  following 
equation  buhls: 

c,(AnB)  =c,(  A)  nc,(B)  (1B.9) 

let  us  consider  thr  following  three-source  problem,  iiluai rated  in  figure  18.2. 


Tin*  frame  of  dfamunent  cotisists  at  five  elements:  0<a>  = <Xi,  X2,  X3,  Xt,  A\), 
where  .Yi  = <0.5. 6, 9).  X 3 = {1.5.7.9},  X*  = <2. 6,7.9).  A'«  = <3.8)  and  Xt  = 
R8). 

These  belief  made  function!  are  fused  sequent  ially: 

. fusion  of  mi  and  mj  by  the  PCR5  rule  — mu  t“t. 

• fusion  of  mu  and  rns  by  the  FCRS  rule  — mm, 


• etc. 


Jit 


As  we  fuse  the  belief  mass  functions,  tbe  number  of  elements  A 6 D8  *'  satisfying 
mj(A)  ^ 0 increases.  To  kcwb  these  elements  and  update  their  mass,  we  rank  them 
in  alphabetical  under  of  et(A):  we  can  thus  occob  them  quickly  with  a binary  search 
algorithm. 


Detecting  conflicts  between  two  suimxrs  is  mode  easier  with  this  representation: 
if  e,(A>  n*,<fi)  = 0,  A € D**”',  B € D*”,  thro  .4  and  B are  conflicting.  On  the 
example  above,  tbe  fused  belief  mans  function  we  obtain  i»  illuntraied  in  figure  18.3. 
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(a)  mi 


m,(AT,  UX2)  = 00,  «n,(n)  = 0.4 

*•••*•08,76543210 
e,(-Vi  VX2)  = 00000010, 11100011 
e,(fl)  = 00000011,11111111 


ma(-V4)  = 0.7,  m,(  11)  = 0.3 

••••••98,76543210 

e3{Xt)  = 00000001,00001000 

ej(n>  = oooooon,  liiiini 


m3(ATa  U ATS)  = 0.8,  ma( 0)  = 0.2 

*•••*•98,76543210 
<3(.Xa  UA'b)  = 00000011, 10110010 
ei(Q)  = 00000011, 11111111 


Figure  18.2:  Encoding  the  belief  mass  functions. 
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Figure  18.3:  Fused  belief  mass  function:  this  figure  represents  the  sets  to  which 
a non-zero  belief  mass  has  been  assigned. 
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18.4.4  Identifying  the  most  similar  cases 

Guo-  the  belief  maos  functions  are  fused,  the  pigniaUc  probability  of  cadi  element 
Xj  e 0(11  i»  computed  (see  equation  18.7),  lib*  in  tbe  previous  model  (see  section 
183.0):  it  b used  os  tbe  consensual  estimation  of  tbe  likelihood  of  X,.  For  instance, 
the  computation  of  belP(X»)  is  given  below: 

BetPIXt)  = i • 0.405  + i 0.101  + I • 0.096  + • 0.024  = 0.527  (18.10) 

1 2 ti  10 

Then,  the  * cases  x,  in  tbe  database  mumming  BctP(X,)  are  relumed  to  tbe  user. 


18.4.5  Managing  missing  values 

Like  in  the  previous  model,  we  can  use  a Bayesian  network  to  better  manage  trussing 
information.  The  Havre  inn  network  described  in  section  1B3.7  b used  to  infer  the 
posterior  probability  of  the  features  F,  unavailable  fur  the  query  x,. 


18.5  Application  to  computer-aided  medical  diagnosis 

The  pruptned  methods  have  been  evaluated  on  two  multimodal  medical  databases,  fur 
computer-aided  medical  diagnosis.  The  first  one  (DUD)  b being  built  at  the  lnserm 
U650  laboratory  in  collaboration  with  ophthalmologists  of  Brest  University  Hus|iltal. 
Tbe  second  one  (DDSM)  b a public  accca*  database. 


18.5.1  Diabetic  retinopathy  database  (DRD) 

Tbe  diabetic  retinopathy  database  contains  retinal  images  of  diabetic  patients,  with 
associated  onunymixed  information  on  the  pathology.  Diabetes  b a metabolic  iliwirdcr 
characterised  by  a sustained  high  sugar  level  in  the  bkiod.  Progrereively,  blood  vesteb 
ore  affected  in  many  organs,  which  may  lead  to  serious  renal,  cardiovascular,  cerebral 
and  alwi  retinal  aunpliratinna.  In  the  latter  case,  the  pathology',  namely  diabetic 
retinopathy,  can  cause  blindness.  Patients  have  been  recruited  at  Brest  University 
Hmpilal  since  June  2003. 
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The  database  consists  of  67  patient  records  containing  1112  photographs  alto- 
gether. The  disease  severity  level,  according  to  ICDRS  claadlicatiou  |23],  was  as- 
sessed by  experts  for  each  patient.  The  distribution  of  the  disease  severity  among 
the  67  patients  is  given  in  table  18.1.  Images  have  a delinition  of  1280  pixels /line  foe 
1008  lines/image.  They  are  lossless  comp  rased  images,  acquired  by  experts  using  a 
Tupcon  Hetinal  Digital  Camera  (TRC-501A)  connected  to  a computer. 


j Database 

Disease  severity 

Number  uf  | 

iuttri& 

no  apparent  iliabetic  retinopathy 

mild  non-proliferative 

moderate  non-proliferative 

22 

severe  non-proliferative 

•J 

proliferative 

•J 

treated /non  active  diabetic  retinopathy 

11 

DDSM 

normal 

695 

benign 

669 

cancer 

913 

Table  18.1:  Patient  disease  severity  distribution. 


An  example  of  image  sequence  is  given  in  figure  18.4  The  context  ual  information 
available  is  the  age,  the  sex  and  structured  medical  information  about  the  patient 
(see  table  18.2).  Patient  records  consist  of  10  images  per  eye  (see  ligure  18.4)  and  13 
contextual  attributes  at  moat;  12.1%  of  those  images  and  40  5%  of  these  contextual 
attribute  values  are  missing. 
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Attributes 


Possible  values 


General  cl 


3 context 

nnnny 

clinical  context 


diabetes,  glaucoma, 
blindness,  misc. 


meilical 
rlinlriil  context 


surgical 
clinical  context 


arterial  hypertension, 
dyslipidemia,  pxotenuria, 
renal  dialysis,  allergy,  misc. 
cardiovascular, 
pancreas  transplant, 
renal  transplant,  misc. 


npht  halmmngir 
clinicnl  context 


cataract,  myopia,  AMD, 
glaucoma, unclear  medium, 
cataract  surgery, 
glaucoma  surgery,  misc. 


diabetes  context 

diabetes  type 

none,  type  1,  type  11 

diabetes  duration 

< 1 year,  1 to  5 years. 

5 to  10  years.  > 10  years 

diabetes  stability 


glycosylated  hemoglobin 

^IsuTTn"uT|ecuiur— u^uIuTTiuuIp” 

anti-diabetic  drug  4-  insulin, 
anti-diabetic  drug, 
pancreas  transplant 


Eye  symptoms  before 
the  angiography  test 
ophthalmologicaliy 


none,  systematic  ophthalmologic 
screening-known  diabetes, 
recently  diagnosed  diabetes  by  check-up, 
diabetic  diseases  other 
than  ophthalmic  ones 
none,  infection,  unilateral  decreased 
visual  acuity  (DVA),  bilateral  DVA, 
neo vascular  glaucoma,  intra-retinal 
hemorrhage,  retinal  detachment,  misc. 


symptomatic 


ophthalmolugicaliy 
asymptomatic 


Macuiopatby 

inaculopathy 


focal  edema,  diffuse  edema,  none,  ischemic 


Table  18.2:  Structured  contextual  information  for  diabetic  retinopathy  pa- 
tienta. 
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Images  (a),  (b)  and  (c)  are  photographs  obtained 
applying  different  color  filters.  Images  (d)  to  (j) 
form  a temporal  angiographic  series:  a contrast 
product  is  injected  and  photographs  are  taken 
at  different  stages  (early  (d),  intermediate  (e)-(i) 
and  late  (J)).  For  the  intermediate  stage,  pho- 
tographs from  the  periphery  of  the  retina  are 
available. 


0) 


Figure  18.4:  Photograph  sequence  of  a patient's  eye. 
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18.5.2  Digital  database  for  screening  mammography 

The  Digital  Database  (up  Sarroing  Mainmngraphy  (DDSM)  project  (9),  involving  the 
Moaiachusrtla  General  Hmpit.nl,  the  University  id  South  Florida  und  the  Sandia  Na- 
tional laboratories,  has  led  to  the  setting-up  of  a mamiuugraphic  image  database  fur 
research  on  breast  confer  screening.  This  database  consists  of  2277  patient  records. 
Each  one  includes  two  images  of  each  breast . associated  wit  h some  information  about 
the  patient  (the  age,  rating  for  abnormnlitia,  American  College  of  Radiology  breast 
density  rating  and  keyword  description  of  abnormalities)  and  information  about  im- 
ages (the  scanner,  the  spatial  resolution,  etc).  The  following  contextual  attributes 
are  taken  into  account  In  the  system: 

• the  age  of  the  patient. 

• the  breast  density  rating. 

Images  have  a varying  definition,  of  about  2000  pixels /line  for  5000  Lmes/image.  An 
example  of  image  sequence  is  given  in  figure  18.5. 


(a)  LCC  (b)  LMLO  (c)  RCC  (d)  RMLO 


Figure  18,5:  Mammographic  image  sequence  of  the  same  patient,  (a)  and  (b) 
are  two  views  of  the  left  breast,  (c)  and  (d)  are  two  views  of  the  right  one. 

Each  patient  record  has  been  graded  by  a physician.  Patients  are  then  classified 
into  three  groups:  'normal',  'benign'  and  'cancer'.  The  distribution  of  grades  arming 
the  patients  b given  in  table  18.1. 
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18.5.3  Objective  of  the  computer-aided  diagnosis  system 

Fbr  each  cane  placed  an  a query  by  a user,  we  want  to  iKncc  the  meat  similar  comb 
from  n given  database.  In  DRD.  the  number  of  cases  selected  by  the  system  is  set 
to  A:  = 5.  at  ophthalmologist’s  request,  they  consider  this  number  sufficient  lor  lime 
reasons  and  in  view  uf  the  good  results  provided  by  the  system.  For  comparison 
purposes,  the  same  number  of  cases  is  displayed  in  DDSM.  The  satisfaction  of  the 
user’s  needs  can  thus  be  assessed  by  the  precision  at  live,  the  percentage  of  costs 
relevant  for  the  query  among  the  topmost  live  results. 


18.5.4  Features  of  the  patient  records 

In  those  databases,  each  patient  record  consists  of  both  digital  images  and  contextual 
information.  Contextual  features  <13  in  DRD.  2 in  DDSM)  are  processed  as  in  the 
CBR  system.  Images  need  to  be  processed  in  order  to  extract  digital  features.  A 
usual  solution  is  to  segment  images  and  extract  domain  specific  information  (such  as 
the  number  of  lesions).  For  DRD.  we  use  the  number  of  microaneurysms  (the  most 
frequent  lesioo  uf  diabetic  retinopathy)  detected  by  the  algorithm  described  in  |17], 
in  conjunction  with  other  features.  However,  this  kind  of  approach  requires  expert 
knowledge  for  drier  mining  pertinent  information  in  images,  and  a robust  segmenta- 
tion of  images,  which  is  not  always  possible  because  of  acquisition  variability.  This 
is  the  reason  why  we  characierired  images  as  describes!  in  wrtion  18.3.L  An  image 
signature  is  thus  computed  for  each  kind  of  image  (10  for  DRD.  4 for  DDSM). 


18.5.5  Training  and  evaluation  datasets 

Both  databases  are  divided  randomly  into  a training  dataset  {&)%  of  tbe  database) 
and  an  evaluation  dataset  (2094  ill  the  database),  'lb  nssrssa  the  system,  each  case 
in  the  evaluation  dataset  a placed  sequentially  as  a query  to  the  system,  and  the 
live  client  cases  within  the  training  dataset,  according  to  the  retrieval  system,  are 
retrieved.  The  prvdsiun  at  live  is  then  computed.  Because  the  datasets  are  small, 
especially  fur  DRD,  we  use  a 5-fold  crons- validation  procedure,  so  that  each  case  in 
the  database  appears  once  in  the  evaluation  dataset. 


18.5.6  Results 

The  mean  precision  at  live  obtained  with  each  method,  on  the  two  medical  databases, 
is  given  in  table  18.3;  the  propped  methods  were  compared  to  an  early  [24]  and  a late 
fusion  method  [14],  and  to  the  other  two  multimodal  information  retrieval  methods 
we  proposed  [15,  16],  as  well.  For  both  databases,  we  obtain  a mean  precision  at  live 
greater  than  B09r;  it  means  that,  on  average,  more  than  four  cases  out  of  the  live 
rases  retrieved  by  the  system  are  relevant  fur  the  query. 
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Tra 

r»r<n 

"DDSM" 

Early  fUMton  12*1| 

TOJT 

7 1.1% 

Lot,  /vision  |14j 

99.4% 

70.8% 

Dtcvnim  ti (151 

81.0% 

92.9 % 

Boytsutn  ntUt'Ork*  |10| 

70.4% 

&.1% 

77.3% 

80.3% 

Hybrid  DStn  model 

78.6% 

82.1% 

Hybrid  DSm  model  -f  Bayesian  networks 

81. 8% 

84.8% 

Table  18.3:  Mean  precision  at  five  for  each  method. 


Clearly,  simple  early  ur  late  fusion  methods  are  inappropriate  to  retrieve  pat  ient 
records  efficiently:  in  the  rest  of  the  section,  we  will  focus  on  the  other  methods. 

The  mean  computation  time  required  to  retrieve  the  five  most  similar  aura,  using 
each  method,  is  given  in  table  18.4.  All  experiments  wen*  conducted  using  an  AMD 
Athlon  64-hit  bawd  computer  tunning  at  2 (!Hr.  Most  of  the  time  is  spent  during  the 
computation  of  the  image  signatures.  However,  note  that,  if  the  wavelet  coefficient 
distributions  are  simply  modeled  by  histograms,  the  time  required  to  compute  the 
signatures  can  be  greatly  reduced  (0.25  s instead  of  4.57  a for  D1UJ.  2 21  s instead  of 
35  89  s foe  DDSM). 

'Ib  study  the  robustness  of  these  methods,  with  respect  to  missing  values,  the 
following  procedure  has  been  carried  out: 

• foe  each  case  r,  in  the  database,  j = l..,V,  100  new  cases  are  generated  as 
follows.  Let  n,  be  the  number  of  features  available  for  x,.  each  new  cane  is 
obtained  by  removing  a number  of  features  randomly  selected  in  (0, 1, ....  n,  (. 

• we  plot  the  precision  at  five  according  to  the  number  of  available  features  for 
each  generated  case  (see  figure  18.6). 


Chapter  IS:  Multimodal  information  retrieval  based  on  DSmT  . . . 


Database 

DRD 

DDSM 

computing  the  signatures 
(for  1 image) 

—urr 

—ztstt 

computing  the  distance  with 
each  image  signature 
in  the  database  (for  1 image) 

1 0.033  s 

1.14  s 

mean  mineral  time 
(decision  trees  fJ5j) 

17.24  " 

—mrr 

mean  retrieval  lime 
(Bayesian  networks  [16}) 

| 40.12  » 

U$M  $ 

mean  retrietal  time 
(Shafer’s  model) 

-znrr 

US.  13  s 

mean  retrieval  time 

(Shafer’s  model  -f  Baye&ian  networks) 

40.58  s 

148.2?  s 

mean  retrieval  time 
(Hybrid  DSw  model) 

33.02  s 

149.94  s 

mean  retrieval  time 

(Hybrid  DSm  model  -f  Bayesian  networks) 

40.77  s 

1&6.61  s 

Table  18.4:  Computation  times. 


(*>  DRD  (b)  DDSM 


Figure  18.6:  Robustness  with  respect  to  missing  values. 
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We  can  see  from  these  plots  that,  using  the  two  DSmT  hosed  methods,  a satisfying 
precision  nt  live  can  be  obtained  faster,  as  new  features  are  available,  than  If  using 
the  decision  tree  based  method.  However.  when  the  patient  records  are  complete, 
the  decision  tree  based  method  is  more  efficient.  It  is  the  case  (or  DDSM,  in  which 
there  are  no  missing  information  (see  table  18.3).  With  the  proposed  methods,  a 
sufficient  precision  can  be  reached  before  all  the  features  are  inputted  by  the  user. 
As  a consequence,  the  user  can  stop  formulating  his  query  when  the  returned  results 
are  satisfactory  On  DRD  for  instance,  a precision  at  five  of  60%  can  be  readied 
after  inputting  lem  than  30%  of  the  features  (see  figure  18.6):  with  this  precision,  the 
majority  of  the  retrieved  cases  (3  out  of  5)  belong  to  the  right  class. 


18.6  Discussion  and  conclusion 

In  this  chapter,  we  introduced  two  methods  to  include  image  sequences,  with  contex- 
tual information,  in  a CBR  system.  The  first  method  is  based  on  a Shafer's  model 
consisting  of  two  hypotheses.  It  is  used  to  nasess  the  relevance  of  each  aw  in  the 
database,  independently,  far  the  query.  The  second  model  is  based  on  a hybrid  DStn 
model  consisting  of  N hypotheses,  one  for  each  rase  in  the  dnt abase.  This  model 
takes  into  account  the  similarities  between  cases  in  the  database,  to  better  assess 
their  relevance  foe  the  query.  Whatever  the  model  used,  the  some  similarity  measure, 
between  any  case  in  the  database  and  the  query,  is  defined  for  each  feature.  Then, 
based  on  these  similarity  measures,  a belief  muse  function,  modeling  our  confidence 
in  each  feature,  is  designed.  Finally,  these  belief  mass  functions  are  fused,  in  order 
to  estimate  the  relevance  of  a case  in  the  database  for  the  query,  as  a consensus  be- 
tween all  the  available  case  features  For  both  models,  a PCR  rule  of  combination 
was  used  to  fuse  the  belief  mans  functions.  Fur  Shafer's  model,  a new  rule  uf  com- 
bination. with  a time  complexity  evolving  polynomial!)'  with  the  number  of  sources 
is  introduced  in  appendix  18.8.  For  tbe  hybrid  DSm  model,  a new  encoding  of  the 
elements  in  the  Dedekind  lattice  is  proposed  to  allow  the  computation  of  tbe  PCR5 
rule  of  combination.  The  use  of  a Bayesian  network  is  ptupused  to  improve  the  man- 
agement of  unavailable  features.  These  methods  are  generic:  they  can  be  extended 
to  da  tab  own  containing  sound,  video,  etc:  the  wavelet  transform  based  signature, 
presented  in  section  18.3.1.  can  be  applied  to  any  n-dimcnsional  digital  signal,  using 
its  n -dimensional  wavelet  transform  (n  = 1 for  sound,  n = 3 for  video,  etc).  The 
methods  are  also  convenient  fin  they  do  not  require  being  trained  each  time  a new 
case  is  added  to  the  database. 
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These  methods  have  been  successfully  applied  to  two  medical  image  data- bases, 
fut  computer  aided  diagnosis.  Foe  this  application,  the  goal  of  the  retrieval  system  is 
to  select  the  fixe  patient  records,  in  a database,  maximizing  the  similarity  with  the 
record  of  a new  patient,  examined  by  a physician.  On  both  databases,  a higher  mean 
precision  at  five  is  obtained  with  the  hybrid  DSm  model  than  with  Shafer's  model. 
The  mean  precision  at  five  obtained  for  DRD  (81.8%)  b particularly  interesting,  con- 
sidering the  few  examples  available,  the  large  number  of  unavailable  features  and  the 
large  number  of  claasm  taken  into  account.  On  this  database,  the  methods  outper- 
form usual  methods  [14.  24j  by  almost  a factor  of  2 in  precision.  The  improvement 
is  iho  noticealile  on  DDSM  (81.8%  compared  to  71.4%).  On  this  database,  these 
DSmT  baaed  methods  are  lens  precise  than  a previously  proposed  decision  tree  baaed 
method  [15].  However,  we  showed  that  a satisfying  pceciakm  at  fixe  can  be  obtained 
faster,  as  new  features  are  available,  using  the  DSmT  baaed  methods:  thb  b interes- 
ting in  a medical  application,  where  patient  records  are  sometimes  incomplete.  As  a 
conclusion,  the  results  obtained  on  both  medical  databases  show  that  the  system  is 
precise  enough  to  be  used  in  a diagnosis  aid  system. 
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18.8  Appendix:  PCR  rule  with  polynomial  complexity 

In  l kin  appendix,  we  focus  on  frames  of  diaerrument  consist  in:  of  two  hypotheses  0 = 
HifcK  We  mnke  no  oauuxnptious  on  tbe  model  used  for  the  fusion  problem:  it  can 
either  be  Shafer's  model,  the  free  DSm  model  or  a hybrid  DSm  model.  We  propose,  in 
section  18  A 1.  an  algorithm  to  compute  the  conjunctive  rule  nvi(X)tVX  € D*  (see 
equation  18.11).  whose  complexity  evolves  pulynomiolly  with  the  number  of  sources 
6. 

mn{X)=  £ FI  "*•(*,)  (M-n) 

(*i X,)«<D*)\Xin...nX.«X 

Then  we  ptojxw  a new  PCR  rule,  bawd  on  tbe  samp  principle.  in  wetioo  18.82  Let 
ku.  , be  the  total  cunlbcting  man: 


kt,,=  yi  n-wM  (m-u) 

Each  term  in  this  mud  is  called  a partial  conflicting  maas.  The  principle  of  the  PCR 
rule*  la  to  rediatribute  tbe  total  conflicting  mraa  *u  (PCRl.  PCR2)  or  the  partial 
conflicting  masses  (PCR3.  PCR6)  between  the  seta  X,  c involved  in  the  con- 
flict [12,  19].  The  conflict  ia  redistributed  to  each  act  X,  proportionally  to  their  belief 
mis.  We  illustrate  the  PCR5  rule  on  the  following  problem  with  two  hypothetic? 
and  two  wiurces.  Suppose  fin  instance  that  01  and  (b  are  exclusive,  as  a consequence 
i o flj)  = 0 and  *u  = + mi<02)mj(0i).  So 

is  redistributed  between  and  m>*c/n(tb)  proportionally  to  mi(Oi)  and 

mj(tfj),  respectively.  Similarly,  mi(0i(mj(0i)  is  redistributed  between  mrcRt(Oi) 
and  mw/o(li)  proportionally  to  mi(#i)  and  mi(Sj),  respectively.  Indeed.  ftU#i  is 
not  Invulved  in  the  conflict.  As  a consequence,  we  obtain  tbe  following  fuaed  moss 
function: 


mecftaf#)  = mpcia(6,r\e ,)  = 0 

"<PCta(0i>  = mo(«.)  + srTT^fl^?-rnl(a1)mj<flJ) 

"»»<*»)»»(*») 

mpcmiOi)  = mn(tfi)  + 

rnfc/u(fli  Uflj)  = mn(ftU#j) 


(1813) 


Tbe  algorithms  we  propose  impose  a nmatrnint  on  tbe  belief  mam  function  m,  defined 
for  each  source  i = l..»  to  fuse:  only  elements  .V  € {t»i.0j,0i  Utfj)  can  have  a nun- 
zeto  muss.  N evert  be  Iras,  the  set  ffi  fl  Hj  is  taken  into  account  within  tbe  rulra  of 
combination.  Tbe  generalization  to  problems  involving  mote  hypotheses  is  dutcuraed 
in  section  1B.8.3. 
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18.8.1  Algorithm  for  the  conjunctive  rule 


Let  mi.  m-,,  ...,  in,  be  the  belief  inns*  functions  debited  lur  each  source  of  evidence. 
FYom  the  constraint  above,  a belief  mm  m,(A)  to  assigned  to  each  element  X 6 f>“ 


I m,<0r)  + rn,(0j) 

\ m, (0t  O0,)  =0 


+ m,(«1U01>  = 1 


(18.14) 


Consequently,  the  conjunctive  rule  to  simplilird  ns  follows- 


(18.15) 


f mn(0i  U0j)  = im(0r  L)0r)mj(0i  U0i) 

J m>i(0i)  = mt(0i)mj(0i)  + mt(0t)m3(0t  U0i)  + rnt(0t  U0i)mj(0i)  ,Ia  ... 

\ m,-l(th)  = mi(81)m,(6i)  + ml{e1)mi{elUtl1)  + ml(8lU»J)m1(th) 

[ mn(0t  H0,)  = mi(0i)mi(0a)  + mi(0j)mj(0r) 


Let  us  interpret  the  computation  of  m,-.  graphically.  For  this  purpose,  Be  cluster  the 
different  products  p = Jl!-i  m,(A\),  (X, X.)  6 (0r,  03.  0i  U0j)'  according  to: 


Precisely,  we  create  a matrix  T.  in  which  each  cell  7',(u.  r<)  contains  the  sum  of  the 

products  p = n,*.1m1(A,),  (A, X.)  € (0t.  0r.  0.  U0r»*  such  that  n,(p)  = u 

and  nj(p)  = li.  hi  the  case  ■ = 1 and  s = 2,  we  obtain  the  matrices  7'i  and  7j, 
respectively,  given  in  figure  18.7. 


The  structure  of  matrix  T.  to  illustrated  on  figure  18.8. 

Equation  18  17  can  be  explained  from  equation  18.15  as  fallows: 

• in  cell  T.(0, 0).  the  intersection  of  the  propositions  .Vi0...nA,  to  0i  U0j  because 
the  product  assigned  to  this  cell  does  nut  cuntain  any  terms  rn,(0i)  or  rn,(0a), 

• in  relb  T.(u,0),  u > 1.  the  intersection  of  the  propositions  Ai  fl ...  fl  X,  to  0r 
because  each  product  assigned  to  these  cells  contains  at  least  one  term  m,(0r) 
(n  terms,  precisely)  and  does  nut  contnin  any  term  m,(0j), 


! 


mni;0iU0,)  =T,(0.0) 
m~f«.l  = V*  T.tn  01 


(18.17) 
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«n,(0,  Ufh)  1 

■ - ■ ■ ■■ 
rni<0j)| 

"*i <"i 1 | 
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1 

1] 

W Tx 

U(*-> 

mi(4jlmj(0i  U#j) 

nii\9i  0(f2) 

•f  Hlt{(*i  Utfj)flt)(£|) 

r^i  | ( 1 m » j i lV  | ) 

<b)Tj 


Figure  18.7:  Matrices  7i  and  7j 


Figure  18.8:  Structure  of  matrix  T,.  According  to  equation  18.17,  the  black 
cells,  the  dark  gray  cells,  the  light  gray  cells  and  the  white  cells  contain  the 
belief  mass  assigned  to  U02.  0,.  02  and  0,  H 02,  respectively. 
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• in  cells  7i(0,  v),  v > 1,  the  intersection  at  the  propinitions  Xi  H ...  C\  A",  u 03 
bemuse  each  prudoct  aaugnrd  to  the*  cells  contains  at  least  one  term  m,(0a) 
(t>  terms,  precisely)  and  does  not  contain  any  term  m^i). 


• in  cells  7’,(u,  v),  u.t>  > 1,  the  intersection  al  the  proparitiimo  X,  O ...  H X.  is 
0i  0 $i  because  each  product  aligned  to  these  cells  contains  at  least  one  term 
m,(0i)  (u  terms,  precisely)  and  at  least  one  term  ma(0»)  (*'  terms,  precisely). 

FVocu  equation  18.17,  we  see  that  if  T,  can  he  built  in  a lime  polynomial  in  a.  then 
rrvi  can  also  be  cumputed  in  a time  polynomial  in  a. 

We  describe  below  an  algorithm  to  build  T,  from  T,_i  in  a lime  polynomial  in  j, 
j = 2..*.  Its  principle  is  illustrated  on  figure  18.9,  in  the  case  j = 2 We  first  compute 
three  intermediate  matrices  T f‘ , jf1  and 


r*> „\  _ / r>-x (“  -hv)xm,{e,),  u = 1. J, r = 0-J 
I ,U'D'~  \ 0.  u = 0, r = 0..j 

-t  _ / •)  * "*,(8,).  u = 0..j,c  = l..j 

l,  0 u = 0..J, d = 0 

T^tU>,i(u.v)  = 7i_i(u,c)  X m,(0,U0i),  u = 0..y.r  = O.J 

T,  is  then  obtained  os  the  sum  of  the  three  matrices: 


r,=7f>  +7f*  + 7? 


1C*. 


(18.18) 

(18.19) 

(18.20) 

(18.21) 


We  first  check  that  all  the  product.  ftf-i  AT,, ....  X,  € {0i,  62.  0iU 0j}  are 

generated  by  this  procedure  (hypothesis  Wi(j)).  Then  we  check  that  these  products 
appear  in  the  correct  cell  of  T,  (hypothesis  Both  hypothesis  are  checked  by 

induction. 


1.  Baser,  hypotheses  Wi(l)  and  Hi(l)  can  be  easily  checked  on  figure  18.7  (a). 

2.  Suppose  hypothesis  a true.  Each  term  p = Mf-,  ">«(-*■),  (*1 X,)  € 

{01,  0j,  0i  U0,}’,  can  be  written  as  the  product  of  a term  q = flf.*  *r».(-AT.). 
(Xi,....X,_i)  € {0i.  0j,  0i  US,)1-1,  which  appears  in  T,-\,  according  to 
hypothesis  H\(j  - 1),  and  a belief  mam  m:  m is  cither  m,(0i).  m,(0 3)  or 
m,(0i  VJ  0j).  According  tom,  pi  appears  either  in  7f*.  or  in  7j‘.  or  in 

(see  equations  18.18,  18.19  and  18.20).  As  a consequence,  p appears  in  T,  (see 
equation  1821):  hypothesis  Ht(j)  » true 

3.  Suppose  hypothesis  HtlJ  — 1)  Is  true.  Let  p = Ilf-,  mi(-V1),  (X,,  — Xj)  6 {fli, 

0j.  diUdj)1.  If  X,  b 01.  then  by  definition  of  m and  nj.  m(p)  = ni(m  *t[.  )-t-l 
and  nj(p)  = nj|  — fg  -)  Arcunling  to  equation  18  18,  p appears  in  l*1  (and 
in  T,.  consequently)  one  row  below  1“  ^j-t-  Since  — appears  in 

the  correct  cell  of  7j_  1 (hypotheses  Hi(J  - 1)),  p appears  in  the  correct  cell  of 
Tj.  A similar  reamninc  b applied  if  X,  b 0s  (using  equatiun  19.19)  or  0i  U0j 
(using  equation  18.20).  As  a consequence,  bypothrsb  Hj(j)  b true. 
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'lb  compute  Tj  Inim  '!)->,  ‘*)  multiplications  arc  required.  Therefore. 

4 + 1)  = 0<s»)  multiplications  arc  required  to  compute  T,:  the  complexity 

of  the  prupcncd  algorithm  in  polynomial  in  *. 


18.8.2  Proposed  PCR  rule  of  combination 


U hypotheses  0i  and  0,  are  exclusive,  then  the  belief  inn*  unsigned  to  0t  Cl  03  by 
the  conjunctive  rule  is  conflicting:  fcij.  , = mn($i  (1  0j).  #iU#i  is  not  involved  in 
the  conflict,  os  a consequence  fcu. ...  should  be  redistributed  between  0,  and  flj.  In 

view  u!  the  number  of  partial  conflicting  masses  ] m,(X,).  (Xi X.)  g {$%.  0j. 

Hi  U0j}*.  which  is  ex|»ooential  in  s,  it  is  impinsible  to  redistribute  them  individually 
(according  to  the  PCR5  rule,  for  instance),  if  s is  large  On  the  other  hand,  one 
could  redistribute  the  total  conflicting  mass  fci:....  (according  to  the  PCR2  rule,  for 
instance).  Anyway  a better  solution  is  possible,  taking  advantage  of  the  algorithm 
above:  the  conflicting  mass  can  be  redistributed  more  finely  using  matrix  T,. 


As  we  build  matrix  T,  with  the  algorithm  above,  we  cmnpute  in  each  cell  c the 
percentages  pi(c)  and  pj(c)  of  the  belief  muss  in  c that  should  be  assigned  to  0\  and 
02,  respectively,  in  caw-  of  conflict.  'lliese  percentages  are  initialired  according  to 
equation  18.22. 

p,(r«(0.0))  = pi(7\(0, 1))  = 0 

p,(T,(l,0))-l  (IK  Ml 

pJ(T,(0.0))  = pa(r,(i,0))  = 0 
pJ(T,(0,l))  = l 

At  iteration  j,  after  computing  T'l(u,  i>)  = 7',_i(u  - l,c)  * m,(8i).  we  compute  for 
u + u > 1 and  u + r < j: 


p,(  ^.u,))=-Vl^;i^,,') 


(18.23) 


Similarly.  after  computing  1)  X mj(dj),  wr  compute  for  u + v > 

1 and  u + v £ j: 


J p,(7?',u,p))  = 


IH) 


(18.24) 


Tben.  after  computing  Tj(u.  v)  = lfx(u.v)  + lf*{u,v)  + p),  compute 

farufr>l  and  u+i'<  j: 


MO 
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P.(T,(u,w))  = tf(u,u)(pi(7',_i(u,  v))+ 

n rr’1  ‘ (u..o*P,  rr,'»  iu..))rf  * (...) 

piW(u.r))  = 3(u.U)(pJ(r,_,(u(U))+ 

pjir,**  (n.H-p,ir(*Jiu,.))T'*(a.i . 


(18.25) 


/i(u.  »)  o a not  Dial  iintlon  factor,  chosen  so  that  pi(T,(u,  v))  + pi(T,(u.  v))  = 1 
V u,  li.  Finally,  the  belief  mass  in  each  cell  (7’,(u,  ■)).>□,.>«  Is  redistributed  between 
tfi  and  fti  proportionally  to  pi(7',(u,  t'))  and  pi(T,(u,u)),  respectively. 


Note  that,  fur  a two-source  problem,  the  proposed  rule  of  combination  is  equiva- 
lent lo  PCK5.  The  only  cell  of  7'j  involved  in  the  conflict  is  7j(l,  1)  (sre  figure  18.9 
(e>),  as  a consequence,  the  mast  redistributed  lo  Si  and  0,  is  m',  = pi(Ti(l.  l))(7f‘(l,  1)  + 
7^(1. 1))  and  mi  = p.^)!,  1))(7**(1,  1)  + 1)>.  ^specUvely 


— 1/1  m - F3<n<u.inntM) 

PiUa  TTTTT^imr 

in  - FiCAU.mrAU.o) 

— Afimvi'm" iVji” 


_ ^2l»,) 

_ nfrO 


(18.26) 

(18.27) 

(18.28) 
(18.29) 


FYom  equatioci  18.2.5  (with  pi(*A(l,  1))  = pa(7i(l,  1))  = 0),  we  obtain  the  following 
expretudun  for  m\  and  m'2: 


mi  = pi(7j‘(l,  l))7->  (1,1)*  p,  (7''<  1. 1))7^(1, 1) 
ml=pJ(7?‘(l.l))7?*(l,l)+pJ(7?'(l,l))7?(l,l) 


m’>  = =^T;^7TT,im.(»J)mJ(e(,)  -f  ^iX^im.^W*!) 


mi  = ^TC^T.';m.^>m,(g,)  -f 


(18.31) 


which  is  what  »e  obtained  fur  PCR5  (see  eiiuatiun  18.13). 

The  [iropcrted  FCR  rule  to  compared  qualitatively  with  other  rules  of  combination, 
on  a two-source  problem  supposing  hypotheses  and  $3  incompatible,  in  table  18.5. 


The  number  of  operations  required  to  compute  pi(c)  and  pi(c),  for  each  cell  c 
in  T,,  is  proportional  to  the  number  of  operations  required  to  compute  7’,.  Once  pi 
and  pi  haw  been  computed,  the  number  of  operations  required  to  redistribute  tbe 
conflicting  mass  is  proportional  to  iiiy—  (tbe  number  of  white  cells  in  figure  18.8). 
As  a consequence,  the  complexity  of  this  algorithm  is  also  polynomial  in  ».  It  to  thus 
applicable  to  a large  clast  of  fusion  problems:  for  instance,  it  to  applied  to  a problem 
involving  24  sources  of  evidence  in  section  18.5.1. 
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501 


»«i(0i  Uflj) 

Ml  (02)  | 

(•)*  (-.*-> 

0 

0 

m|(fl|  U0j)mj(0|) 

mi(0j)m3(fli) 

rii|(»l)mj(/)|  > 

(b)  Tfhu)  - T,(u  - l.i.)  - 

0 1 

mi(0jU 02)m^9t)  | 

0 | 

(c)  7?« K*)  - 7i(u..  - 1)  y mt(h) 


111,(11!  U0j)mj<0|  U0j) 

"i|(0a)m3<0i  U0j) 

wil(0|)m3(O,  Uffa) 

(d)  7j,u*'<u,..)  - 7\(u,.>  « ma(#>  UP,) 


Uf*;)fll3id|  U0*> 

Ufl|) 

mi(0i)ma(flj) 
4 mi(0a)n>](0|) 

irii(fli)iri2(fli) 

(*)  Tj  (».«)-  7?>  (u.  v)  * Ti‘  (u, ,-)  4 r;> u'-  (u. •) 


Figuie  18  0:  Computation  of  T from  7i. 
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bet 

fl.u#a 

1 

| 92 

M*. 

m> 

0.7 

“ uT- 

0.2 

0 

rn3 

0.3 

0.4 

0.3 

u 

conjunctive  rule 

— n"7i — 

nnr 

■ Trsr 

on 

Dempster's  rule 

0.34 

0.30 

0.37 

0 

PCR  2 

0.21  0.405  0.385 

0 

PCK6 

0.21  | 0.411  | 0.379 

0 

propose*!  PCR  rule 

021 

0.411 

0.379 

0 

Table  18.5:  Qualitative  comparison  with  other  rules  of  combination. 


The  memory  requirement*  fur  the  proposed  rule  of  combination  ore  also  inte- 
resting compared  Ui  PCR5:  (7  ^ x B bytes  £nr  the  propcxied  method 

(which  corresponds  to  the  cumulated  size  of  matrices  Ta , pi(T,),  pi(T,)f  pi(7?1), 
»(£*>.  M 7?),  T.-,,  MT.-i)  »Dd  pj(7',_i):  the  largest  amount  of  mrm- 

aty  needed  at  the  same  time),  cumpaml  to  3*  X 8 ft*  PCR5,  if  we  use  double  precision 
real  numbers. 


18.8.3  Conclusion 

In  tliie  appendix,  we  proponed  an  algorithm  to  compute  the  conjunctive  rule  in  a 
time  evolving  polynnmially  with  the  number  ol  sources.  From  this  first  algorithm,  we 
derived  a new  Proportional  Conflict  Redistribution  (PCR)  rule  ol  combination  with  a 
similar  complexity.  This  rule  b equivalent  to  the  PCK5  rule  for  two  source  problems 
(it  b also  equivalent  to  PCR6,  in  this  case  [12)).  We  restricted  our  algorithms  to 
fusion  problems  consisting  of  two  hypotheses:  our  goal  woo  to  reduce  the  complexity 
regarding  the  number  of  sources.  However,  the  same  principle  could  be  applied  to 
problems  consisting  of  n hypotheses,  using  n -dimensional  malriera. 
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Abstract:  Electronic  Support  Measure  a am  tut  of  passive  re* 

oueri  u^ucA  cun  identify  emitters  cvming  frvm  a email  bearing 
angle,  uhich.  in  turn,  can  be  related  to  platforms  that  he.lang  fn  3 
daises:  either  Fncnd,  jVruinii.  or  Hostile..  Decision  makers  pre< 
fer  rrjidts  present'd  in  STAN  AG  I2J I allegiance  form,  uVlicA  adds 
2 new  classes:  Assumed  FnemL  and  Suspect  Desert- Smanindache 
theory  (DSmT)  is  particularly  suit'd  to  this  problem,  since  it  allows 
far  intersections  betuven  the  original  3 classes . In  this  texsy,  an  m* 
terifdiun  of  FYicnd  and  Neutral  can  lead  to  an  Assumed  PneniL 
and  an  intersection  of  Hostile  and  Neutral  can  lead  to  a Suspect 
Results  are  presented  showing  that  the  theory  can  Ac  successfully  ap- 
plied to  the  problem  af  associating  ESM  reports  to  established  trucks. 
and  its  results  identify  when  miss- associations  have  occurred  and  Us 
what  extent.  Results  are  alto  etrmfvired  to  Dempster- Shafer  theory 
(DST)  uVucA  can  only  reason  on  the  original  3 classes.  Thus  deci- 
sion makers  are  offered  STAN  AG  WjJ  allegiance  results  in  a timely 
manner,  snth  guick  allegiance  change  when  appropriate  and  stability 
in  allegiance  declaration  otherwise 
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19.1  Background 


Electronic  Support  Meanm  (ESM)  consists  of  passive  receivers  which  can  identify 
roultfn  rnffnng  fmen  a ttmaJI  brAfiog  Angle,  but  cannot  detmninr  nuigr  (alLiinuxli 
some  are  in  deielupment  to  provide  a rough  measure  of  range).  The  detected  emitters 
can  he  related  to  platforms  that  belong  to  3 classes:  either  Friend  (F  = 1),  Neutral 
(N  = 2)  ur  H I* tile  (H  =3),  heretofore  called  ESM-alle glance,  within  that  bearing 
angle. 

In  the  case  of  dense  targets.  ESM  allegiance  can  fluctuate  wildly  due  to  miss- 
■linrlilHnm  of  an  ESM  report  to  established  track  Hence,  deciakiu  makers  mould 
like  the  target  platforms  to  be  identified  on  a more  refined  basis,  belonging  to  5 
classes:  Hostile  (or  Fbe),  Suspect  (S),  Neutral,  Assumed  Friend  (AF),  and  Friend, 
since  they  tealite  that  no  fusion  algorithm  can  be  perfect  and  would  prefer  some 
stability  in  an  allrgiance  declaration,  rather  than  cecillntkinB  between  extremes.  This 
will  heretofore  be  referred  to  as  STAN  AG  1241  allegiance  (or  STAN  AG- allegiance  for 
short). 

With  this  mote  refined  STAN  AG-  allegiance , a decision  maker  mould  probably 
take  no  aggressive  action  against  either  a friend  or  an  assumed  friend  (although  he 
would  monitor  an  assumed  friend  mote  closely).  Similarly  a decision  maker  would 
probably  take  oggressiie  action  against  a foe  and  send  a recon nainance  force  (or  a 
warning  salvo)  towards  a suspect.  Neutral  platforms  would  correspond  to  countries 
not  involved  in  the  current  conflict,  or  to  commercial  airliners. 

All  incoming  sensor  declarations  correspond  to  a frame  of  discernment  of  3 chum, 
and  several  theories  exist  to  treat  a series  of  such  declarations  to  obtain  a fused 
result  in  the  same  frame  of  discernment  , like  bavesian  reaooning  and  Dempster-Shafer 
(DS)  reasoning  (often  called  evidence  theory).  However,  when  the  output  frame  of 
discernment  is  larger  that  the  input  frame  of  discernment,  an  interpretation  has  to 
be  made  as  to  what  this  could  mean,  or  horn1  that  could  be  generated  11118  is  the 
subject  of  the  next  sub-section 


19.1.1  An  interpretation  of  STANAG  1241 

Both  Bays  and  Dempster- Shafer  assume  that  the  universe  of  discourse  remains  fixed 
(at  3 singletons  "Huitile*.  'Neutral',  and  'FViend”).  and  is  the  some  for  the  in- 
put declarations  and  the  fused  output  results,  after  repeated  use  of  their  respective 
cuinbiuiug  mica. 

However,  there  exists  a new  theory  called  Derert-Smarandache  theory  which  can 
coherently,  with  mell-defin«l  fusion  rules,  lead  to  an  output  amungst  5 classes,  even 
thuugh  the  input  dames  number  only  3,  because  the  theory  allows  fur  intersect  ions 
For  example,  "Suspect'  might  be  the  result  obtained  after  fusing  "Hcetile"  with 
“Neutral*  (although  other  possibilities  also  exist),  and  “Assumed  Friend"  might  be 
the  result  obtained  after  fusing  'Ikiend-  with  "Neutral’'  (although  again  other  pos- 
sihilitim  also  exist). 

This  is  illustrated  in  the  Venn  diagram  of  Figure  19.1. 
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Figure  19.1:  Venn  diagram  far  tbe  STANAG  allegiances 


19.1.2  Another  interpretation  of  STANAG  1241 


Tbe  interpretation  in  the  preceding  sub- section  to  a conservative  one,  namely  that 
there  to  unly  one  easy  way  to  brcume  suspect.  This  could  correspond  to  a deci- 
sion maker  being  in  a non- threatening  situation  due  to  the  choice  o(  mission,  e g. 
peace-keeping.  There  could  be  situations  where  there  to  a need  (or  a more  aggressive 
response  In  the  case  ol  a combat  mission  lor  example,  tbe  appropriate  Venn  diagram 
might  be  the  one  ol  Figure  19.2.  where  there  are  many  more  ways  to  become  suspect, 
namely  all  the  intersections  bordering  Hostile 


Note  that  for  Figure  19.1,  the  intersection  of  Friend  = 0,  and  Hostile  = to 
empty  <te.  not  allowed,  or  $i  O $a  = 0,  the  null  set),  and  this  corresponds  to  an 
interesting  constraint  situation  in  Devert-Smarandache  theory,  as  we  shall  we.  It 
also  corresponds  to  a more  likely  mission  foe  Canadian  Forces  (CF).  namely 
keeping,  or  general  surveillance 


On  the  other  hand,  Figure  19.2  corresponds  to  a combat  situation  more  appropri- 
ate lor  the  USA.,  or  to  the  CF  as  long  as  they  play  an  active  role  in  the  Kandahar 
region  ol  Afghanistan.  For  these  reasons,  and  also  because  all  ol  tbe  features  of 
Dewrt-Smarandacbe  theory  will  be  exercised,  without  the  additional  complexity  ol 
keeping  all  the  intersections  ol  Figure  19.2,  the  situation  ol  Figure  19.1  will  correspond 
to  the  one  implemented  in  this  chapter 
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Figure  19.2:  Another  possible  Venn  diagram  for  the  STANAG  allegiances. 


19.2  Dezert-Siuaraudache  theory 
19.2.1  Formulae  for  DST  and  DSmT 

Since  Dempater-Shofa  (DS)  Theory  (DST)  bos  been  in  use  Jen  ova  40  yenrs,  the 
reader  b MBlwd  to  be  familiar  with  it.  Only  a brief  review  will  be  provided  here, 
in  order  to  stress  the  drilacnce  between  it  and  Doert-Smarandadre  IDSm)  Theory 
(DSmT).  DSmT  encompasses  DST  os  a special  case,  namely  when  all  intersections  are 
null.  Both  use  the  language  of  masses  assigned  to  each  declaration  from  a semrar  (in 
our  case  the  ESM  sensor).  A declaration  b a set  made  up  of  singletons  of  the  frame  of 
discernment  0 , and  all  sets  that  can  be  made  from  them  through  unions  are  allowed 
|thb  b refrrred  to  as  the  power  set  2“).  In  DSmT.  all  unions  and  Intersections  are 
allowed  for  a declaration,  thus  forming  the  much  larger  hyper-power  set  Da.  For  our 
special  case  of  cardinality  3,  0 = {0i,0j.4i}.  with  |0|  = 3,  D"  b still  of  manageable 


{Or  n Ih {a,  o 0, ),  n 0, M (<h  u <*,)  n », } , ( (a,u*s)  n ) , 

{(»,  u th,)  n tf,  },{(»,  n ft,)  u th },«a,  n 6*)  u <*,) , {(th  n e,  u a,)) , 

(fl,  n a,  n *,} , (a,  u a,  u*»,} ,{(a,  n <h)  u (a,  nfls)  u <0,  na,))}. 


R*  larga  cardinalities,  the  h>'i»er- power  set  makes  computations  prohibitively 
expensive  (in  CPU  lime)  as  the  following  table  surutnuroes  (the  cardinal  of  D" 
follows  the  Dedrklnd  sequence,  and  both  2”  and  Da  include  the  null  set): 
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Cardinal  of  0 

2 

Z 

Cardinal  of  2”  , 

4 

a 

1G 

32 

64 

Cardinal  of  D’ 

!> 

1!> 

167 

7580 

JS&63S3 

Table  19.1:  Cardinalities  for  DST  vs  DSmT. 


This  to  one  of  the  reasons  why  thin  application  in  well  suited  to  DSinT,  because  a 
tow  cardinality  uf  0 (three)  generates  a cardinality  in  DSmT  which  is  computationally 
feasible  (nineteen). 

In  DST,  a combined  ‘‘fused*  mass  is  obtained  by  combining  the  previous  (pre- 
sumably the  remits  of  previous  fusion  steps)  mi  (A)  with  a new  mi  (B)  to  obtain  a 
new’  fused  result  as  follows: 


(m,*m,)(C)  = — i-_  V m,M)m,(fi)  VC  C 0 (19.1) 

l-An.inB  = c 


The  rcnormaliantlnn  step  using  the  cunllict  Kn.  corresponding  to  the  sum  of 
all  mains  foe  which  the  set  intersection  yields  the  null  set,  to  a critical  feature  of 
DST.  and  allows  foe  it  to  be  associative,  whereas  a multitude  of  alternate  ways  of 
redistributing  the  cunllict  (proposed  by  numerous  authors)  line  this  property.  The 
nsaociativity  within  the  DST  to  key  when  the  time  togs  of  the  sensor  reports  are 
unreliable,  since  awodalive  rules  are  impervious  to  a different  inder  nf  reports  coming 
in,  but  all  others  rules  can  be  extremely  sensitive  to  the  order  of  reports.  This  is  the 
main  reason  we  concentrate  only  on  DST  vs.  DSmT,  but  another  reaaon  is  the 
ridiculous  proliferation  of  alternatives  to  DST. 

In  DSmT,  the  hybrid  rule  (called  DSmH  in  (4|)  appropriate  for  constraints  such 
as  described  previously  (corresponding  to  Figure  19.1)  turns  out  to  be  much  more 
complicated: 


m«,e><A:)  * <f(*)[s,(.V)  + Ss(AT)  + S,<„V)]  (19.2) 

where  all  sets  involved  in  formulas  arc  in  canonical  form  and  where  d(A')  to  the  char- 
acteristic nun-emptiness  function  of  a set  X.  i.e.  tf(.V)  = 1 if  X $ 0 and  i>(A)  = 0 
otherwise,  where  A — ®m  is  the  set  of  all  elements  of  D"  which  have  been 

forced  to  be  empty  through  the  constraints  of  the  model  M and  A is  the  dasaical/u- 
niversal  empty  set  Si  (AT),  S,(X)  and  S,(X)  are  dehned  by 
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*(*)*  t.  ft-w 

XyJC.f  .r-1 

jii^xjvirusijAixw,)] 

S,(X]  “ £ flm,(.V.) 

soar1 

with fV  5 u(Xi)Uu(.V,)U...Uu(A:.>  where  u(.V)  in  the  uniun  of  nil  0,  that  cumpoee 
X and  I,  - 0,  J 0,  J . . . U 0„  is  the  total  ignnrnnrr.  The  render  is  referred  to  a 
series  of  books  on  DSmT  |«1,  5]  for  lengthy  descriptions  of  the  meaning  of  this  for- 
mula A three-step  approach  [3]  is  proposed  in  the  seoind  of  the*  books  [4,  5],  which 
is  used  in  this  chapter.  Hum  now  an,  the  term  ‘hybrid*  will  be  dropped  for  simplicity. 

If  the  incoming  sensor  reports  are  in  DST-space  Friend  { F = 1).  Neutral  (N  = 2) 
or  Hostile  (H  = 3),  then  Figure  10.1  has  the  interpretation  in  DSmT  fused  space 
(allowing  intersections)  is: 


(10.4) 

(195) 


{$!  -0in<M  = 

{03-tf,n0,}  = 
(0,1-10,)  = 
(0,1-10,}  = 

(0,-0, 1-10,-0,100,)  = 


Friend 

Hostile 

Assumed  FViend 

Suspect 

Neutral 


As  expected,  all  STANAG- allegiances  (masses  assigned  to  the  sets  mentioned 
above)  sum  up  to  1.  Hence  the  first  line  of  rq.(19.6)*,  which  is  the  sum  for  all  5 
considered  classes  of  STANAG  1241.  yields  the  second  line  after  using  the  DSmT 
cardinality  criterion  (with  a multiplying  factor  nf  -1  for  each  non-null  Intersection) 
and  since  0,  n0,  = • by  construction  of  Figure  19.1, 

0,  -0,  nfi,  + 0,  - 0, nfc  + 0,  ns,  + 0, rtf,  + 0,  - 0,  no,  - 0,  n0, 

= 0r +0,+ 0,-0,  H0, -0,0  0,  = 1 (19  6) 


19.2.2  A typical  simulation  scenario 

In  order  to  compare  DST  with  DSmT,  one  must  list  the  pre-requisites  that  the  sce- 
nario must  address.  It  must: 

1.  be  able  to  adequately  represent  the  known  ground  truth, 

'In  eg.  (19.6),  we  use  a concise  notation  far  the  musses.  it  It,  means  m(tfi).  esc 
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2 mutton  sufficient  countermeasures  (or  msre-aasocialions)  to  be  realistic  and  to 
test  the  robustness  ol  the  theories, 

3.  only  provide  partial  knowledge  about  llie  ESM  sensor  declaration,  which  then- 
lore  mntains  uncertainty, 

4.  be  able  to  show’  stability  under  countermeasures,  yet 

5 be  aide  to  switch  allegiance  when  the  ground  truth  does  so. 

The  following  scenario  parameters  have  therefore  been  chosen  accordingly" 

L Ground  truth  is  FRIEND  far  the  first  50  iterations  of  the  scenario  and  HOS- 
TILE for  the  last  50. 

2 The  number  ol  correct  areociations  is  BOW.,  corresponding  to  countermeasures 
appearing  20%  ol  the  time,  in  a randomly  selected  sequence. 

3.  The  ESM  declaration  has  a nuec  (confidence  value  in  Ba>«ian  terms)  of  0.7. 
with  the  rest  (0.3)  being  assigned  to  the  ignorance  (the  full  set  of  elements, 
namely  0). 

Items  4 and  5 of  the  first  list  would  translate  into  stability  (item  4)  for  the  first  50 
iterations  and  eventual  stability  (item  4)  foe  the  lost  50  iterations  alter  the  allegiance 
switch  at  iteration  50  (item  5). 

This  scenario  will  be  the  one  addressed  in  the  next  section,  while  a Monte-Carlo 
study  is  described  in  the  subsequent  section.  Each  Monte-Carlo  run  corresponds  to  a 
dilferent  realization  using  the  above  scenario  parameters,  but  with  a drllerent  random 
seed. 

The  scenario  chosen  is  depicted  in  Figure  19.3  below. 

Roughly  8094  of  the  time  the  ESM  declares  the  correct  allegiance  according  to 
ground  truth,  and  the  remaining  20%  is  roughly  equally  split  between  tbe  other  two 
allegiances.  There  is  an  allegiance  switch  at  the  5d’“  iteration,  and  the  selected 
randomly  selected  seed  in  the  above  generated  scenario  general  re  a rather  unusual 
sequence  of  4 false  Friend  declarations  starting  at  iteration  76  (when  actually  Hostile 
is  the  ground  truth),  which  will  be  very  challenging  for  tbe  theories. 


19.3  Results  for  the  simulated  scenario 

Before  presenting  the  results  for  DST,  it  should  be  noted  that  the  original  form  of 
DST  tends  to  be  overly  optimistic.  Given  enough  evidence  concerning  an  allegiance, 
it  will  be  very  hard  for  it  to  change  allegiances  at  iteration  50.  'lliis  is  a well-known 
problem,  and  a well-known  ad  hoc  solution  exists,  and  consists  in  renormalizing  after 
each  fusion  step  by  giving  a value  to  the  complete  ignorance  which  enn  oever  be  below 
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Figure  19.3:  Chosen  scenario. 


a certain  factor  (duwn  here  to  be  0.02).  A comparison  will  be  made  with  DStnH  and 
the  Piuportiunal  Conflict  Redistribution  rale  number  5 (PCR5)  preferred  by  Dexert 
atul  KtrtArMidiM’tv* 


19.3.1  DST  results 

The  result  for  DST  h shown  in  Figure  19.4  below. 

DST  never  becumei  confused,  reaches  the  BSM-allegiance  quickly  and  maintains 
it  until  iteration  50.  It  then  reacts  reasonably  rapidly  and  takes  about  6 reports 
before  switching  allegiance  as  it  should.  Furthermore  after  being  confused  for  an 
iteration  around  the  sequence  of  4 friend  reports  starting  at  iteration  76.  it  quickly 
reverts  to  the  correct  Hostile  status. 

Note  that  a decision  maker  could  look  at  this  curve  and  see  an  oscillation  point- 
ing to  miss- associations  without  being  able  to  clearly  distinguish  between  a rniss- 
associatiun  with  the  other  two  pursihle  allegiances  This  fairly  quick  reaction  is  due 
to  the  0.02  assigned  to  the  ignorance,  which  translates  to  DST  never  being  more  than 
96%  sure  of  an  KSM-allrgiancc,  os  can  be  seen  by  the  curve  topping  nut  at  0.96.  The 
Figure  19.4  shows  the  mass,  which  is  alw  the  pignistlc  probability  for  this  case,  with 
the  latter  being  normally  used  to  make  a decision. 
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Figure  19.4:  DST  result  for  the  chosen  scenario.  Masses  in  function  of  time. 


10.3.2  DSmll  results 

For  the  hybrid  rule  of  the  DSmT,  it  was  suggested  to  use  the  Generalized  Fig  rustic 
Probability  (4]  in  order  to  make  a decision  on  a singleton  belonging  to  the  input 
ESM-olleHance.  This  *«ns  to  cause  problems  (1).  Since  the  whole  idea  behind  using 
DSmT  was  to  juesent  the  results  to  the  dedsioo  maker  in  the  STAN  AG- allegiance 
format,  the  result  of  Figure  19.5  would  be  shown  to  the  decision  rnnkcr. 

The  decision  maker  would  clearly  be  informed  that  mias- associations  have  oc- 
curred, since  Assumed  IViend  dominates  for  the  first  50  iterations  and  Suspect  for 
the  latter  50  DSmH  is  more  susceptible  to  nhvt- association?  than  DST  (the  dips 
are  mote  pronounced),  but  it  has  the  advantage  of  giving  extra  information  to  the 
decision  maker,  namely  that  the  fusion  algorithm  is  having  difficulty  with  associating 
ESM  reports  to  established  tracks. 

Just  like  DST,  the  4 Friend  declarations  starting  at  iteration  76  cause  cunfusiun, 
as  it  should.  The  change  in  allegiance  at  iteration  50  is  delected  nearly  os  fast  as 
DST.  What  is  even  mote  important  is  that  P and  AF  are  clearly  preferred  fur  the 
first  50  iteratioas  and  S and  H fur  the  last  50.  as  they  should. 

19.3.3  PCR5  results 

FCR5  shows  a similar  behaviour,  but  Is  much  Iras  sure  of  what's  going  on  (the  peaks 
are  not  as  pronounced),  as  seen  in  Figure  19.6.  Again.  F and  AF  are  clearly  preferred 
fin  the  first  50  iterations  and  S and  H 6b  the  lost  50.  as  they  should. 
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Figure  19.5:  DSmll  result  for  the  chosen  scenario. 


Figure  19.6:  PCR5  result  for  the  chosen  scenario. 


19.3.4  Decision-making  threshold 

Because  of  the  atmeUmra  urrillatory  nature  of  suine  combination  rules,  one  boa 
ask  nnt*w*|f  wbm  to  tuakv*  n dndsiuQ  or  rM'iitninfDd  nnr  to  tbp  cutuioaiuifr.  'l'bb 
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illustrated  in  figure  19.7  foe  DST  although  the  same  is  applicable  foe  all  the  cithers. 
A threshold  at  a vo}  secure  90%  would  result  in  a lunger  time  far  allegiance  change, 
and  result  in  a longer  period  of  indecision  around  iteration  76,  compared  to  one  at 
70%. 


Figure  19.7:  Decision  thresholds.  Masses  in  function  of  time. 


19.4  Monte- Carlo  results 

Although  a special  case  such  as  the  one  described  in  the  previous  section  oilers  valu- 
able insight,  one  might  question  if  the  conclusions  from  that  one  scenario  past  the 
test  of  multiple  Monte-Carlo  sccnarice.  This  question  is  answered  in  this  section. 

In  order  to  sample  the  parameter  space  in  a different  way,  the  simulations  below 
correspond  to  90%  correct  aswidaliuns  (higher  than  the  previous  80%).  an  ESM 
confidence  at  6095  (lower  than  the  previous  70%)  and  an  ignorance  threshold  at  0.02 
as  before.  The  number  of  Monte-Carlo  runs  was  set  to  100. 


19.4.1  DST  results 

The  result  (i*  DST  is  shown  in  Figure  19.8.  As  expected,  since  DST  reaatns  iner 
the  3 input  elnasra.  Suspect  and  Assumed  Friend  are  not  involved.  Naturally,  since 
Assumed  FViend  and  Suspect  do  not  exist  in  DST,  these  are  calculated  oo  xero.  FViend. 
Neutral  and  licet  lie  bnve  the  expected  behaviour.  One  sees  the  same  response  times. 
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aft a oil  average  over  100  rum.  os  was  seen  in  the  selected  scenario  of  the  previous 
section. 


Figure  19.8:  DST  result  after  1(H)  Moate-Carlo  runs.  Staling  probabilities  in 
function  of  time. 


10.4.2  DSmll  results 


lTir  similar  result  foe  DSmH  is  shown  in  Figure  19.9.  In  this  owe,  AF  dominates  for 
the  first  50  iteration,  on  average  (over  100  runs)  and  S for  the  last  50.  confirming 
that  the  duaen  scenario  was  representative  of  the  behaviour  of  DSmH.  The  response 
times  are  similar  on  average  also.  DSmH  is  slightly  less  sure  (plateau  at  70%)  than 
DST  (plateau  at  80%),  but  this  can  be  adjusted  by  lowering  the  decision  threshold 
accordingly. 


19.4.3  PCR5  results 

Finally,  the  PCR5  result  is  shown  in  Figure  19,10.  In  this  case  also,  AF  dominates 
for  the  first  50  iterations,  on  average  (over  100  runs),  and  S for  the  last  50,  confirming 
that  the  chenen  scenario  was  representative  of  the  behaviour  of  PCR5.  The  response 
times  are  similar  on  average  also.  PCR5  is  slightly  less  sure  (plateau  at  60%)  than 
DST  (plateau  at  80%)  or  DSmH  (plateau  at  70%). 


19.4.4  Effect  of  varying  the  ESM  parameters 

In  order  to  study  the  effects  of  varying  the  ESM  parameters,  the  simulations  below 
cueirapond  to  an  ES.M  confidence  at  80%  (higher  than  the  previous  60%)  and  an 
ignorance  threshold  at  0.05  (higher  than  the  0.02  used  previously).  The  number  of 
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Figure  19.9  DSmH  result  after  100  Monte-Carlo  runs.  Statuig  probabilities  in 
function  of  time. 


Figure  19.10.  PCRfi  result  after  100  Monte-Carlo  runs.  Stanag  probabilities  in 
function  of  time. 


Monte-Carlo  runs  was  again  set  to  100. 

A filter  was  also  applied  to  the  input  ESM  declarations  over  a window  of  4 itera- 
tions then  assigns  lesrer  confidence  to  ESM  reports  which  are  not  well  represented  in 
the  window.  The  results  are  shown  in  Figure  19.11  lor  DST.  Figure  19  12  for  DStnH 
and  Figure  19.13  fur  PCR5.  Hum  these  figures,  one  can  ace  the  smoothing  ellect  of 
the  filter,  but  mine  importantly  all  o l the  conclusions  ol  the  previous  Monte-Carlo 
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runs,  as  well  as  the  selected  scenario  of  the  previous  section  hold  in  their  totality 


Figure  19.11:  DST  result  after  100  Moute-Carlo  runs  and  input  filter.  Stanag 
probabilities  in  function  of  time. 


Figure  19.12:  DSmH  result  after  100  Monte-Carlo  runs  and  input  filter.  Stanag 
probabilities  in  function  of  time. 
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Figure  19.13:  PCR5  result  after  100  Monte-Carlo  ruua  and  input  filter.  Slanug 
probabilities  in  function  of  tirne. 


19.5  Conclusions 


briaunr  of  the  nature  of  Electronic  Support  Mensural  which  consist  of  passive  re- 
ceivers that  can  identify  emitters  coming  from  a small  hearing  angle,  and  which,  in 
turn,  can  be  related  to  platforms  that  belong  to  3 classes:  either  FViend.  Neutral, 
or  Hostile,  and  to  the  fact  that  decision  makers  would  prefer  results  presented  in 
STANAG  1241  allegiance  form,  which  adds  2 new  classes:  Assumed  Friend,  and  Sus- 
pect. Desert-Smarandache  theory  was  umd  instead,  but  also  compared  to  Dempster- 
Shafcr  theory.  In  DSmT  an  intersection  of  FViend  and  Neutral  can  lead  to  an  Assumed 
Friend,  and  an  intersection  of  Hudile  and  Neutral  can  lead  to  a Suspect.  Recent  re- 
sults were  presented  showing  that  the  theory  can  be  successfully  applied  to  the  prob- 
lem of  associating  ESM  reports  to  established  tracks  confirming  the  work  published 
in  [2].  Results  are  aim  compared  to  Dempoter-Sbafer  theory  which  can  only  reason 
on  the  original  3 classes,  Thus  decision  makers  are  offered  STANAG  1241  allegiance 
results  in  a timely  manner,  with  quick  allegiance  change  when  appropriate  and  sta- 
bility in  allegiance  declaration  otherwise.  In  more  details,  results  were  presented  fur 
a typical  scenario  and  for  Monte-Carlo  runs  with  the  same  conclusions,  namely  that 
Dempster- Shafer  works  well  over  the  original  3 claws,  if  a minimum  to  the  ignorance 
is  applied.  The  same  can  be  said  for  Desert- Smorondacbe  hybrid  rule,  and  to  a looter 
extent  for  a popular  Proportional  Conflict  Redistribution  rule,  hut  with  the  added 
benefit  that  Dexert-Smarundache  theory  identifies  when  mise- asocial  ions  occur,  and 
to  what  extent. 
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Abstract:  This  small  chapter  present*  an  apprv ucA  prvvuitny  /act 

reduction  of  totaJ  ignorance  in  the  pruce a*  of  target  identification.  It 
utilizes  the  recently  definal  fusion  rule  based  on  fuzzy  T-conorm/T- 
norm  operuiors.  as  wtU  at  all  the  available  information  from  the 
adjoint  sensor  and  additional  information  obtained  from  the  a pri- 
ori defined  abject ive  and  subjective  considerations,  concerning  re- 
lationships between  the  attribute  components  ui  different  levels  of 
abstraction.  The  approach  performance  is  estimated  an  the  base  af 
the  pujmstic  prvlvbiiitics  according  to  the  nature  of  the  objects  con- 
sidered here.  The  method  shows  better  efficiency  in  comparison  to 
the  pure  Dempster-Shafer  theory  bated  approach.  It  alto  allows  to 
avoid  the  application  of  the  ifagesian  principle  of  indifference  and 
improves  the  separation  pau»cr  of  the  decision  prveess . 
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20.1  Introduction 

Object  identification  is  an  important  problem  of  considerable  interest  to  many  civilian 
and  military-  rectors.  In  this  chapter  the  proem  of  object  stale  recognition  by  an 
IFF  (Identification  Friend/Foe)  sensor  is  examined.  The  information  received  from 
the  sensor  pertains  to  a single  attribute:  ‘friend  target ' (P).  The  absence  of  evidence 
(so-called  response),  however,  does  not  a priori  ensure  100  percents  reliability  fur  the 
hypothesis  ‘hostile  Impel  '(H)  and  the  problem  of  passible  wrong  target  recognition 
arises.  'Ibis  problem  is  especially  complicated  when  the  moment  of  decision-making 
cannot  be  postponed.  In  this  case,  the  total  ignorance  presence  renders  the  probability 
of  alternative  hypotheses  of  'fnendlg  target  ‘ or  "hostile  target  ' equally  ambiguous  and 
plausible.  As  a result,  alternative  decisions  made  on  this  basis  pc*w  an  equal  degree  of 
risk.  FYnm  the  point  of  view  of  Dempeter-Shafer  theory  (DST)  |2. 4, 9),  the  proposition 
ought  to  be  supported  he  'an  atailabilifp  of  full  lynorunce’,  i.e.  m(8)  = 1.  In 
Bayesian  theory  |1|,  according  to  the  principle  of  indifference,  tills  problem  is  handled 
by  setting  equal  a priori  probabilities  to  each  alternative  hypothesis.  One  way  out  of 
the  described  problem  b to  incorporate  additional  attribute  information  at  a different 
level  of  abstraction  from  another  disparate  sensor  |3,  5,  14|.  Rtt  this  reareu.  the  IFF 
sensor  is  often  adjoined  with  a radar  or  infrared  sensor  (IKS).  Evidence  from  the 
additional  sensor  should  help  to  rraolve  tills  dilemma.  The  measurement  coordinates 
originating  from  a target  moving  in  an  air-trnflic  corridor  is  on  example  for  such 
evidence.  The  measurement's  spatial  and  spectral  signal  parameters  are  another 
example  Unfortunately,  thb  information  does  not  always  provide  an  implicit  answer 
at  the  time  the  quratiun  b posed  (due  to  the  remora'  technical  particularities).  A 
more  expensive  solution  b to  increase  the  number  of  sensors  [3],  but  thb  often  leads  to 
increased  conflicts  between  them.  In  such  cares  Dempster's  rule  yields  unfortunately 
unexpected,  counter-intuitive  results  |ll). 

In  thb  work,  one  utilizes  a new  class  of  fusion  rules  introduced  in  (13)  in  the 
framework  of  Dexert-Smarandacbe  Theory  (DSmT)  of  plausible  and  paradoxical  rea- 
soning [11,  12).  Our  approach  is  based  on  fuzzy  T-conorm/T-nonn  operators  and  on 
all  the  available  information  - from  the  adjoint  sensor  (radar)  and  additional  informa- 
tion obtained  fium  a priori  defined  objective  and  subjective  considerations  concerning 
relationship*  between  the  attribute  components  at  different  levels  of  abstraction  In 
the  next  section  we  present  briefly  the  main  principles*  of  fuzzy  based  T-Conorm/Norm 
(TCN)  fusion  rule.  Then  the  pruposrd  approach  for  object  identification  b described, 
tested  and  evaluated  Concluding  remarks  ore  given  in  the  last  section. 


20.2  Approach  description 

• The  a prion  dataBasc  definition.  The  a priori  database  b realized  as  a fuzzy  re- 
lation [7|.  ft  takes  into  account  the  defined  objective  considerations  connecting 
the  components  of  some  attributes  expressed  at  different  leveb  of  abstraction 
(for  example  the  fuzzy  relation  'target  type  ■ target  nalure’).  For  thb  pur  pore, 
it  b defined: 


Chapter  20:  Object  identification  using  T-conorm/nonn  fusion  rule  521 


- The  set  X = {xi,xj, relating  to  the  level  of  abstraction  of 
the  adjoint  sen**  (the  abject  type  O.,  i = 1.2,  ...,n(  corresponds  to  the 
Dempster-Shafer  Theory  power  set.  2”. 

Xl  =0  l.Xj  = Oi....,X  n = Oa 


- The  set  V cunespuiuls  to  the  level  of  abstraction  of  the  base  sensor 
(y  = {Vl  = P(„end)fW  = H(ost./e)  ). 

- The  matrix  II  . X =>  V"  » a furry  relation  with  a membership  function 
(MF):  p*<x,,W)  € [0, 1];  k = 1,2,—, 2"  - 1 ; f = 1,2  . where  n is 
the  number  of  considered  object's  types.  The  conditions  that  MF  must 
satisfy  according  to  the  DSmT  and  DST  are: 

E£7W*..*<>  = M = i.  2 

• Semantic  frnna/nrmalion.  The  information  granule  mi  pertaining  to  the  ob- 
ject's type  is  transformed  in  a cucnspoodlng  furry  set  Sx: 

M3«(x»>  = = l.-.(2*  - 1) 

• Application  o/  Zadch  a compuaitionaf  rule.  The  image  of  the  furry  set  5*  through 
the  particular  mapping  (15-17)  is  received.  The  output  furry  set.  TV  corre- 
sponds to  the  target's  nature  by  means  oh 

Mrr(  It)  = *upi4;x{ndn[pa(iv.x»).psI(x,)}) 

where  TV  repraeuts  the  non-implicit  at  tribute  information  extracted  from  the 

• /nitric  icmanlic  tnini/ormatwn  The  furry  set  Ty  is  transformed  Into  an 
information  granule  mi„  thruugh  a normalisation  of  membership  rolura  with 
respect  to  the  unity  interval. 

• Apptuation  of  the  TCN  rule  of  combination.  The  TCN  fuslun  rule  introduced 
in  [13]  b described  in  wclion  15  5 of  cha|iter  15  in  this  book  and  therefore 
it  will  not  be  presented  in  details  here.  It  is  used  to  combine  two  evidences: 
rru*(.)  and  mv„.  This  aggregation  immediately  reducra  tbe  total  ignorance 
with  regard  to  the  target’s  nature 

• De  croon  mobntj  iosuf  on  the  piymihc  prvMilitiei.  Tbe  Gen  era!  lad  Pignistic 
IVansfonnal  ion  [11)  la  used  to  lake  a rational  decision  about  the  target’s  nature 
within  the  DSmT  framework: 

PW  = m(X),Vd  6 f>e 

The  deciskia  is  token  by  the  maximum  of  the  pignistic  probability  function  P. 


522 


Chapter  20:  Object  identification  using  T-conorm/norm  fusion  rule 


20.3  Simulation  scenario  and  results 


Sensor  evidence  define*  a frame  of  discernment  for  the  target's  type:  0 = Oj,  Oi,  Oj, 
where  object  Oi  means  'fighter',  Oi  means  airlift  cargo'.  Oj  means  'bomber',  and  tbe 
target’s  nature:  H C Ot.O,  (Hostile)  , F C O]  (Friend)  Tbe  attribute  romponenta 
corresponding  to  these  objects'  types  arc  the  angular  sizes  .4  of  objects’  blipa  measured 
cin  the  radar  screen-  In  order  to  define  the  influence  of  these  components  on  thia 
problem,  it  is  sufficient  to  know  the  specific  features  of  their  probabilistic  'behavior' 
and  to  assign  fuzzy  values  to  them  It  is  supposed  that: 

• the  average  ,4j  of  tbe  angular  size  .4i  corresponding  to  Or  is  the  minimal  value 
[A,  depends  on  the  size  of  the  elementary  radar’s  volume  yip); 

• the  probability  of  the  event  this  angular  size  will  exceed  the  elementary  radar's 
volume  can  be  neglected  (i.e.  P(A,  > ,4p)  to  0); 

• tbe  average  Aj  of  the  angular  size  Aj,  mrrraponding  to  target  Oj  is  the  maximal 
omr. 


• the  probability  of  the  event  that  some  realization  of  this  stochastic  varialde  Aj 
will  be  lower  than  the  angular  size  of  the  elementary  radar's  volume  Av  can 
be  neglrcted  too  (LeJ’fAj  < yip)  se  0); 

• tbe  awmcp  .4]  of  the  angular  size  .4j  , cvicnsponding  to  tbe  target  O3,  obeys 
to  the  relation  <4i  < A*  < yi3; 

• the  probabilities  P(As  < yip),  f’(<4j  > Aj)  cannot  be  neglected. 

Tbe  worst  case  is  when  a hostile  target  is  observed  and  the  obtained  respective 
radar  blip  has  a medium  angular  size  It  can  originate  from  a target  of  any  type,  Le 
0 = Oi  UOi  uOj  . This  is  the  case,  when  the  approach  proposed  here  demonstrates 
its  advantages  in  comparison  with  the  DOT  baaed  approach  The  information  granule 
is  defined  as: 


in.,  = |m.,(Oi)  = 0.2  mx(Oj)  = 0.2  mx(Oj)  = 03  mx<0)  = 0.3) 


Also,  the  'wrirat'  evidence  is  obtained  from 
rrtputw  lium  the  okwpnuii  target): 


the  IFF-seusor  (it  has  not  received  a 


mp=(mp(F)  = 0 my(H)  = 0 mp(0)  = 1.0) 

If  the  DS  rule  of  combination  (ru,  <£niy)  b used  to  fuse  these  two  sources  of  evidence, 
the  result  will  not  change  tbe  target  nature  estimate  because  ol  tbe  edect  of  vacuous 
belief  assignment 


• Step  I.  Fur  the  considered  example,  the  sets  X and  Y anr. 


X = {O1,OJ.O,,O1UOJ.O1UO1,O1UOJ,0),  Y = {F.H] 
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R 

y>  = f 

V2  = h I 

xi  = O, 

PH(Oi.F)  = 0 i 

Pfl«>1.//)=  0.3 

ii  = Oi 

/ir{Oi.F-  ) = 0.8 

>‘r{Oi.  H)  =0.3 

x3  -W, 

>‘r{Oz,H)  -0.3 

0 

1) 

1 = y 1 

1 pj((e,f>  - o.2  | 

| /.«(«,//)  = 0.1 

TtalJe  20.1:  Firrzy  relation  far  the  database  definition. 


The  a priori  defined  relot  inn  R : X =>  Y (the  poiticulor  database)  B described 

in  lhbfc  20.1. 


This  relation  B not  arbitrarily  chosen  [10].  It  in  presumed  that  the  information 
obtained  (rum  some  particular  schedule  o(  civilian  and  military  aircraft  (lights 
excludes  (lights  of  friendly  fighters  and  bombers  but  allows  planned  lllghls  of 
friendly  civil  passenger  oircralts  and  friendly  military  airlift  operations.  It  b 
possible  (but  as  it  follows  from  the  example,  it  is  not  recommendoble)  to  make 
general  inferences  by  using  only  thb  a priory  information,  because  of  the  sig- 
nificant cent  of  the  wrong  decision  (arpet  is  friend'. 


On  the  other  hand,  the  uncertainty  with  respect  to  the  hostile  intentions  im- 
pawn an  equal  distribution  of  the  probabilities,  concerning  propositions  for 


— a recunnaissance  mission  performed  by  a hostile  fighter. 


— an  assault  dropped  by  a hostile  cargo  aircraft: 

- a strike  mission  performed  by  a hostile  bomber. 


Obviously,  it  m not  realistic  to  expect  an  appearance  of  hostile  targets,  while 
the  proposition  for  the  alternative  event  ptasoses  a high  degree  of  probability 


• Step  £!.  The  evidence  m,  from  the  radar  senwsr  B transformed  in  a furry  set 

Sx. 


• Step  S.  The  image  7V  of  the  furry  set  Sx.  defined  through  the  mapping  R 
infers  an  information  concerning  target's  nature  as  fulknrsr 


pty(pi  =F)  = 0.2  (I'iytpr  = H)  = 0.3 
• Step  f.  The  nonnalitatiiin  (uocedure  yields- 


pry<n  = = 04  pryfvn  = W)  = 06 
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It  contains  the  uuo-implidt  information  about  the  target  's  nature  in  the  radar 

XQMkMlItftlXDt . 

• Step  5.  TON  fusion  ruie  is  used  to  cutnbine  the  evidence  tn»  and  mi,  . In 
accordance  with  the  true  nature  of  the  problem  (Shafer's  model),  the  following 
integrity  constraints  are  introduced: 

Oi  n o,  = o.  Ot  no»  = 0,  o,  n o,  = o,  Fn  h = a 

The  conjunction  of  propositions  cites: 

O,  n f = O,  n O,  = d 


enF  = 02 

o,nH  = o, 


Ot  Ci  H = Oj 


Bn//  = H 

By  applying  TON  fusion  rule,  the  updated  vector  of  innanra  of  belief  ma»d(.) 
concerning  both  levels  of  abstraction  (target's  type  and  target's  nature)  is  ob- 
tained below: 


•h+rdiOt)  = 0.13  = 0 .44 

m.pitH  = O r UOj)  = 0.21 


m.rdiOi)  = 0.22 


(20-1) 


Step  6.  Finally,  the  pignistic  probabilities  are  calculated  in  order  to  take  deci- 
sions about  the  object's  nature:  /*(//)=  0.56  P(F)  = 0.44  Other  pignistic 
probabilities  of  interest  are:  P(Oi)  = 0.235  P(Oj)  = 0-355.  It  U obvious 
that  the  evidence  supporting  propositions  'target  type  Is  Or ' and  ’target  type  is 
Os  ’ increase  the  support  for  proposition  'Hostile  target But  the  evidence  for 
a target  being  'Hostile  target’  does  not  increase  the  support  for  the  proposition 
'(aryef  type  uOi'ar  ‘target  type  is  Oj  *.  These  results  illustrate  and  confirm 
the  benefits  we  inn  expect  from  the  application  of  the  proposed  approach. 
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Fur  I lie  completion  uf  the  study  and  to  demonstrate  its  efficiency,  two  other 
possible  radar  measurements  are  considered  the  pmsible  presence  o t target  type 
'fighter'  (and  related  to  it  'iomier')  ur  the  possible  presence  of  target  type  'airlift 
cargo'  (and  related  to  it  ,6o'n6er‘): 


= 


rox(Oi)  = o;t 

m*(0.)  =0.2 
mt(Oi)  = 0.2 
mx(OiUOi)  = 0.3 
m*(0)  =0 


[m«(O,)  = 0.2 
I mx(Oa>  = 0.3 
and  inx(.)  = j mx(Os)  = 0.2 

Imx(OiUOi)  =0.3 
lmx(0)  = 0 


The  measurement  mx>(.)  supports  the  probability  for  ' hostile  fighter',  addition- 
ally increasing  the  corresponding  pignistic  probability  P(H)  = 0.65  and  decreasing 
the  opposite  one  P(F)  = 0.35.  The  measurement  m,«  (.)  supports  "friend's  airlift 
cargo',  additionally  increasing  the  irignislic  probability  P{F)  = 0.41  and  decreasing 
P( H)  = 0.59.  It  con  be  noted  that  both  probabilities  tend  toward  each  other  due 
to  the  lack  of  mote  categorical  evidence  supporting  'Hostile'.  The  small  difference 
remaining  between  them  is  due  to  the  ambiguous  evidence  Oj  ft  Os-  The  considered 
sub-Cive  illustrates  the  single  Inefficient  application  ol  tbe  proposed  approach  (but 
there  is  do  reason  to  make  categorical  decisions  if  the  available  information  does  not 
provide  nnv  support  fur  this). 


In  the  alternative  case  of  this  example,  when  the  target  'fHerut'  is  considered, 
the  numerical  results  remain  the  same.  They  support  the  wrung  decision,  but  have 
to  be  ignored  because  uf  the  obviuus  conflict  with  the  air-traffic  control's  schedule. 
This  schedule  excludes  the  appearance  of  a '/fiend's  fighter ' or  a ‘friend ’«  6om6rr 
Generalising,  there  is  no  reason  to  check  these  propositions  due  to  the  lack  of  IFF- 
sensor’s  answer  and  because  of  the  arising  serious  conflict  with  the  air-traffic  control 
rules.  The  case  of  arriving  measurement  mx(.)  is  commented  above  as  tbe  single 
inefficient  a;iproach  application. 


The  benefits  uf  tbe  proposed  approach  are  also  demonstrated  in  comparing  the 
results  with  those  obtained  by  the  direct  utilisation  of  the  mentioned  database  and 
TCN  rule.  For  this  purpose,  tbe  database  consists  of  two  separate  databases  (rri"a 
and  m/,o  ) n-lated  with  the  propositions  H and  P respectively.  Each  database 
contains  two  columns  (1,2  and  1,3  respectively).  These  granules  can  be  used  for  the 
direct  updating  of  m_,  (.)  m as  to  check  both  alternatives:  m,;  gt  in" b = m"p<  and 
tnx-  f?  rn(,B  = The  pignistic  probabilities  obtained  for  both  alternatives  are: 

P^(H)  = 0.61,  P^(F)  = 0.39.  Pj^(H)  = 0.41.  P^(F)  = 0.59 

Tbe  obtained  probabilities  thus  show  some  improvement  from  tbe  initial  total  igno- 
rance, however  this  improvement  does  not  suffice  in  practical  application  due  to  the 
high  similarity  of  the  results  for  tbe  pignistic  probabilities  P^(H)  and  P^^(F). 
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20.4  Conclusions 

A new  approach  (nr  a last  reduction  o!  the  uncertainty  In  the  process  of  object  identi- 
fication hue  been  proponed.  'Hie  new  class  of  fusion  rules  based  on  fuzzy  T-cunonn/T- 
nocni  operators  is  used  for  reducing  ignorance  according  io  the  object  s nature  This 
approach  which  combines  fuzzy  set  theory  and  DSmT,  utilizes  the  information  from 
the  adjoint  sensor  and  additional  information  obtained  from  a priori  defined  objec- 
tive and  subjective  considerations.  This  forms  a database  representing  a set  of  fuzzy 
relations,  correlating  some  measurement  components  expressed  at  different  levels  of 
abstraction.  This  approach  generates  its  results  from  all  available  information  about 
the  stochastic  events  considered  in  the  database  and  it  improves  the  separation  power 
of  the  decision  process  which  is  based  on  the  generalized  pignistie  transformation. 
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Abstract:  Our  result*  demonstrated  the  ability  of  the  Free  Desert- 
Smarandache  (DSm)  model  to  improve  thematic  classification  of  for- 
est numeration  oter  the  use  af  Dempstcr-Shafer  Theory  (DST)  and 
a classical  Marl  mam  Likelihood  Algorithm  (hILA).  Overall,  a dassi- 
flection  accuracy  of  BE- 15%  u>as  obtained  with  the  reference  method. 
ML  A tut  it  was  improved  fry  7.)  % fry  applying  the  fusion  method 
DST  (90  U%).  Further  improvement  af  1%  (to  91.13 X),  compared 
to  those  from  the  DST,  u>as  modest  bat  noticeable  when  using  the 
free  DSm  model.  The  study  also  stimi'cd  the  critical  aspect  of  the 
design  of  Ihe  mars  functions  of  each  ancillary  source  and  the  dif- 
ficulty to  model  the  associated  lagueneis  and  uncertainty.  Finally, 
Ihe  ability  of  Ihe  algorithms  to  take  advantage  of  data  fusion  provided 
an  etcrllenl  tool  to  test  carious  combinations  After  testing  series 
of  potential  inputs,  u>c  found  that  drainage  and  surface  deposit  u>erc 
the  tuv)  best  ancillary  inputs  in  addition  to  spectral  information  to 
improve  classification  on  the  growth  potential  of  irgenciuting  forest 
stands  in  Southern  Quebec. 
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21.1  lutroductiou 

This  impel  us  of  out  work  spurred  hum  the  necessity  to  improve  map  accuracy  in  tbe 
regenerating  forest  stands  of  the  Province  of  Quebec  in  Canada  la  facilitate  forest 
management  in  general  and  mure  specifically  field  operations.  Current  forest  inven- 
tory  mops  divide  tbe  landscape  into  polygons  of  uniform  characteristics  based  on 
stand  type,  tree  density  and  average  height  as  dehucated  by  an  experienced  photo- 
interpret.  The  polygon  dimensions  are  larger  than  2kn  and  we  wish  to  develop  a 
method  that  provides  information  at  a liner  resolution.  Another  limitation  is  tbe  up- 
date frequency  of  the  maps:  inventory  cycles  imply  production  of  a new  map  every  8 
years.  We  wish  to  develop  a method  that  can  provide  information  between  inventory 
update. 

The  Maximum  Likelihood  Algorithm  (VILA)  is  commonly  used  in  forest  mapping 
context  |5,  14]  and  thus  can  be  used  as  a reference  remit  foe  the  fusion  algorithms 
The  limitation  of  the  VILA  for  thematic  claroification  ha  with  ita  Incapacity  to  deal 
with  heterogeneous  data  (nominal  and  ordinal  data).  Thus,  only  satellite  imagery 
is  usually  u*d  to  produce  such  maps.  We  selected  the  Dempster-Sbafer  Theory 
(DST)  and  the  Deaert-Smaiandudie  Theory  (DSmT)  with  its  free  DSm  model  to 
improve  mapping  accuracy  of  regeneration  for  their  ability  to  fuse  satellite  imagery 
with  heterogeneous  and  complementary  data  belt  ika  far  their  ability  to  deal  with 
data  uncertainty  and  vagueness  We  therefore  compared  the  results  from  the  DST 
and  these  when  free  DSm  model  was  used.  Results  obtained  in  |18,  19]  suggested 
that  free  DSm  model  was  more  adapted  to  deal  with  conlllrting  fusion  coses  compared 
with  DST  and  me  felt  it  needed  to  be  tested  further  for  our  purpenr. 

The  main  objective  of  our  study  is  to  toil  if  DST  and  DSmT  bawd  on  the  free 
DSm  model  allow  impruvmg  map  accuracy  for  area  under  regeneration,  in  such  case, 
specific  objectives  are  included  to  compare  remits  with  MLA  and  also  to  onsets  the 
best  supplementary  input  for  data  fusion  to  improve  the  results.  This  work  was  ex- 
tracted from  a study  with  extended  objectives  which  will  be  submitted  by  Mura  el 
of.  [11].  This  chapter  below  focused  only  on  the  fusion  case  that  provided  tbe  brat 
results. 

21.2  Rcasoniug  theories 

21.2.1  Dempster-Shafer  theory  (DST) 

Unlike  the  theory  proposed  by  Bayes  |l],  the  works  from  Dempster  [4]  and  Shafer  [17] 
allows  fusing  sources  of  information  Data  fusion  using  DST  takes  into  account  the 
uncertainty  and  the  vagueness  linked  to  the  data  and  tbe  knowledge  that  we  have 
about  their  influence  on  a given  purpose.  The  following  description  is  n reminder  of 
the  theoretical  bases  of  the  fusion  method. 
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The  first  step  of  data  fuslun  with  DST  involve*  defining  the  frame  of  discernment 
0 that  include*  all  the  ciaam  of  the  stratification: 

e = {**,.«?. m.  <2i.i) 

Then  a power  set  2®  is  deduced  from  0 including  all  the  subsets  of  0 and  the 
empty  net  fl.  Pur  instance,  for  3 singleton  hypotheses  we  have  : 

2”  = <0i.03.0i,0iU0J.0iU0>.tfjU0j,t»iU0iU0j,fl}.  <21.2) 

In  DST,  Dempster's  combination  rule  allows  fusing  information  sources  with  man-, 
functions  describing  all  states  of  each  source.  These  rnnss  functions  can  be  equaled 
to  a confidence  level  given  to  each  focal  element . Le.  each  element  of  2®  with  a non 
null  mass.  Thus,  the  mass  functions  m(.)  of  each  hypothesis  of  2®  will  comply  with 
the  following  requirements,  fur  a given  source: 


m:  2®  - (0.1). 


J2  m<A)  = *-  <»■*> 

ac3» 


m(fl)=0. 


The  mmhination  rule  (21  4)  combines  the  sources  two  by  two  according  to  the 
mans  functions  defined  at  the  previous  step.  If  we  fuse  three  sources,  a second  iteration 
will  fuse  the  third  source  with  the  remits  of  the  first  combination  'ITie  same  process 
can  be  expanded  to  larger  number  of  sources.  Hie  combination  rule  is  associative 
and  commutative.  This  means  that  the  order  for  which  the  sources  are  combined 
is  not  important.  Thus  for  two  distinct  sources  characterised  by  their  belief  masses 
mi(.)  and  rn3(.).  the  combination  rule  is  written  as  m(k')  = 0 and  VC  € 2®  \ {*}: 


"i(C)  = [mi  ©mal(C)  = 


Eins-C  mil^)mi(fi) 


<21.4) 


The  denominator  of  (21.4),  also  represented  by  the  letter  A',  equals  sera  If  the  sources 
are  completely  contradictory.  In  such  case  it  means  that  cunlltct  between  sources, 
symbolised  by  k.  equals  1 knowing  that: 


K = 1 - k. 


<215) 


Zadeh  (2t>j  showed  that  in  the  case  of  highly  conflicting  combinations,  the  DST  can 
provide  cuunterint  uitive  results.  Some  authors  proposed  different  solutions  to  solve 
this  problem.  We  decided  to  test  the  DSmT  which  has  been  designed  specifically  to 
utKifi  rciollxrtitig  • 
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21.2.2  Dezert-Sinarandache  theory  (DSmT) 

DSmT  is  a generalization  ol  the  DST  fur  dealing  wllli  conflicts  and/or  paradoxical 
hypotheses  |18,  19).  This  generalization  brings  a more  adapted  framework  to  take  Into 
account  conflicts  existing  between  wwirccs.  There  la  a suite  of  DStii  models  available 
according  to  the  application  |18,  19).  Among  all  the  dilferen!  adaptations  of  DSni 
models  we  selected  the  free  DSm  model  for  out  study  because  of  its  ability  to  deal 
with  conflicts  and  for  its  simplicity  of  implementation. 

Tbe  classic  DSm  combination  rule  (DSmC)  works  with  the  bee  DSm  model  and 
keeps  the  properties  of  commutativity  and  associativity  of  the  DST.  A hyper-power  set 
is  now  derived  from  the  frame  of  discernment  0.  This  set  is  built  with  disjunctive  and 
conjunctive  operators  U and  O.  Consequently  for  the  frame  of  discernment  presented 
in  (21.1),  the  derived  hyper-poaer  set  D*  will  be  as  fallows: 

D*  = {(>l,02.6xu02'0i  K 61.%}.  (21.6) 

Tbe  requirements  to  build  mans  functiocifl  far  earia  focal  clement  of  D**  are  iden- 
tical to  wbat  was  praented  for  the  DST  Tbe  DSmC  rule  ol  combinatiim  for  two 
distinct  sources  is  detixird  as  m{0)  = 0 and  VC  6 \ (#): 

m(0  = [m,em,](<?)=  Y.  mi(A)m,(B).  (21.7) 

*^etlo.AiB*C 

As  we  can  see  in  (21-7),  the  parameter  k representing  the  conUict  in  the  DST 
combination  rule  (21.4)  disappeared.  Now  the  conflict  (or  the  paradox)  is  represented 
by  every  composed  da*  resulting  in  tbe  intersection  of  two  singleton  hypothesis. 


21.2.3  Decision  rule 

Various  deczsinn  rules  are  proposed  in  the  literature  The  most  common  are  the 
maximum  credibility  and  maximum  plausibility  and  the  pignistic  probability.  For 
our  study  we  choose  to  deal  only  with  two  singletons  hypotheses.  Consequently,  tbe 
maximum  credibility  decision  rule  was  chosen  for  its  simplicity  of  implementation. 
Indeed  in  thia  case,  all  the  other  common  decision  rules  cited  above  will  provide  tbe 
same  decision.  Fur  a hypothesis  A,  it  is  computed  os: 

<?r(A)  = £ m(B).  (21.8) 

oca 

21.3  Information  used  in  this  work 
21.3.1  Study  area 

The  study  area  is  located  in  the  Watupekn  forest  located  in  Southern  Quebec.  Canada 
with  a center  latitude  and  longitude  at  45°3500‘  N 71’’46'00"  W.  The  study  area  ran 
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be  delimited  by  a square  ol  50km1  in  which  2.5km2  is  occupied  by  regenerating  finest 
stands.  This  finest  is  mainly  composed  of  maple  species,  yellow  birch  and  coniferous 
species  like  balsam  fir.  jack  pine  and  black  spruce.  Due  to  this  species  composition, 
this  form*  is  dedicated  to  wood  production  for  a paper  factory.  The  local  climate  can 
be  defined  as  "continental,  sub- humid' . The  mean  altitude  of  the  area  varies  from 
250  to  40l>m  above  see  level  The  growth  season  varies  from  170  to  190  days  per  year 
and  the  cumulative  number  of  day  degrees  varies  from  2400  to  34CO°C. 


21.3.2  Satellite  imagery 

We  used  a multispectral  SPOT-5  HRG  image  taken  on  September  9 2002  and  covering 
the  study  area.  The  image  was  ortbocectified  using  a DEM  (Digital  Elevation  Map 
which  was  interpolated  with  the  Spline  method  applied  to  contour  lines  (1:20  0110) 
extracted  fnnn  the  Quebec  topographic  database.  The  SPOT-5  image  was  composed 
of  pixels  with  llhu  spatial  resolution.  Such  spatial  resolution  is  a good  compromise 
between  the  lower  resolution  provided  by  Landsat  images  at  30m  and  the  very  high 
spatial  resolution  images  (e.g.  QukiBird.  1KONOS)  ranging  from  0.6  to  4m.  Land- 
sat  images  do  not  provide  sufficient  spatial  resolution  to  identify  efficiently  spatial 
patterns  of  regenerating  forest  often  in  stripes.  In  contrast . very  high  spatial  reso- 
lution satellite  images  at  the  level  of  1 to  4m  provide  a sufficient  level  of  details  but 
are  far  mute  complex  to  process.  In  addition  to  supplying  with  a suitable  spatial 
resolution  to  identify  regeneration  areas,  multispectral  SPOT-5  image  also  oilers  a 
good  compromise  between  cent  and  total  surface  covered. 

21.3.3  Sample  plots 

We  collected  field  sample  plots  for  the  three  classes  of  stand  regeneration:  Decidu- 
ous commercial  species.  Non  commercial,  Conifers.  The  main  commercial  deciduous 
found  in  the  study  areu  were  maple  sugar  and  yellow  birch.  Non  commercial  species 
included  shrubs,  ferns  and  typical  species  from  humid  sites  like  lycopods.  horsetails. 
The  conifer  dans  induded  balsam  fir,  jack  pine  and  blaci  spruce.  For  each  of  the 
throe  classes,  plot  localisation  was  chasm  at  random  inside  known  areas  having  re- 
generating stands  in  the  study  area  During  the  field  visit,  a GPS  reference  value  was 
taken  at  the  center  of  each  sample  plot  for  location  and  the  following  attributes  were 
recorded  as  an  average  considering  all  trem  in  the  plot:  specks*  composition,  density, 
age,  and  height,  approximate  radius  of  stand  homogeneity  from  the  center.  Sample 
plots  diameter  could  vary  depending  on  the  homogeneity  of  the  species  distribution. 
This  did  not  add  any  difficult)'  in  the  analysis  as  we  did  not  need  to  compare  these 
plot  diameter  and  all  plots  had  a minimum  radius  of  12m  which  alkiwed  all  plots  to 
be  used  in  the  analysis.  We  superimposed  the  satellite  image  oxer  the  sample  plots 
to  aangned  pixels  that  corresponded  to  each  plots  ’Fable  21.1  provides  the  number 
of  sample  plots  and  their  aarociated  number  of  pixels  obtained  for  each  dims. 
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Commercial  deciduous 

Conifers 

Sample  plots 

61 

53 

36 

Pixels 

334 

ItW 

1A4 

Table  21.1:  Numerical  description  of  each  class  of  the  stratification. 

The  spectral  separability  of  the  three  classes  was  evaluated  by  using  the  pixel 
radiometric  values  at  the  location  of  each  plot.  We  tint  applied  the  Jarque-Bera 
test  |9]  which  examined  the  normality  of  radiometric  values  of  each  dam.  Each 
daoa  was  evaluated  for  each  of  the  four  bands  of  the  satellite  image.  Half  of  the 
combinations  were  proved  to  be  normal  The  others  were  rejected  with  an  alpha 
coefficient  of  5 or  1%.  Then  we  computed  the  Bhattacharryn  distance  to  examine  the 
separability  of  the  class  distributions.  Results  provided  a good  separability  between 
classes  from  1.31  to  1.46  (Table  21.2)  knowing  that  a perfect  separability  is  equal  to  i 
According  to  there  testa  we  decided  to  use  the  maximum  likelihood  algorithm  (MLA) 
as  the  first  reference  tost  to  compare  its  results  from  those  of  the  fusion  algorithms 
We  divided  randomly  the  datasets  into  two  parts  in  order  to  obtain  first  a dataset 
for  the  training  of  the  MLA  (6691  of  the  sample  plots)  and  second  another  dataset  to 
evaluate  the  results  of  the  classification  (34%  remaining). 


Commercial  deciduous 

Non  Commercial  | 

1.43 

/ 1 

( omMi 

1.31  I 

1.4(1 

Tahle  21.2:  Bhattacharrya  distance  on  the  sample  plots  distributions 


21.3.4  Drainage  and  surface  deposit 

In  our  first  series  cif  lists  to  map  regeneration  of  forest  stands,  we  only  considered 
two  pedologicnl  attributes,  surface  deposit  and  drainage,  among  all  tbe  potential 
biophysical  parameters  involved  in  the  growth  potential  of  forest  stands.  Tbe  value 
of  the*-  two  attributes  will  be  added  to  tbe  spectral  values  as  input  of  the  classification 
methods  using  evidential  reasoning  We  focused  on  these  two  pedologkal  attribute* 
because  they  haw  been  identified  in  the  scientific  and  professional  literature  as  tbe 
major  explanatory  variables  for  the  stand  growth  foe  ecosystems.  Roy  rt  al  [15. 
1G|.  Gagnon  and  Roy  |G],  Robttaille  |13)  and  MRNQ  |12]  provide  more  details  on  tbe 
importance  nf  surface  depinit  and  drainage  oo  the  spatial  distribution  of  the  species 
in  Eastern  Canada.  Both  attributes  war  available  from  the  maps  published  by  tbe 
provincial  government  of  Quebec  which  served  us  a base  tin  forest  inventory.  These 
maps  are  produced  frum  the  interpretation  of  aerial  photography  taken  at  a scale  of 
1 : 15000 
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21.4  Methods 


A flowchart  of  the  stepa  required  to  apply  our  method  is  given  in  Figure  21.1.  Before 
applying  live  cUoslicalioo  methods  we  identified  the  areas  with  regenerating  stands 
from  the  interpreted  provincial  forest  inventory  and  created  a spatial  mask  to  apply 
the  annlyas  over  that  area  only.  Then  we  processed  to  image  olasaiiication  using 
the  MLA  The  result  of  this  reference  method  allowed  mapping  the  coniferous  areas 
in  the  regenerating  stands  We  therefore  identified  pixels  of  the  image  and  in  the 
regeneration  stands  that  were  dominated  by  conifer  trees.  These  pixels  can  therefore 
be  treated  separately  in  the  analysis.  Once  the  delimitation  of  regeneration  area 
is  completed,  we  start  the  analysis  for  belief  assignment.  i.e.,  we  defined  the  mass 
functions  fur  the  two  remaining  climes:  Commercial  deciduous  and  Non  commercial. 
Then  we  processed  the  data  fusion  according  to  the  DST  and  DSmT  with  the  decision 
rule  of  the  minimum  credibility.  The  results  are  validated  by  comparing  with  a 
reference  method  (MLA)  or  with  the  validation  plots. 


Figure  21.1:  Flowchart  of  the  methodology. 
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21.4.1  Reference  methods 

The  first  Step  of  the  proms  consisted  in  pre- identifying  the  regenerating  stands  with 
the  provincial  forest  inventory.  This  allowed  redwing  the  number  of  classes  including 
only  the  regeneration  stands  to  be  considered  in  the  study  nrcn.  Then  we  were  able  to 
mash  the  satellite  image  only  on  these  areas  which  were  relevant  far  the  analysis.  We 
applied  the  MLA  on  the  masked  image  by  using  the  training  sample  plota.  The  results 
were  not  only  used  as  a reference  to  evaluate  the  performance  of  the  fusion  methods 
but  were  also  used  to  identify  the  coniferous  pixels  in  the  regenerating  stands. 


21.4.2  Data  fusion  methods 

We  were  not  able  to  define  mass  functions  far  the  conifer  class  of  the  stratification 
because  of  a lack  uf  references  leading  to  support  maas  function  values.  Therefore 
the  fusion  pnicm  was  applied  only  to  pixels  of  the  two  other  remaining  parts  of  the 
regenerating  stands  identified  as  "Commercial  deciduous"  or  'Non  commercial". 

The  belief  assignment  was  processed  according  two  specific  ways,  one  for  tbe 
satellite  image  and  one  fur  the  ancillary  source*.  We  used  the  Flrery  Statistical  Ex- 
pectation Moximixatiun  algorithm  (PS EM)  [7]  to  define  the  maas  functions  for  the 
satellite  image.  This  supervised  multi- iterative  method  is  based  on  Gaussian  distri- 
bution classes  and  cumpute  posterior  probabilities.  The  use  of  the  PSEM  lequirra 
having  strictly  independent  sources.  Consequently  we  used  a*  data  input  the  first 
two  principal  components  (90%  of  the  variance)  of  a principal  component  analysis 
(PCA)  applied  to  the  four  spectral  bands  of  tbe  satellite  imagery.  The  PSEM  has 
the  ability  to  produce  furry  clastes.  'Hus  automatic  way  to  design  the  mass  func- 
tions was  only  applied  to  the  satellite  image  because  it  was  not  ponublr  to  obtain 
normal  distributions  with  the  other  two  ancillary  sources  of  input;  surface  deposit 
and  drainage*. 

We  designed  the  mass  functions  of  the  two  ancillary  sources  manually  according 
to  the  references  and  some  expert  interviews.  Cocgne  (3)  and  Cayuela  el  uL  |2] 
also  adopted  this  way  to  define  mass  functions  of  their  models.  Pirstly,  tbe  references 
indicated  in  what  way  cadi  source  had  a positive  influence  on  the  growth  development 
of  the  deciduous  species  of  interest.  This  foe  user  mostly  on  the  sugar  maple,  tbe  most 
common  species  of  interest  in  the  area.  Secondly,  we  designed  the  mvs  functions  so 
that  the  sum  of  all  masses  of  pure  classes  was  equal  to  1.  A normalization  occurred 
later  in  order  to  integrate  tbe  mass  of  fuzzy  classes  to  follow  the  rule  defined  by  (21.3). 
Thus,  at  this  step  we  have  the  fallowing  relationship  far  two  pure  classes: 


m(f(,)  = 1 - m( Ox).  (21.9) 

In  the  case  of  our  study,  we  can  replace  the  class  name  'Deciduous  species'  by 
and  "Non  commercial  species”  by  At  this  point  we  had  values  for  maas  functions 
only  for  pure  classes.  However  the  next  step  impose  that  we  define  new  mosses  for 
union  c biases  or  fuzzy  classes  and  that  we  renormalize  with  these  new  mass  values. 
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We  defined  tbe  maos  functions  for  furry  dma  In  tbe  discounting  framework 
(10,  17).  This  helps  also  to  weaken  the  bba's  associated  with  sources  believed  to  be 
Iran  reliable  or  of  lower  importance  for  the  fusion  procedure.  The  discounting  method 
tat  defined  in  our  2D  case  as  fallows: 

m'(fit)  = a ■ m(0,).  (21.10) 

m '(fc)sa-m(fc). 

m'(6 1 Utfi)  = (1  - a)  + a • (21.11) 

Given  the  vagueness  and  uncertainty  related  to  the  sources  (scale  digitisation, 
quality  of  the  manufacturing  process).  fixed  the  coefficient  q to  a value  of  0.5 
empirically.  According  to  (21.11),  this  is  equivalent  to  considering  the  mass  of  the 
furry  dan  as  the  mean  of  tbe  masses  of  the  pure  classes  before  the  normalisation. 
On  the  one  hand  this  choice  appeared  as  the  best  compromise  to  model  tbe  vagueness 
and  the  uncertainty  of  tbe  sources.  On  the  other  hand,  we  were  not  able  to  define 
tbe  manes  of  the  fuzzy  clan  manually  (in  a scientific  basis.  Then  we  applied  a linear 
normalization  to  follow  tbe  requirement  of  (21-3). 

References  (rum  the  scientific  literature  provided  tbe  necessary  information  to 
define  tbe  influence  u(  each  state  uf  the  sources  on  tbe  growth  development  of  the 
deciduous  species.  In  other  words,  we  were  able  to  design  the  general  shape  of  the 
maos  functions  Then,  we  had  to  interpret  numerically  the  specific  influence  of  cadi 
sources  when  the  reference  did  not  provide  such  information  This  was  done  empiri- 
cally so  we  applied  a sensitivity  analysis  to  assess  tbe  influence  of  the  variation  of  the 
moos  values  on  Ihc  quality  of  the  fusion. 

• Drainage 

Roy  ef  al  (16)  established  a curve  Unking  the  drainage  with  diebadc  rale  nf  forty 
deciduous  forest  stands  in  Southern  Quebec.  We  used  this  curve  to  quantify 
tbe  influence  of  will  drainage  on  growth  development  of  the  sugar  maple  (see 
Ihblr  21.3).  We  noticed  that  the  two  levels  'Excel  ive'  and  'Fast'  were  not 
found  in  our  study  area.  The  codes  al  Table  21.3  correspond  to  tbe  provincial 
forest  inventory  standards. 

• Surfacr  deposit 

According  to  Roy  ef  al.  (15.  16),  Gagnon  and  Roy  [6].  Robitaillr  |13J  and  MRNQ 
(12)  and  also  to  expert  interviews,  we  translated  the  influence  of  the  arnuunt  of 
clay  and  the  thickness  nf  the  soils  on  the  growth  of  sugar  maple  os  indicated 
in  Table  21.4.  ITiesc  codes  also  corresponded  to  the  Quebec  provincial  forest 
inventory  standards. 

• Data  /ncinn 

As  motivated  above,  tbe  fusion  model  did  not  consider  conifer  pixels.  Iden- 
tification of  conifer  pixels  was  accomplished  with  the  MLA.  When  applying 
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Level 

Code 

Mass  of  0X 

Mass  of  &2 

Excessive 

0 

0 

i 

Fast 

1 

0.31 

Good 

1 

u77 

tra 

Moderate 

3 

0.77 

0.23 

4 

0.W) 

0.40 

Bad 

5 

0 

I 

Yen*  poor 

6 

0 

1 

Table  21.3:  Mass  values  for  the  drainage. 


T>P* 

Code 

Mass  of  ^ 

Mass  oi 

Thin  organic  deposits 

7T 

0.15 

0.S5 

ia^ 

0.3 

0.7 

Medium  thickness  glacial  deposits 

E? 

0.4 

0.(1 

Thick  glacial  deposits 

la 

0.5 

0.5 

Juxtaglacial  deposits. 
Proglacial  deposits, 
Ancient  fluviatil  deposits 

2B. 

3AN 

0.7 

0.3 

Giacioiacustral  deposits 

4 (•$ 

0.9 

0.1 

Table  21.4:  Mass  values  for  the  surface  deposit. 


the  D9T  algunthm  we  tested  the  powible  combinations  of  the  results  of  the 
PCA  from  the  SPOT- 5 image  with  one  and  two  ancillary  sources.  The  results 
from  data  fusion  using  the  DST  were  compared  with  these  from  the  reference 
method  (MLA). 


We  applied  a Hill-Smith  test  (8|  to  study  the  link  between  the  masses,  the 
quality  of  the  result  obtained  by  the  DST  and  the  conflict  level  (Piguira  21.2 
and  213).  The  result  shows  a positive  correlation  between  the  conflict  and  the 
misclaaufied  pixels  which  justilied  the  use  of  DSmT  with  the  free  DSm  model 
to  fuse  the  sources.  In  the  application  of  the  free  DSm  model  we  fullowed  the 
same  procedure  as  the  DST  fusion  process.  Here,  we  fused  the  sources  with  a 
total  transfer  of  fussy  mosses  to  the  paradoxical  class  as  in  Corgne  [3). 
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Figure  21.2:  Histogram  of  the  conflict  for  the  best  source  combination. 


Figure  21.3.  Correlation  circle  of  the  Hill-Smith  test  on  the  best  DST  fusion 
parameters.  The  prefix  "Res'  means  "Result",  "NCom"  refers  to  the  Non 
commercial  class  and  "ComD"  refers  to  the  Commercial  deciduous  class. 
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21.5  Results  aud  their  interpretation 

21.5.1  Results  based  on  the  maximum  likelihood  algorithm 

Table  21.5  prevail  the  correct  classilicatiou  results  obtained  using  the  MLA  with 
the  three  classes  af  the  original  *t ratification  and  tbmc  obtained  after  adding  the 
conifers  to  the  mask.  'Ihrae  results  served  as  a base  of  comparison  fur  these  that 
were  obtained  with  the  fusion  algorithms.  The  “two  classes*  case  provided  better 
results  (62.75%)  than  the  "three  class*11  cose  (70.03%).  This  con  be  explained  by 
the  reduction  of  the  confusion  produced  by  the  removal  of  the  Conifers  class.  For 
the  “two  class"  case  both  dames  were  well  da* Used;  above  90%  In  the  Commercial 
deciduous  claw  and  above  70%  for  the  Nun  commercial  class.  Such  good  remits  were 
expected  in  view  of  the  normality  of  spectral  values  within  the  sample  plots  and  the 
Bhattacharrya  distance  obtained  for  the  daases  (Table  21.2). 


ComD  NCom 

Conifers 

Mean 

three  classes  case 

eA-S.  1 

81.48% 

?u  tM 

two  classes  case 

’•tl.w1/:  TTu77 

/ 

Table  21.5:  Results  of  the  MLA  with  according  to  the  number  of  classes. 
’NCom”  refers  to  the  Non  commercial  class  and  "ComD”  refers  to  the  Com- 
mercial deciduous  class. 


21.5.2  Results  based  ou  the  fusion  in  DST  framework 

Comparison  ol  remits  obtained  with  the  MLA  with  lhi**e  obtained  with  the  FSEM 
(Table  21.6),  shuns  that  the  FSEM  woo  Iras  efficient  than  the  MLA  to  daoiify  tbe 
satellite  Image.  Consequently  we  decided  to  stop  tbe  FSEM  alter  one  iteration  in 
order  to  obtain  a fumy  MLA  damilicntiun.  In  fact  tbe  first  iteration  of  tbe  FSEM  tixed 
tbe  prior  probabilities  for  each  of  the  n dames  at  1/n  whkh  u equivalent  to  applying 
the  MLA.  When  compared  to  the  PSE.V1  (Thble  21.6).  the  fun,  MLA  provided  an 
improvement  of  6.4%  on  the  overall  accuracy.  The  result  provided  by  the  MLA  used 
as  a reference  result  was  lower  than  the  one  obtained  with  the  fuzzy  MLA  by  about 
1%..  This  can  be  explained  by  the  fact  that  the  last  method  computed  the  mooses  (or 
a third  class  (tbe  fuzzy  clans),  'lhis  Induced  a new  distribution  cif  mass  values  which 
led  to  a new  hierarchy  between  the  singletoo  classes.  Moreover  when  using  the  furry 
MLA,  the  input  data  were  out  the  spectral  bands  but  tbe  bora  Is  provided  by  a FCA. 
Therefore  this  can  lead  to  a slight  difference  in  the  results  from  the  MLA  applied  to 
tbe  spectral  bands  of  tbe  satellite  image 
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Commercial  deciduous 

Non  commercial 

Mean 

MLA 

90.83% 

71.08% 

82.75% 

96.67% 

\'YW% 

irwr 

Fuzzy  MLA 

35% 

803% 

83.7-1% 

Table  21.6:  Results  obtained  by  the  .VILA  and  the  FSEM. 

Tible  21.7  presents  the  results  obtained  when  the  satellite  image  was  lined  with 
one  and  both  nnrilnry  wiurces.  The  fusion  of  the  satellite  image  with  the  Surface 
deposit  or  the  Drainage  provided  better  results  compared  with  thane  Irani  the  MLA 
and  the  fuuy  MLA.  respectively  by  +3.94%  and  +3.45%.  The  bat  results  wen- 
obtained  with  the  fusion  of  Surface  deposit  with  the  I'C’A  values  of  the  SPOT-5 
image  Adding  the  second  ancillary  source  (Drainage)  to  the  combination  provided 
a small  but  noticeable  improvement  of  +2.40%  on  the  overall  accuracy. 


Commercial  deciduous 

Non  commercial  | 

| Mean 

Drainage 

05% 

TOiTT 

Surface  deposit 

90% 

84.34% 

87.68% 

l Drainage  / 
Surface  deposit 

95.83% 

81.93% 

1 90.14% 

Table  217:  Results  obtained  using  DST  framework. 


Table  21  fl  provide*  information  about  the  conflict  level  fur  the  whole  area  and 
within  the  validation  sample  plots  for  the  fusion  of  the  satellite  image  and  both 
ancillary  source*.  As  shown  in  Figure  21.2  the  mean  conflict  level  in  the  image  B not 
high  (0.27)  but  some  pixels  have  high  valura  (until  0-89).  The  Hill-Smith  test  showed 
a pudtive  cocrelatuui  between  the  conflict  level  and  the  miaclaasified  pixels  FYum 
the  table  we  noticed  that  the  validation  sample  plots  were  not  within  the  highest 
conflicting  areas  (maximum  conflict  value  of  0.42).  Nonetheless,  the  fusion  wilh 
DSmT  and  the  free  DSm  model  remains  relevant.  Next  section  presents  the  results 
obtained  with  this  fusion  method 


Mean 

Standard  deviation 

Maximum 

"Whole  am 

u | 

0.27% 

0.1  | 

0.80 

Validation 
sample  plots 

0 

0.24% 

0.07 

0.42 

Table  21.8:  Conflict  levels  for  the  fusion  with  both  ancillary  sources. 
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21.5.3  Results  based  on  the  fusion  in  DSniT  framework 

Table  21.9  presents  the  results  obtained  lot  the  fusion  o(  the  satellite  image  with  the 
ancillary  sources.  The  use  ul  the  free  DSm  model  induced  n small  improvement  of 
0.4991  of  the  overall  accuracy  fur  the  DST  fusion  taring  the  combination  of  the  satellite 
image  with  the  Drainage.  Applying  the  free  DSm  model  using  only  Surface  deposit 
with  the  PCA  bands  provided  nurse  results  for  the  Commercial  deciduous  class  and 
also  induced  a alight  decrease  of  the  overall  accuracy  by  0.49%.  The  best  remits  were 
obtained  with  the  combination  of  the  PCA  values  of  satellite  image  with  the  Drainage 
and  the  Surface  deposit.  It  induced  an  improvement  of  1%  on  the  overall  accuracy 
compared  to  the  DST. 


Commercial  deciduous 

Non  commercial 

Mean 

Drainage 

93.33% 

79.51% 

87.68% 

Surface  deposit 

89.10% 

84.33% 

87.1!flT 

Drainage  / 
Surface  deposit 

95% 

85.51% 

91.13% 

Thhle  219:  Best  (vaults  obtained  using  DST  framework  and  the  bee  DSm 
model. 


21.6  Sensitivity  analysis 

21.6.1  Mass  functions  of  the  ancillary  sources 

Because  some  man-,  function  valuus  were  determined  empirically,  we  decided  to  apply 
sensitivity  testa.  This  analysis  implied  varying  the  nn?  values  thruugh  their  potential 
range  to  study  the  impact  of  the  initial  choice.  We  aimed  at  preserving  the  shape 
of  the  curves  which  represents  the  hierarchy  between  the  state  values  of  the  source. 
Figure  21  4 represents  the  evolution  of  the  overall  accuracy  accunling  to  the  mss 
variations.  Note  that  the  mass  variation  displayed  in  the  x-nxia  is  the  variation  of  the 
Commercial  deciduous  class.  When  the  mass  values  of  one  hypothesis  are  increased, 
this  automatically  leads  to  an  improvement  of  the  overall  accuracy  of  the  class,  and  a 
decrease  in  the  other  one.  Figure  21.4  also  shows  that  the  initiol  mosa  values  provided 
the  best  overall  accuracy  which  is  the  best  compromise  fur  the  quality  of  the  detection 
of  both  classes. 


21.6.2  Discounting  coefficient 

Previously  we  justified  why  we  chose  to  fix  the  o coefficient  at  a value  of  0.5.  Nonethe- 
less we  studied  the  variation  of  this  parameter  that  could  inllueurr  the  overall  occu- 
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Figure  21.4:  Evolution  of  the  overall  accuracy  according  to  the  variation  of  the 
monies  for  the  combination  with  two  ancillary  sources. 


racy.  Figure  21.5  represents  the  evolution  of  tbe  results  according  to  the  variation 
of  this  coefficient.  A zero  value  fco  a means  that  the  discounted  mass  functions  will 
be  equivalent  to  a Bayesian  belief  structure  and  will  be  very  specific  whereas  a value 
equals  to  1 will  transform  the  mass  functions  to  a nun-informative  belief  structure. 
It  shows  the  small  influence  of  the  discounting  coefficient  on  the  overall  accuracy. 
Only  a slight  improvement  is  obtained  with  the  highest  values  (a  = 0.8  and  0.9)  of 
tbe  coefficient . With  a value  at  a = 0.8,  the  Identification  of  the  Non  commercial 
class  is  Improved  by  1.3591.  With  a value  of  a = 0.9.  the  identification  of  the  Non 
commercial  clnas  is  improved  by  4%  and  tbe  ability  to  identify  Commercial  deciduous 
decreased  by  a value  of  -0.62%.  Thus  we  realized  tbe  small  impact  of  the  discounting 
coefficient  uu  the  overall  results  for  our  study. 
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Figure  21.5:  Evolution  of  the  overall  accuracy  according  to  the  value  of  o for 
the  combination  with  two  ancillary  sources. 


21.7  Discussion 

FVooi  our  preliminary  runt  of  the  algorithm*  we  quickly  realized  that  remits  from 
multiple  iteration  of  the  FS EM  were  not  no  useful  as  using  only  the  first  iteration 
(wbidi  is  equivalent  to  the  fuzzy  MLA).  It  seems  to  be  an  interesting  way  to  com- 
pute automatically  the  masses  of  the  spectral  bauds  of  a satellite  image.  We  think 
that  this  automatic  way  is  preferable  than  an  empirical  one.  However  the  normality 
of  the  spectral  information  within  the  training  samples  has  to  be  considered.  Also, 
the  classification  resulting  from  the  fuzzy  MLA  gave  an  interesting  overall  accuracy 
(8174%)  and  balanced  remlta  fur  each  class  (birth  above  80%).  This  also  confirmed 
the  interest  of  the  fuzzy  MLA. 

Our  study  ato  showed  the  difficulty  to  establish  the  mass  functions  of  the  ancil- 
lary sources.  This  b due  to  the  lack  of  scientific  knowledge  about  the  influence  of 
the  attributes  on  the  growth  potential  of  regenerating  forest  stands.  Morewer  the 
sensitivity  tests  showed  the  high  sensitivity  of  the  results  to  the  design  uf  the  moss 
functions.  We  also  showed  the  low  inlluence  of  the  discounting  coefficient  on  the 
glolial  quality  cif  the  fusion  but  we  still  think  the  way  we  used  the  discounting  frame 
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by  fixing  a at  a value  of  0.5  is  a l*»l  way  to  deal  with  the  laa  of  knowledge  we 
have  about  the  Influence  of  each  ancillary  source  and  their  quality.  This  value  n a 
compromise  because  it  equals  the  mean  of  the  masses  of  the  pure  hypotheses  before 
the  linear  normalization  that  considers  the  mass  of  the  fuzzy  class.  Nonetheless  we 
advise  to  test  different  a values  for  each  source  to  be  fused  according  Ui  its  quality 
and  the  uncertainty  about  the  design  of  the  maas  functions.  For  example  the  scale  of 
each  source  could  be  considered  for  this.  We  could  not  test  this  in  our  study  because 
all  the  sources  had  the  same  scale. 


Note  that  fur  this  first  study  about  the  regenerating  forest  stands,  we  only  con- 
sidered pedologies]  attributes.  Some  references  and  experts,  also  cite  topographic 
and  hydrographical  information  as  attributes  of  interest  for  our  purpose.  Thus,  in 
order  fo  improve  the  results,  we  should  review  all  potential  sources  of  information. 
Also,  on  a technical  point  of  view,  a way  to  improve  the  results  may  be  to  condi- 
tion the  transfer  of  the  fuzzy  maas  to  the  ' intersection  class"  according  to  conflict 
level  encountered  during  the  DST  fusion.  Lastly  we  benefited  in  our  study  from  only 
modest  improvements  while  applying  the  free  DSm  model  This  might  be  partially 
due  to  the  fact  that  validation  plots  were  not  token  in  high  cunllict  areas  (see  Table 
21.8).  This  situation  shows  the  importance  of  plot  distribution  to  make  sure  they  are 
also  present  in  areas  presenting  high  conflict.  Therefore,  the  level  of  conflict  should 
always  be  toted  os  a prior  indication  to  cbooor  the  most  relevant  fusion  method. 


21.8  Conclusiou 

Our  study  showed  the  ability  of  DSmT  and  the  free  DSm  model  to  improve  the  clas- 
sification results  (91.14%)  compared  to  thine  from  DST  (00.14%)  and  a also  those 
from  reference  method  like  MLA  that  is  typically  used  in  forestry  (82.75%).  DSmT 
using  the  free  DSm  model  gave  better  retults  than  the  DST  but  only  with  a small 
improvement  of  1%  which  indicates  that  the  DST  provided  must  of  the  improvements 
in  accuracy  that  was  expected  for  the  purpose  of  mapping  stand  regeneration.  ’IVadi- 
tional  methods  like  MLA  use  satellite  image  as  their  only  source  of  information.  Data 
fusion  methods  proposed  in  DST'  and  DSmT  allow  the  inclusion  of  other  parameters 
that  ore  known  to  explain  forest  regeneration.  In  our  case  it  allowed  to  model  the 
influence  of  surface  depinit  and  drainage  which  are  both  known  by  forester  to  influ- 
ence tbe  growth  potential  of  regenerating  forest  stands  in  Southern  Quebec.  As  a 
continuation  of  this  contribution,  further  studies  should  focus  on  the  man  function 
structuring  prior  to  the  fusiun.  This  is  a recurring  issue  for  any  project  wishing  to 
adopt  DST  model  framework.  An  adapted  uncertainty  to  each  source  should  provide 
better  results.  This  would  be  done  according  to  the  quality  of  the  data  (statistics 
about  ita  accuracy,  tbe  scale  ... ). 
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Abstract:  Free  and  hybrid  models  of  muUisoaree  satellite  images 
fusion  are  developed  uriny  the  plausible  and  pomdoncal  reasoning 
theory  of  Dererl -Smamndathe  The  aim  a/  this  uxirk  is  lo  show 
the  lonlnbuhon  of  these  funon  models  for  impnmmi  the  thematic 
classification  and  the  quantification  of  change.  The  maps  obtained  by 
the  free  model  art  composed  by  simple  dosses  and  compound  rlaucr. 
Nevertheless , they  contain  no  significant  thematic  classes  and  m/uire 
un  important  computing  time.  In  the  other  hand,  the  hybrid  model 
unth  a constraint  introduced  using  a prior  knowledge  relatively  of  the 
study  area,  cun  hate  maps  composed  of  more  realist  ic  dasse i in  a 
reduced  time,  these  models  are  implemented  and  tested  on  images 
acquired  by  SPOT  HRV  and  Landsat  KTM+  sensors. 


Ml) 
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22.1  Introduction 


Recoil ly.  the  number  of  satellite  sensors  is  growing.  Information  acquired  by  the 
various  satellite  sensors  is  very  rich  and  complementary.  The  combination  or  the 
fusion  of  diderent  types  of  information  become  wry  interesting,  it  must  take  into 
account  the  rources  of  information  increasingly  numerous  and  varied.  Information 
fusion  resulting  from  different  sources  remains  an  open  and  important  problem.  The 
difficulty  of  this  process  is  due  to  both  uncertain  and  conflicting  information  mailable. 

In  this  context,  several  approaches  and  theories  have  been  developed  |2,  5,  13,  17| 
The  probabilistic  approach  which  is  the  oldest  and  most  widespread,  it  can  represent 
well  the  uncertainly  in  the  information  but  does  not  represent  its  imprecision  (2|. 
Moreover,  it  reasons  on  only  simple  classes  that  represent  different  hypothesis.  How- 
ever. the  Dempster -Shafer  Theory  (DST)  can  be  an  alternative  to  the  probabilistic 
approach,  it  is  often  recommended  and  used  by  some  authors  [2.  3.  10-12]  because  it 
can  also  put  up  with  the  uncertain  nature  of  information  through  a solid  mathematical 
formalism  and  Dempster  combination  rule. 

Nevertheless,  this  theory  has  certain  weakness*  when  the  combined  evidence 
sources  become  wry  conflicting  {conflict  close  to  the  unit)  and  when  the  problem  to 
be  processed  cannot  be  directly  described  within  the  frame  of  discernment  of  this 
theory  due  the  paradoxical  nature  of  information.  Consequently  a new  theory  which 
can  be  considered  as  a genrrnlitatlon  of  DST  was  elaborate,  it  b the  plausible  and 
paradoxical  reasoning  theory  of  Derert-Smarandoche  (DSmT)  |6,  7,  13,  14],  it  was 
applied  in  the  field  of  remote  sensing  by  (3,  4].  This  theory  con  wilve  some  delicate 
problems  where  DST  b usually  fails. 

DSmT  starts  with  the  notion  of  free  DSm  model.  This  model  b free  because  no 
other  assumption  is  done  on  the  hypotheses.  When  the  free  DSm  model  holds,  the 
classic  commutative  and  associative  DSm  rule  of  combination  b performed.  In  tins 
free  model,  the  rule  of  combination  takes  into  account  both  uncertain  and  paradoxical 
information  Thus,  it  generates  a frame  of  discernment  more  general.  Hut.  if  tbe 
cardinal  nf  tlii**  (lotur  iunrasw  the  computing  time  iDcrciueb  and  moreover  some 
dosses  of  tbe  power  set  are  not  significant.  Therefore,  a integrity  constraints  are 
explidtly  and  formally  introduced  into  the  free  DSm  model  in  order  to  adapt  it 
properly  to  fit  as  dose  as  possible  with  the  reality  and  permit  to  construct  the  hybrid 
model.  There  debt  actually  many  possible  hybrid  models  between  tbe  two  extreme 
models  (Shafer  model  and  bee  model)  for  the  frames  depending  on  the  real  intrinsic 
nature  nf  dements,  'ITie  hybrid  DSm  rule  works  in  any  model  and  b involved  in 
calculating  the  combined  nuva  of  any  number  of  information  sources,  no  matter 
bow  big  b tbe  ronflkt/paradoxbm  of  source*,  and  on  any  frame  (rxhanatlw  nr  non- 
exhauatire,  with  dements  which  may  be  exclusive  or  non-exclusive  or  both)  [13]. 

The  aim  of  our  work  b the  improvement  of  the  thematic  classification  and  the 
quantification  of  changes  by  a fusion  process  of  optical  satellite  images  using  two 
models  of  DSmT  (tbe  bee  and  the  hybrid  models).  These  images  are  covering  a i 
of  study  located  at  the  east  of  Algiers. 


Chapter  22:  Satellite  image  fusion  using  Dezeit-Smarandache  theory  551 


The  remainder  of  the  paper  is  organized  as  Colkiws.  In  the  next  section.  we  recall 
the  mathematical  basis  of  DSm'l  and  its  application  to  fusion  process.  Section  223  is 
devoted  to  the  presentation  and  the  implementation  of  the  free  model  and  the  hybrid 
model  of  DSmT.  In  section  22.4,  the  two  models  of  DSmT  will  be  applied  to  the 
fusion  of  two  mult  Isomer  and  multitemporal  images.  I'm  ally,  section  22.5  gathers 
our  conclusions  and  the  pooaihle  prospects  to  this  work. 


22,2  Desert  Sinaraiulachc  theory  basis 

The  DSmT  of  plausible,  uncertain  and  paradoxical  reasoning  [6,  8,  9.  13,  15]  is  a 
generalisation  of  the  classical  DST  [5,  16j  which  allows  to  formally  combine  any 
types  of  sources  uf  information  (rational,  uncertain  or  paradoxical).  'IV  DSmT 
is  able  to  solve  complex  data/mfocmation  fusion  problems  where  the  DST  usually 
fails,  especially  when  conflicts  (paradoxes)  between  sources  became  large  and  when 
the  refinement  of  the  frame  of  discernment  0 is  inaccemible  because  of  the  vague, 
relative  and  imprecise  nature  of  0 elements.  The  foundation  of  DSmT  is  based  on 
the  delinitkin  of  the  hyper-power  set  D”  (Dedekind's  lattice)  of  a general  frame  of 
discernment  0 [S.  9].  The  foundation  of  DSmT  b bawd  on  the  definition  of  the 
hyper-power  set  U"  [8,  9]  which  detailed  in  section  1.2.1  of  the  chapter  1,  in  the 
beginning  of  this  book. 


22.2.1  Mass  functions 

The  determination  of  mass  functions  in  DSmT  represents  a crucial  step  in  a fusion 
process  and  remains  a largely  unsolved  problem,  which  did  not  yet  find  a general 
answer.  In  image  processing.  Bloch  [2]  describes  three  different  levels  from  where  a 
tunas  function  may  be  derived:  at  the  highest  level  where  information  representation 
b used  in  a way  similar  to  that  in  artificial  intelligence  and  mattes  are  astigned  to 
propositions;  at  an  intermediate  level,  masses  are  computed  from  attributes,  and  may 
involve  simple  geometrical  models;  at  the  pixel  level,  matt  assignment  b inspired 
from  statistical  pattern  recognition.  Recall  that  the  difficulty  increases  when  we 
are  interested  on  the  compound  hypotheses  and  tbctx  mass  functions.  Tlie  moot 
widely  used  approach  b to  asaign  to  simple  hypotheses  mattes  that  are  computed 
from  conditional  probabilities.  Then  a transfer  model  is  introduced  to  distribute 
the  initial  masses  over  all  compound  hypotheses  (union  and  intersection  of  classes). 
Tins  transfer  operation  b done  through  a coarsening  (dbcounting)  factor  and/or  a 
conditioning  factor  applying  to  the  conditional  probabilities  (initial  masses). 

In  this  paper,  the  mass  functions  are  estimated  using  a disrnnant  mode)  of  Appriou 
that  was  initially  developed  for  only  two  clarees  [1]  and  we  have  generalized  anil 
extrapolated  far  more  than  two  classes  as  follows  iJ].  In  the  following  equations,  x! 
stands  far  the  value  of  a pixel  of  the  SPOT  or  Lanilsai  image  at  spectral  band  6 and 
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spatial  location  *. 

Vl  = l k = 7-  »;’) E {22l) 

»r  = l k;rti;k*l  } ~ ^ ~ ~’f 

mj[*t]<«i  Ufe)  = m,k[x»](*,  U 0.)  = • • • = mfr*](«i  U •••  U »,_,)  = e 
m.‘[xtl(tf,  n«,)  = mf[xt](#i  n 0,)  = . . • = -nf[xt](tf,  n ...  n />,-,)  = r 
fn?|xtl(0)  = 1 - «•?. 

where  k b the  nuinbei  of  the  considered  dames,  e is  a sensitivity  factor  that  weighted 
the  mass  functions  in  order  to  have  their  sum  over  all  the  hypothesis  equal  to  1, 
P(x||0,)  b the  conditional  probability,  a?  is  a coarsening  factor,  and  R ' represents  a 
normaliiatlon  factor  that  b introduced  in  the  axiomatic  approach  in  order  to  respect 
the  mass  and  plausibility  definitions,  and  b erven  by: 

R ~ max,-,.  ...»  l*fx! 

To  fuse  paradoxical  or  rational  sources  of  information  (bodies  of  evidence),  we  have 
used  in  thb  paper  the  DSm  domical  rub  and  the  DSm  hybrid  rule  These  rules  arc 
detailed  in  the  sections  1.2.4  and  1.2.5  of  the  chapter  1 in  thb  book. 

R»  a future  auric,  we  plan  to  test  the  l’CK5  fur  the  multi-source  satellite  image 
fusion.  ITus  rule  redistributes  every  partial  conflict  only  to  propositions  only  which 
are  truly  involved  in  it  and  proportionally  Ui  their  mooses  put  in  the  conflict  (15). 

22.2.2  Decision  Rule 

After  the  combination  of  different  sources,  a decision  b made  according  to  a certain 
criteria.  Several  decision  rules  have  been  proposed; 

1.  maximum  of  plausibility  which  b advocated  by  some  authors  [2-4,  11,  12], 

2.  maximum  of  belief  over  the  simple  hyputbesb  which  b the  must  used  [11]. 

3.  maximum  of  belief  without  overlapping  of  belief  intervals  which  b very  strict 
and  called  absolute  decision  rule  [3,  11.  12], 

4.  maximum  of  plgnbtlc  probability  |13.  17]. 

22.3  Implementation  of  the  froo  and  hybrid  models 

22.3.1  Implementation  of  the  free  model 

Tiu?  fusion  proem  with  the  free  mode]  .M/{0)  in  giren  in  Pig.  22.1. 

The  fusion  proem  b detailed  by  the  following  steps: 
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Figure  22.1:  Multi-source  fusion  process  using  the  free  model. 


1.  A geometrical  correction  in  the  same  reference  frame  using  the  interpolation 
by  I lie  polynomial  imxirL 

2.  A radiometric  corrections  for  both  images. 

X According  to  an  n prior  knowledge,  two  data  liases  are  constructed'  a training 
base  to  be  used  in  a supervised  classilkation  process,  and  a test  base  to  be  used 
during  the  assessment  of  the  clamilkatioo  accuracy. 

4 A Bayesian  classification  is  performed  using  a maximum  likelihood  algorithm. 

5.  A confusion  matrix  is  established  between  a Bayesian  cLaeuli  cation  result  and 
a test  data  base. 

6.  For  each  clam,  a coarsening  factor  is  obtained  from  the  confusion  matrix  and 
it  can  be  seen  as  the  accuracy  of  that  cinqs  which  is  computed  by  dividing  the 
total  number  of  correct  pixels  In  that  doss  by  each  of  the  total  number  of  pixels 
in  that  category  os  derived  from  the  lest  data  base 

7.  The  mass  function  is  estimated  using  transfer  model  of  Appriou,  detailed  in 

sec.  22.2.1. 
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8.  The  mow  function  is  animated  one  more  time  by  using  transfer  model  of  Ap- 

plKML 

9.  A combination  rule  of  DSmT  between  sources  is  applied  to  obtain  the  combined 
maos  Si  given  by: 

tow*  y.  n •"•<*•>  <22-2) 

M.nT^V1 

10.  The  combined  maw  Si  is  saved. 

11.  The  belief  and  the  plausibility  functions  are  deduced  from  the  combined  mass 
function. 

12.  The  uncertainty  fur  each  pixel  is  calculated. 

13.  Finally,  a multispectral  cUssrlication  is  released  according  to  a decision  rule. 

22.3.2  Implementation  of  the  hybrid  model 

'llie  fusion  process  with  the  hybrid  model  ,M(0)  is  given  in  Fig.  22.2  and  detailed  by 
the  following  steps. 

1.  Introduction  of  the  combined  maw  Si  calculated  in  the  free  model  M1  (0). 

2.  Introduction  of  the  constraints  by  forcing  some  elements  of  D"  to  be  empty. 

3.  Determination  of  the  characteristic  non-emptiness  function  <fl(A)  and  the  total 
empty  set  fl  5 jO.«,A} 

4.  Calculation  of  the  sum  based  on  the  technique  of  absorption,  transferred  the 
mans  from  cadi  empty  clement  to  total  or  relative  ignorance  using  the  expres- 
sion of  Si  (see  section  1.2.5  in  chapter  1)  given  by: 

AM)  - J2  ft-W  (22.3) 

Calculation  of  the  sum  transferred  the  masses  of  relative  empty  sets  to  nunempty 
sets  using  the  following  expcewioo  of  S»  (see  section  1.2.5  in  chapter  1): 


5. 
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fi  Cak  Illation  of  the  combined  maa**  using  I he  general  rule  of  hybrid  combina- 
tion of  DSrn  [7]  defines  as  follows: 

VA,  e D*.  = 4(A.)  [mM,(tt)(A,)  + Sb(^.>  + &(4.)]  • 

7.  The  belief  and  the  plausibility  functions  are  deduced  from  the  combined  muaa 
function 

B.  The  uncertainty  foe  each  pixel  is  calculaled. 

9.  Finally,  a mull  (spectral  dnmilication  is  released  according  to  a decision  rule. 


Figure  22.2:  Multi-source  fusion  process  using  the  hybrid  model. 
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22.4  Application 

22.4.1  Site  of  study  and  data  used 

The  methodology  proposed  a tested  on  an  area  located  approximately  at  lDkm  to 
the  eoot  of  Algiers.  This  area  is  characterised  by  high  urban  concentration  and  a very 
dense  road  network  in  the  north  of  the  aiipoct  and  an  agricultural  area  with  bare  soil 
in  the  south  of  the  airport. 

Fbr  a inultiaouree  study  of  the  site,  Be  often  used  a data  set  acquired  by  different 
satellite  sensors  at  the  same  date  on  the  same  study  area  and  for  a multitemporal 
study  of  the  site,  it  is  preferable  to  use  a data  act  acquired  by  the  same  sensor  on 
different  times  on  the  snrne  scene.  However,  currently  we  do  not  haw  this  ideal  data 
set.  Therefore,  two  multisource  and  multitemporal  images  were  put  at  contribution 
in  this  study  a mult  {spectral  image  acquired  on  April  1”,  11)97  by  the  sensor  HR VI 
of  SPOT-1  satellite,  a multispectral  linage  acquired  on  June  3'*,  2001  by  the  sensor 
ETM+-  of  Lanilsnt-7  satellite  The  joint  rjjiloitaliun  of  these  images  requires  a step 
of  geo-referencing  through  a method  of  geometric  correction 

In  our  case,  we  applied  the  polynomial  method  through  a second  order  polvuomial 
Then,  we  proceeded  to  the  resampling  of  HRV  image  at  a resolution  of  30  m using 
the  method  of  Nearest  Neighbour.  Thus,  the  RGB  compwtitions  of  the  two  images 
corrected  are  shown  in  Fig.  22-3. 


(a)  SPOT  HRV  1997 


(b)  Landsat  ETM»  3001 


Figure  22.3:  RGB  composition  of  the  Algiers  scene,  Algeria. 
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The  methodology  of  fusion  and  deification  adopted  in  this  work  is  supervised 
bawd  on  a priur  knowledge  on  the  study  site  and  the  various  thanes  which  are  there. 
Then,  we  extracted  a training  base  and  a lost  base  fat  each  image.  These  bases 
contain  three  thematic  classes:  Dense  Urban  (DU),  Bare  Soil  (BS)  and  Vegetation 
(V)  that  lune  been  identified  and  defined  by  an  expert  knowing  well  this  area  of 
study, 

The  validity  nf  the  choice  of  the  three  dosses  for  the  steps  of  training  and  evalu- 
ation is  carried  out  and  justified  in  |10}.  Indeed,  for  the  two  images,  we  notice  that 
the  dillerence  between  the  aivelope  of  the  three  normal  distributions  associated  with 
the  three  dosses  and  the  form  of  the  real  histogram  is  very  negligible.  This  means 
that  the  two  irnagra  are  dominated  by  the  three  dosses  considered 


22.4.2  Fusion  based  on  the  free  model 

In  a multitemparal  study  uf  a site,  it  b preferable  to  use  a multitempocnl  data  set 
acquired  by  the  same  satellite  sensur  on  the  same  study  area.  However,  we  do  not 
have  thb  data  set.  Therefore,  two  multisource  and  multitempinol  images  were  used 
in  this  study. 

The  impnnement  of  the  land  cover  maps  obtained  b based  on  the  joint  exploita- 
tion uf  the  two  essential  characteristics  of  the  sensors  which  provide  the  Images.  The 
first  characteristic  b the  wealth  of  the  spectral  information  of  the  image  acquired  by 
sensor  KTM+  (six  spectral  bands)  which  allows  a better  identification  and  elbaim- 
motion  of  the  themes  on  the  ground,  and  the  second  characteristic  b the  wealth  of 
the  spatial  Informat  ion  of  the  image  acquired  by  the  sensor  HRV  (spatial  resolution 
of  20  m)  which  allows  a more  detailed  description  of  the  objects. 

The  result  of  multisource  classification  and  fusion  obtained  by  the  free  model  b 
given  by  Fig.  22.4. 

The  evaluation  of  thb  result  will  focus  only  on  the  invariant  sites  between  the 
two  dates  uf  acquisition  (1!W7  and  2001).  The  airport’s  runways  are  considered  os  in- 
variant site  and  have  not  undergone  any  changes  between  the  two  dates  of  acquisition. 

We  note,  from  Fig.  22.4,  that  the  multismuce  image  obtained  by  the  free  model 
and  more  exactly  the  sites  invariant  of  the  airport’s  runways,  constitute  of  the  simple 
c looses  DU  on  which  the  two  sen* in  of  acquisition  (BTM+  and  HRV)  give  the  same 
opinion  with  certainty,  and  of  the  compound  clasaea  (intersection  of  daises)  like  the 
classes  U 0 V,  (BS  U V)  fl  U and  BS  O V.  an  which  the  two  sensors  give  dillerent 
opinions,  it,  there  is  a confusion  between  the  two  sensors. 

By  taking  a pixel  located  in  the  airport’s  runways,  belonging  to  the  class  of  in- 
tersection U O V generated  by  tbe  free  model,  we  note  that  its  spectral  signature  In 
image  HRV  corresponds  to  the  signature  of  the  class  U.  and  that  its  signature  in 
image  ETM+  thus  corresponds  to  the  signature  of  the  doss  V,  the  attribution  of  thb 
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Figure  22. <1:  Result  of  multi-source  fusion  based  on  the  free  model.  U:  Urban 
area.  V:  Vegetation.  BS:  Bare  soil. 


pixel  to  the  cla»  U r V ia  well  justified  (see  Flg.22.5). 


(a)  Clou  UrUn  (U)  (b)  Clnai  Vegetation  (V) 

Figure  22  5:  Spectral  signattues  of  the  classes  Urban  (HRV  1997)  ami  Veg- 
etatinn  (ETM+  2001)  in  the  invariant  site  of  airport's  runways  by  the  free 
model. 


The  evaluation  of  the  result  in  the  cam  of  rnultitemporal  fusion  will  carry”  only 
on  the  sites  varying  between  the  two  doles  (1997  and  2001).  We  take  as  an  example 
of  variant  sites,  on  agricultural  *ooe  located  at  the  muth  of  the  airport 
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We  note  that  the  multiteinporal  image  obtained  by  the  free  model  in  more  exactly 
the  variant  alia,  constitute  ol  simple  daases  representing  the  stable  rones  as  the  date 
V not  having  undergone  any  change,  and  of  the  compound  classes  representing  the 
rones  of  changes  during  the  time  considered,  as  the  class  of  intersection  BSfl  V which 
is  an  unstable  rune. 

By  taking  a pixel,  located  in  the  agricultural  zone,  belonging  to  the  dam  IIS  O V 
generated  by  our  methodology*,  we  notice  that  its  spectral  signature  in  image  HRV 
corresponds  to  the  signature  of  the  das.  BS,  and  that  its  signature  in  image  ETM+ 
corresponds  to  the  signature  of  the  class  V (Fig.  226).  Therefore,  the  attribution  of 
this  pixel  which  changed  class  BS  towards  V to  the  class  BS  O V is  well  Justified. 


(a)  Class  Dare  Sod  (BS)  (b)  Class  Vegetation  (V) 

Figure  22.fi  Spectral  signatures  of  the  classes  Bare  soil  (HRV  1997)  and  Veg- 
etation (ETM+-  2001)  in  the  variant  site  of  the  agricultural  aone  by  the  bee 
model. 


The  result  of  the  binary  changes  detection  between  1997  and  2001  by  multisource 
and  multitemporal  classification  and  fusion  using  the  free  model  is  given  in  Fig.  22.7. 
The  simple  classes  represent  the  no  change  (in  black),  on  the  other  hand  the  com- 
pound classes  represent  the  change  (in  white). 


From  a qualitative  evaluation  of  this  image,  we  see  that  there  are  a great  dynamics 
In  the  study  area  between  the  two  dates  considered,  an  evolution  of  the  thematic 
domra  "bare  soil"  and  "vegetation"  in  the  south  of  the  airport  which  b due  one  side, 
to  tbe  clearing  of  the  land  agricultural  and  another  side  to  the  farm  of  the  bore  areas 
and  a dense  urbanization  in  the  north  of  the  airport,  in  particular  In  the  area  of  El 
Hum  is. 
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Figure  22.7:  Binary  changes  image  between  1997  and  2001  obtained  by  the  bee 
model. 


22.4.3  Fusion  based  on  the  hybrid  model 

FYom  a prim  knowledge  an  the  study  area,  we  take  as  must  taint,  the  ptopmitiorr 
U O V.  Therefore,  the  set  of  tbe  focal  elements  of  D”  is  reduced  to  the  following  set. 

{ II,  BS,  V,  U U BS.  U U V,  BS  U V,  U U BS  U V,  U ft  BS.  BS  n V, 

(UuV)nBS,<unBS>uv.  (Bsnv)uU). 

Decision  making  will  be  done  on  the  simple  closes  and  the  classes  of  intersection,  by 
neglecting  the  mantes  associated  to  the  unions  of  classes  which  are  very  weak.  These 
classes  are: 

{U,  bs,  v.unBS.BSnv,  (UuV)nBS). 

The  result  of  multiaource  classification  and  fusion  based  on  the  hybrid  model  is  given 
by  Fig.  228. 

The  evaluation  of  the  result  obtained  by  multisource  fusion  using  the  hybrid  model 
will  always  focus  to  tbe  invariant  sites  between  the  dates  1997  and  2001.  We  note  that 
the  multisource  image  obtained  by  the  hybrid  model  Af(0)  and  more  exactly  in  the 
airport's  runways  constitutes  of  pure  classes  as  the  claw  U on  which  the  two  sensors 
give  a common  opinion  and  the  claw  of  intersection  as  the  class  BS  n V on  which 
the  two  sensors  give  a different  opinion.  This  result  is  well  illustrated  by  the  trace 
of  the  spectral  signatures  (Ftg.  22.9)  of  a pixel  of  airport's  runways  the  belonging  to 
the  class  of  intersection  BS  ft  V. 

In  multitemporal  fusion,  we  see  that  there  is  a change  of  themes  which  has  oc- 
curred on  tbe  agricultural  rone  in  the  south  of  the  airport.  A great  change  of  tbe 
Bare  Soil  (urigln)  towards  Vegetation  (destination)  The  validation  of  this  result  Is 
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(a)  Class  Dare  Soil  (BS)  (b)  CIm  VcgeUtkm  (V) 

Figure  22  9:  Spectral  signal un»  of  the  classes  bare  Soil  <HRV  1997)  and  Vege- 
tation (E7IM+  2001)  in  the  invariant  site  of  the  airport  s runway  by  the  hybrid 
model. 


dune  by  talcing  a pixel  belonging  to  the  cla*  BSftV  and  then,  to  observe  its  variation 
between  1997  and  2001. 

From  the  spectral  signature*  of  Fig.  22  10,  we  see  that  a pixel  of  the  class  “Ban- 
Soil'  in  this  variant  site  in  1997  changed  daas  after  four  years  towards  the  simple 
clnas  'YrgeUtkio*. 

In  the  multisource  and  multitemporal  fusion  using  tbe  hybrid  model,  the  binary 
change*  map  obtained  is  the  same  one  as  for  the  free  model,  that  b due  to  the  decision 
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(n)  Glum  Bur  Soil  (BS)  fb)  Claa  VEgDtatioD  (V) 

Figure  22.10:  Spectral  signatures  of  the  classes  Bare  Soil  (HRV  1997)  and 
Vegetation  (ETM+  2001)  in  the  variant  site  of  the  agricultural  zone  by  the 
hybrid  model. 


rule  which  we  applied.  The  pixel?  which  represent  no  change  (simple  claasra)  are  the 
pixels  which  belong  to  the  same  simple  class  in  the  two  remits  obtained  by  Maximum 
Likelihood  (ML).  On  the  other  hand,  the  pixels  which  represent  the  change  are  the 
pixels  which  belong  to  compound  chum. 

The  only  difference  between  both  change  maps  is  at  the  level  of  the  compound 
classes.  In  case  of  the  lice  model,  the  number  of  change  daasra  is  greater  than  the 
number  of  change  claara  in  case  of  the  hybrid  model 

22.4.4  Comparison  between  the  free  and  hybrid  models 

After  having  obtained  the  Land  cover  tnap  and  changes  map  using  the  free  and  hybrid 
models  of  DSmT,  we  carried  out  a comparative  study  between  t hese  two  models.  The 
various  results  of  this  study  are  listed  on  Table  22.1. 


22.5  Conclusion 


Multbuurce  clasaLlicatiun  luting  the  free  model  oi  DSmT  presents  an  image  cuuipuM.nl 
from  simple  rluffifrff  on  which  both  acquiftitioo  wnw ca  (ETM  + and  HRV)  eqm 
the  Kami?  opinion,  and  compound  classes  (intersection  of  chunm)  on  which  the  two 
sensors  exp  re  « clitic  rent  opinions,  relatively  to  the  multitemporal  ciaa&iticntiou  that 
pruvid«  a changes  map  compotes!  of  simple  classes  representing  stable  areas  which 
have  not  undergone  any  change,  and  compound  classes  represent  the  change  areas 
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rree  model 

Hybrid  model 

Cardinality  of  hyper-  . ' ' , t 

' mg  to  the  number  of 

power  set  ^ . , . , 

r Dedekmd 

Reduced,  according 

to  the  introduced 
constraints 

Important  and  for  n > 
Computing  tune  _ 

G very  important 

Acceptable 

Size  of  memory  needed  o insufficient 

Sufficient 

Obtained  image  | 

Includes  more  realistic 
classes 

Table  22.1:  Comparison  between  the  free  model  and  the  hybrid  model. 


during  the  time  considered.  'lb  obtain  these  results.  we  require  much  computing 
time.  On  the  other  hand,  the  hybrid  model  allows  to  have  maps  composed  of  clauses 
mote  significant  and  concordant  with  the  ground  reality.  The  rraults  obtainrd  will 
be  exploited  in  cartography. 

We  propose  no  possible  prospects  for  our  work:  the  integration  within  the  fu- 
siou/ classification  process  different  types  of  satellite  data  known  as  hetexocenwius  for 
example:  the  contextual  information  oc  a satellite  image  from  SAR  (Synthetic  Aper- 
ture Radar)  to  include  topographic  information  or  relief  of  the  surface  to  ciamify  for  a 
more  realistic  and  optimal,  the  use  of  the  recent  data  and  the  update  of  the  training 
base,  the  use  of  other  rules  of  combination  such  oa  the  PCR5  (Proportional  Con- 
flict Redistributkin) , URR  (Uniform  Redistribution  Rule).  PURR  (Part  ially  Uniform 
Redistribution  Rule). 
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Abstract:  Fhm  u no/  owe  application  loud  on  snoBr-atolancbe 

rut  rtuinogemenl . an  integrated  fnuneuvjrk  miring  rndenfiol  reason- 
my  and  multi- criteria  decision  analyst*  (ER-SiCDA)  u proposed. 
I'll  is  methodology  considers  a simplified  decision  sorting  problem 
Uisal  vn  qualitative  and  quantitative  criteria  on  ichich  more  or  less 
reliable  sources  provide  uncertain  and  imprecise  ewduatians.  The 
Analytical  Hierarchy  Process  (A HP)  is  used  both  to  model  the  prob- 
lem in  a conceptual  way  and  to  elicit  preferences  between  key  criteria. 
Fuzzy  Sets  and  Possibilities  theories  are  t isal  to  transform  yuanti- 
la/ire  and  qualitative  criteria  into  a commrm  frame  for  Dempster - 
Shafer  Thtvry  ( DST ) and  Dezeri-Smanmdache  Theory  (DSmT).  It 
u shaun  that  DSmT  offers  an  interesting  frameuiork  to  take  maim • 
plete  information  into  account  and  me  u.ie  it  for  decision-making. 
Evidential  reasoning  at  lou*  merging  different  uncertain  and  mnttn- 
plete  pieces  of  information  la  identify  the  senaifitrifp  of  an  avalanche 
prune  area  and  fo  determine  an  araianc^e  hazard  map.  Thu  ap- 
proach emphasizes  Mama  implementation  guideline  a based  on  a Uni- 
fied Modeling  Language  (U.ULf  of  the  problem.  We  point  out  also 
some  important  issues  of  information  fusion  such  at  basic  behef  as- 
signment elicitation,  conflict  identification,  fusion  rules  choice  and 
results  validation. 
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23.1  Introductiou 

23.1.1  Natural  hazards  in  mountains 

How  and  why  expertise  is  needed  in  the  risk  management  process? 

Natural  hazards  in  mountains  surii  os  snuw  avalanches  or  Hoods  threaten  hu- 
man or  material  stakes  with  sometimes  dramatic  consequences  including  damages  for 
peo|ile  and  material  meets  (see  PlG  23.1). 


s rw»«  i*  Tna  - ns  a fwmtuii  ri»  <i  amu  i 

Figure  23.1:  Examples  of  natural  hazards  in  mountains. 


The  effects  id  physical  phenomenon  on  existing  stakes  such  buildings,  persona, 
infrastructures  axe  cross-analysed  with  their  temporal  occurrence.  In  a classical 
way,  risk  can  be  considered  as  a combination  of  Hazard  letel  and  t'uinrruAifily  (sec 
Fig.  23.2): 
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• Hazard  level  represents  the  physical  effects  of  a natural  |>heno«nenon  de- 
scribed thruugh  Ub  intensity  and  frequency.  This  produces  a hazard  level  (actor 
mixing  frequency  and  intensity.  I'ur  a snow  avalanche,  the  effects  can  be  snow 
deposition,  impacts  of  avalancbe  and/or  blocks,  trees  carried  by  tbe  flow,  etc. 
For  debris  flows,  the  effects  can  be  the  static  and/or  dynamic  presume  due  to 
the  height  of  fluid,  the  impacts  of  blndu,  etc.  'llie  more  intense  and  frequent 
is  the  phenomenon,  the  higher  will  be  the  hazard  level.  A same  haxard  level 
can  be  due  either  to  a very  frequent  phenomenon  with  low- medium  intensity 
or  to  a rare  event  with  high  intensity  (potential  effects); 

• Vulnerability  represents  tbe  cunsequences  due  to  tbe  direct  physical  or  indi- 
rect effects  of  the  phenomenon  on  people,  material  assets,  organization.  These 
consequences  correspond  to  lenses  or  damages  which  are  first  described  in  a 
physical  way  and  then  valuated  according  to  their  economic  value  for  material 
onsets  and  evaluate  a risk  level 


Hazard  x Vulnerabilty4  • *ISK 


H^atU  Vutn*rt4iiy  snafysa  Riili  iiMMmint 

Eipcfloo  n reojraj  . 

Figuie  23.2:  Risk  is  a combination  of  hazard  and  vulnerability. 


Risk  management  can  be  alt»  viewed  as  a decision  process  : in  a given  situation, 
several  strategies  do  exist  to  reduce  tbe  level  of  risk  [Tacnet  and  Richard  2008 1. 
Prioritization  and  choice  have  always  to  be  done  by  the  decision- makers  (ministries, 
local  authorities,  private  companies  or  technical  staff  involved  in  risk  management). 
Tbe  ruk  monayernenf  process  can  be  considered  as  a combination  of  decisions  related 
both  to  the  temporal  steps  of  tbe  physical  procow  and  to  the  functional  steps  of 
tbe  risk  management  framework  in  itself.  Therefore,  decision  support  systems  are 
helpful  to  prupuse  synthesis  of  tbe  different  criteria  involved  in  the  decision,  'lb  a 
certain  extent,  the  decision  process  when  it  dysfunctions  can  also  induce  disasters 
[Wdchselgartner  and  Berteus  2000J. 


Chapter  23:  Information  fusion  for  natural  hazards  in  mountains 


5G3 


23.1.2  Experts  are  expected  to  manage  and  integrate  the 
overall  uncertainty 

la  a natural  ham  cl  context,  the  practical  implementation  of  these  principles  will  cun- 
cera  approaches  going  from  physical  phenomenon  description  (the  risk  analysis)  to 
risk  evaluation  and  management.  Risk  analysis  begins  with  the  hazard  asserement.  It 
requires  first  to  identify  the  phenomena  and  the  physical  processes  such  as  triggering, 
propagation  and  depcniUoo.  These  processes  correspond  to  the  successive  temporal 
steps  oi  phenomena.  This  begins  with  a quahlalive  description  of  the  different  phe- 
nomenon that  have  already  occurred  or  that  may  occur  in  the  risk  basin.  Rw  each 
step,  different  characteristics  related  to  the  possible  effects  are  analyzed  by  the  ex- 
perts. For  avalanche  risk  analysis,  experts  collect  and  choree  parameters  that  arc  used 
to  define  the  intensity  and  characteristics  of  the  reference  phenomena:  the  expertise 
process  can  be  wsen  as  a serial  of  decisions  related  to  the  different  parameters  (see 
FlG.  23.3).  In  a second  step,  frequency  of  the  phenomena  is  evaluated.  Data  sources 
are  historical  information,  pictures,  hydrological  chronicles,  topographic  infonnation- 
Itisk  analysis  consists  afterwards  in  ihe  estimation  of  consequences  on  exposed  people 


All  over  this  expertise  process,  uncertainty  arises  both  from  expert  basic  knowl- 
edge of  the  different  phenomena,  the  intermediate  tools  such  as  models,  the  expert 
evaluations  for  data  collection  and  finally  from  the  decision  step.  In  most  af  cases, 
choosing  limits  on  continuous  physical  values  does  nut  make  much  sense:  if  a natural 
slope  is  supposed  to  highly  contribute  to  tbe  sensitivity  level  of  an  exposed  site  and 
if  its  inebriation  is  over  30%.  wbal  should  we  think  of  a 2891  slope?  Reasoning  an 
classes  with  artificial  thresholds  does  not  correspond  to  the  reality.  In  the  natural 
hazards  risk  management  context . there  is  a great  need  for  tools  and  methodologies 
that  allow  consider ing  both  uncertain  and  imprecise  information.  Specific  needs  and 
developments  about  uncertainly  in  natural  hazards  risk  management  pcoceares  con- 
cern Hoods  (Apd  et  al.  2004,  Van  Der  Most  and  Wehrung  2005],  rock-falls  in  relation 
with  spatial  data  accuracy  (Darren  and  Heuvelink  2tKU],  debris- lb iws  (Lin  et  aL,  2001; 
or  anow-atalanches  [Barbolini  and  Savi  2001). 
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Thin  justifies  the  development  of  general  framework  to  consider  decision  and  un- 
certainty. 


Figure  23.3:  Expertise  required  during 
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the  hazard  analysis  step. 


The  pniblou  complexity  requires  using  different  approaches  to  analyze  the  risk 
situation:  descriptive  and  qualitative  approaches  are  used  as  well  as  numerical  mod- 
eling. In  many  cases,  they  must  be  considered  as  complementary  [Ancey  2006].  In- 
volving experts  whose  backgrounds,  methods  are  different  is  as  useful  as  necessary  to 
capture  all  the  complexity  of  the  studied  phenomena  [Lacroix  2006].  Natural  hazards 
expertise  consists  in  a complex  framework  involving  several  decision  levels  based  on 
incomplete  and  uncertain  information  (see  FlG.  23.4).  Expertise  is  required  to  fill 
the  gap  between  the  needs  and  the  available  knowledge.  This  lack  of  knowledge  can 
exist  at  different  stages  of  the  rvtk  manayemmt  procest  and  can  be  due  to  Incom- 
plete historical  information  describing  the  extension  area  flVnet  et  al.  2006],  lack  of 
scientific  knowledge,  unknown  phenomenon  scenarios  but  oho  to  Insufficient  means 
(time, money)  for  risk  analysis  and  evaluation,  etc 
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Figure  23.4:  The  uncertainty  comes  &om  the  diHerent  steps  of  the  expertise. 


Expertise  is  therefore  the  result  of  multiple  thematic  evaluations  bases!  on  more 
or  leas  reliable  and  conflicting  sources.  All  the  dillrrent  steps  of  the  expertise  are 
based  on  uncertainties  that  will  influence  the  final  result  At  the  end.  the  whole 
expertise  process  appears  os  a sequential  process  ranging  from  primary  and  more  o« 
less  uncertain  data  to  the  processed  data  (or  decision)  is  quite  difficult  to  trace  in  a 
detailed  way.  It  is  therefore  possible  to  settle  decision  on  very  uncertain  hypothesis 
without  being  really  able  to  know  it  precisely  (see  FlG.  2X5).  Even  when  advanced 
tools  such  as  numerical  modeling  are  used  for  hazard  and  risk  nav-amient.  the  experts 
always  never  consider  the  results  directly  as  decisions  but  always  interpret  to  provide 
an  operational  result  (Tacnet  et  al.  2lM>5a].  This  reality  corresponds  to  the  difference 
between  decision-aid  and  decision-making  [Roy  1990]. 


23.1.3  A more  realistic  description  of  the  expertise  process 

Expertise  is  expected  to  help  &«  decision- making  in  poor  available  knowledge  condi- 
tions but  appears  as  a very  paradoxical  and  difficult  exercise.  Uncertainty  and  im- 
precision do  exist  on  their  main  steps  because  of  lack  of  data  and  knowledge  without 
being  clearly  elicited.  Final  results  uften  cutne  from  carious  sources  whose  reliabil- 
ity and  mutual  contlict  are  not  easily  traced  all  along  the  technical  decision  process 
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Figure  23.5:  From  primary  data  to  processed  data  in  the  expertise  process 


Uncertainty  does  not  affect  equally  all  the  decision  parameters  which  ore  themselves 
known  to  be  mure  or  less  important. 

Three  main  questions  can  therefore  be  painted  out: 

• Can  we  lind  theoretical  frameworks  that  would  belli  decision-making  and  would 
be  able  to  represent  in  a more  realistic  way  the  available  knowledge  level,  the 
reliability  of  sources  and  the  uncertainty  of  their  evaluations? 

• How  far  can  we  be  confident  in  the  expertise  results?  How  cun  we  moke  a link 
between  a decision  and  the  way  it  was  obtained:  what  is  the  global  confidence 
in  the  result?  do  all  the  sources  agree  with  this  result  (in  particular  when 
results  come  from  contradicting  piniUons  and  criteria)? 

• Assuming  that  we  are  able  to  describe  and  evuluale  the  uncertainty  sources, 
how  can  we  make  a decision  that  would  be  considered  ? 

This  chapter  ptoprea  an  alternative  methodology  to  tbe  classical  risk  evaluation 
method  used  in  the  natural  Innards  mountains  management.  It  is  booed  on  a combi- 
nation of  a multi-criteria  hierarchical  method  and  Evidence  Theory  based  approaches. 
We  present  a mixed  framework  involving  both  information  fusion  and  multi- criteria 
decision  analysis  (MCDA)  in  the  context  of  natural  hazards  in  mountains.  In  the  neat 
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sections,  we  focus  on  the  different  ways  to  introduce  evidential  reasoning  in  a multi- 
criteria decision  analysis  model  In  Sect  inn  23  2,  we  hriefly  remind  o l formal  thrvjries 
to  manage  uncertainty  insisting  on  tbe  advantage*  of  the  DST  and  DSmT.  We  also 
present  multi-criteria  methods  and  the  way  they  can  use  or  consider  uncertainty  in 
the  DST  context.  Section  23.3  focuses  on  methodology  used  to  mix  multi-criteria 
approach  and  information  fusion.  Section  23.4  deals  with  two  applications.  The  tirst 
one  ia  a simplified  version  of  a global  framework  to  analyte  the  exposure  level  of  a 
snow-avalancbe  prone  area  The  second  one  relates  to  the  risk  toning  methodology 
and  focuses  on  specific  points  related  to  spatial  applications.  Section  23.5  is  a general 
discussion  and  section  23.6  is  the  conclusion 

23.2  Backgrounds  on  MCDA  aud  evidential  reasoning 

Managing  uncertainty  requires  being  able  to  analyze  Its  sources,  to  evaluate  it  and 
to  propagate  it  through  the  evaluation  process.  This  section  brirlly  presents  existing 
approaches  far  decision  based  either  on  multi-criteria  decision  analysis  (MCDA)  and 
evidential  reasoning  (Ell). 

23.2.1  Multi-criteria  decision  analysis 

23.2.1.1  MCDA  methods 

MCDA  is  usually  used  in  cases  where  optimisation  is  not  elUcicnt. 

In  the  decision  theory,  the  first  theory  developed  In  Economics  [Von  Neumann 
and  Morgenstem  1967],  the  concept  of  decision  under  nik  corresponds  to  situations 
where  objective  prohahiliti»  of  events  can  he  calculated,  in  that  cuntexl.  the  decision 
relies  on  the  maximum  of  expected  utility.  Due  to  the  complexity  of  real-life  problems 
and  tbe  limited  rationality  of  human  decision,  the  concept  of  utility  and  optimum 
fur  decision  have  been  criticized  [Scharlig  1985,  Roy  1989.  Climaru  2004]  lending  to 
the  development  of  alternative  methods  for  decision-making  known  as  multi-criteria 
methods.  Decisions  support  systems  based  on  multi-criteria  paradigm  try  to  reach 
a compromise  through  various  aggregation  methods.  Several  methods  are  available 
to  produce  an  evaluation  of  solutions  or  alternatives  hut  none  of  the  numerous  exist- 
ing multi-criteria  decision  aid  methods  can  be  considered  as  a perfect  and  universal 
method  that  would  be  appropriate  for  any  decision  problem.  A comparative  analy- 
sis has  been  handled  by  [Guitouni  and  K Uriel  1998|  lo  proprne  some  guidelines  for 
choosing  the  ad-hoc  method.  Another  review  is  proposed  by  [Linkov  et  al.  2006]  in 
the  context  of  environmental  comparative  risk  assess  merit. 
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Multi-criteria  decision  analysis  mainly  focuses  on  reaching  a compromise  between 
those  sources.  Most  ol  existing  methods  have  been  initially  developed  to  consider 
only  one  decision  maker  [Jabeur  and  Martel  2005].  Others  approaches  related  to 
gniup-dedslun  making  consider  the  case  of  several  decision-makers.  In  such  cases, 
compromises  are  searched  between  at  the  valuation  level. 

A complete  review  of  all  the  MCDA  methods  would  be  difficult.  Two  main 
clnasra  of  methods  can  be  distinguished:  those  whose  final  evaluation  is  the  result  of 
a complete  aggregation  process  as  Analytic  Hierarchy  Process  (AHP),  Mufti  Attribute 
f/li/ilyi  7 henry  (M.A.U.T.)  and  those  based  on  an  incomplete  aggregation  process  or 
outranking  methods  such  as  ELBCTRE  or  PROMETHEE.  The  fust  category  of 
methods  is  widely  used  in  Anglo-Saxon  community  which  is  simetimes  described 
as  the  "MCDA  1 .American  school"  (MCDA).  The  second  class  corresponds  to  the 
so-called  "MCDA  Euro  (lean  school".  The  complete  aggregation  methods  have  been 
criticized  notably  because  they  do  not  consider  un-comparability  and  preferences 
un-transitivity.  [Cuitouni  and  Martel  1098]  proposes  «ime  guidelines  to  choice  a 
MCDA  framework  between  all  tbe  existing  methods.  We  only  cite  here  elements  of 
comparison  between  three  advanced  MCDA  methods  [Llnlov  et  al.  2006,  Cult  mini 
and  Martel  1998): 

• MAUT  or  MAVT:  The  Multi- At  tribute  Utility  'IWiry  (MAUT)  [Keeney 
and  Itaitla  1976]  or  Multi- Attribute  Value  Theory  (MAVT)  is  certainly  the 
MCDA  method  which  looks  like  the  classical  decision  theory  in  a closer  way. 
MAUT  relies  on  tbe  hypothesis  that  decision- maker  is  rational  (he  prefers  mure 
an  higher  utility  levej  than  a lower  one),  that  he  has  perfect  knowledge  nnd 
that  he  is  consistent  in  his  judgments.  For  each  attribute,  the  decision  maker 
must  be  able  to  propose  a utility  function  (us Inc  as  example  indirect  methods 
such  as  UTA); 

• AHP:  The  Analytic  Hierarchy  Procews  (AHP)  [Saaty  1980]  is  a single  synthe- 
sizing criterion  approach  It  uses  pairwise  comparisons  with  a semantic  and 
ratio  scale  to  ousts*  the  decision  maker  preferences.  The  axiomatic  foundations 
suppose  that  there  must  be  outer  and  inner  independence  between  the  different 
hierarchical  levels. 

• KLECTREi  This  outranking  synthesizing  method  [Roy  1966]  is  based  on  the 
principle  that  one  alternative  may  have  a degree  of  dominance  over  another. 
Dominance  occurs  when  one  option  performs  better  than  another  an  at  least 
one  criterion  and  nut  worse  than  the  other  on  all  criteria.  These  methods  accept 
and  manage  potential  un-comparability  between  different  criteria  through  as 
an  example,  the  principle  of  discordance  in  ELECTEE  methods. 


1 multi-criteria  deaum  analysis 
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Three  main  problematics  are  identified  to  describe  the  MCDA  methods  which  arc 
presented  In  PlQ.  23.6  below. 


Denial  rrthirn 
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Figure  23.0:  Main  problematics  addressed  by  MCDA  methods  iScharlig  1985). 


The  main  steps  of  a mult  i-criteria  analysis  can  be  summarised  os  follows: 

1.  declaiun  purpose  identification; 

2.  criteria  identification, 

3.  preferences  between  criteria; 

4.  evaluation; 

5.  sensitivity  analysis  with  regard  to  weights,  thrrahulds.  . . . 

MCDA;  an  useful  tool  to  old  decision  and  elicit  the  natural  hazard  expert 
reasoning  process. 


From  a conceptual  point  ol  view.  Risk  evaluation  is  based  on  a combination  of 
hazard  and  vulnerability.  In  most  cases,  this  combination  appears  more  os  on  expert 
choice  than  a real  deterministic  process  based  on  a precise  quantification.  This  is 
due  both  to  the  uncertainly  attached  to  the  two  parts  of  the  global  risk  equation.  In 
Risk  Prevention  Plans,  expert  cholera  are  often  the  main  sources  fur  risk  toning  A 
so-called  risk  equation  is  supposed  to  be  used  but  In  fact  its  terms  are  not  evaluated 
on  the  same  scale  Some  recent  program  does  exist  with  the  use  of  deterministic 
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modeling  in  connection  with  protection  works.  A risk  level  can  be  calculated  and 
optimiird  using  Bayesian  probabilistic  framework-  He  risk  level  is  optimized  on  the 
basis  of  a utility  economic  function- 


23. 2. 1.2  The  original  Analytic  Hierarchy  Process  (AHP) 

The  Analytic  Hierarchy  Process  (AHP)  method  is  world-wide  used  In  almost  all  ap- 
plications related  with  decision- making  [Vaidya  and  Kumar  2006].  AHP  is  a special 
case  of  complete  aggregation  method  and  can  be  considered  as  an  approximation  of 
multi- attribute  preference  models  [Dyer  2005].  Its  principle  is  to  arrange  the  fac- 
tors considered  as  important  fur  a decision  in  a hierarchic  structure  descending  from 
an  overall  goal  to  criteria,  sub-criteria  and  finally  alternatives  in  successive  levels 
(see  Fie  23.7).  It  is  therefore  based  on  three  basic  principles:  decomposition  of  the 
problem,  comparative  Judgments  and  hierarchic  composition  or  synthesis  of  priorities. 

At  each  level,  a preference  matrix  is  built  up  with  pairwise  comparison  between 
the  criteria  ol  each  level  |Santy  1982.  Soaty  1990).  Through  the  AHP  pairwise  rom- 
pariwiu  process,  weights  and  priorities  are  derived  from  a set  of  judgments  that  can  be 
expressed  either  verbally,  numerically  or  graphically  'Furman  and  Selly  2002]1  It  can 
be  considered  ns  a kind  of  conjunctive  consensus  between  different  criteria  evaluation. 
The  original  AHP  method  uses  an  additive  preference  aggregation. 


Figure  23.7:  A multi-criteria  hierarchical  structure  is  broken  down  into  unitary 
hierurchic  components. 
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The  linnl  evaluation  index  is  the  result  ol  a sum  nl  products  ol  weights  from  the 
tree  root  to  the  leaves  (see  Pig  23.8).  At  the  leave  level,  the  evaluation  expert  has 
to  choose  in  an  exclusive  way  between  several  classes. 

Hi  implement  the  AHP  method,  two  dilfcrent  strategies  can  be  used  to  provide 
valuations  at  allernaUvm  on  which  we  want  to  make  a decision.  The  original  AHP 
process  consists  in  comparing  the  solutions  from  one  to  each  other  in  a so-called 
‘Criterion- alternative  approach".  This  implies  to  make  pairwise  comparisons  between 
all  the  solutions  or  alternative  in  order  to  obtain  preference  levels  between  thee 
alternative.  A methodology  based  on  a relative  verbal  scale  is  provided  to  calibrate 
the  numeric  scale  fur  measurement  of  quantitative  as  well  as  qualitative  performance 
(see  FlG.  23.9).  When  dealing  with  great  amount  of  data,  this  becomes  quickly  quite 
dilhcult.  The  preferences  are  here  the  result  of  a comparative  approach  of  solutions 
according  to  criteria.  It  is  impmslhle  to  calculate  an  index  or  a rating  value  for  a 
unique  solution. 


Figure  23.8:  Principle  of  the  Analytic  Hierarchy  Process  (AHP). 
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Ojdituiive  scale  of  citeim  ows-riigixtatce  between  t*o  criteria 

Figure  23.9:  Saaly's  verbal  scale  for  pairwise  comparison. 


A second  approach  so-called  "Criterion- index  (or  estimator) -olternaUre"  can  be 
imagined  (sec  Fic  23.10).  Instead  of  comparing  all  the  alternatives,  the  decision  ana- 
lyst proposes  classes  lor  each  criterion.  To  a certain  extent,  theses  classes  correspond 
to  an  increasing  or  decreasing  level  ul  satisfaction  of  a given  criterion.  Throe  classes 
code  some  kind  of  ordinal  levels  corresponding  to  a low,  medium  or  strung  contri- 
bution (or  satisfaction)  to  (or  of)  the  criterion  Fur  example,  the  criterion  human 
I’ulncnit’ihty  exposed  Ui  natural  hazards  can  be  assessed  according  to  three  classes 
based  on  a number  o#  existing  and  expused  buildings  ’ITiis  approach  prevents  from 
the  well-known  ‘Rauk  reversal"  problem  of  the  AH  I'  method  (Wong  and  Elbag  2006): 
introducing  twice  the  same  alternative  modify  its  relative  rank  compared  to  all  the 
others  unchanged  alternative*.  In  that  way,  the  AHP  method,  despite  the  known 
issues  of  complete  aggregation  methods,  fits  quite  sell  to  decision  ranking  problems 
where  the  alternatives  are  not  all  known. 
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Figure  23.10:  Criterion- Alt*-:rnative  uxtd  Criteruin-E/dJuiator-Salutiau  ap- 
proaches. 
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23.2.1.3  Uncertainty  and  MCDA  methods 

Uncertainty  and  imprecision  in  multi-criteria  decision  models  has  been  early  consid- 
ered (Hoy  1988).  Different  kinds  of  uncertainly  con  be  considered:  on  the  one  hand 
the  internal  uncertainty  is  linked  to  the  structure  of  the  model  and  the  judgmental 
inputs  required  by  the  model,  un  the  other  hand  the  external  uncertainty  refers  to 
lock  of  knowledge  about  the  consequences  about  a particular  choice.  Forma  modeling 
of  uncertain! in  is  necessary  when  risk  and  uncertainties  are  as  critical  as  the  issue  of 
conflicting  management  goals  [Stewart  2005] . 

Several  dilferent  techniques  have  been  used  to  manage  uncertainty  in  the  MCDA 
proceu*.  Ilia)  appnncbes  have  been  introduced  either  in  the  analytic  hierarchy 
process  (AHP)  context  |Salo  and  Homolainen  1995.  Solo  1996).  in  the  multi  at- 
tribute value  theory  (MAVT  or  MAUT)  preferences  ratlin  based  methods  [Sola  and 
Haiiuailaiincn  2001).  Interval  judgments  are  introduced  as  a an  easy  way  to  handle 
imprecise  information  [Miutojoki  et  al.  2005]. 

Ftrxiy  sets  theory  is  used  to  consider,  according  to  [Fenton  and  Wang  2U0G|,  risk 
and  confidence  of  a dedslun  maker  in  a multi-criteria  decision  making  problem  Pursy 
number  are  then  used  to  valunte  the  performance  index  (weights)  of  the  criteria  ('risk 
attitude"  depending  on  the  decision  attitude  uf  the  decision  maker  ranging  from  an 
optimistic  to  pessimistic)  and  to  voluale  the  alternatives  denoted  os  a " confidence' 
level.  Furry  approaches  have  been  introduced  into  the  AHP  to  valuate  the  alterna- 
tives [Kuo  el  al.  2006.  Pan  2009.  Dweiri  1999).  This  method  can  be  (has  already 
been)  critidied  [Ltnkov  et  al.  2006)1  notably  on  the  basis  of  the  aggregation  is- 
sues and  its  ability  to  deal  with  uncertainty  [Forman  1993).  [Saaty  and  Vargas  1987) 
has  studied  the  way  tu  consider  uncertainty  in  the  AHP  process  but  considers  that 
such  on  approach  of  (unifying  the  numerical  judgments  used  in  AHP  has  no  interest 
since  the  numerical  values  used  fur  pairwise  comparisons  already  correspond  to  some 
funy  evaluation  by  the  decision-maker  Saatv  and  'IVan  2007).  'Diking  perturbations 
or  catastrophes  into  account  in  the  decision  process  was  an  earlier  issue  recognised 
by  [Saaty  1990)*.  He  suggested  to  always  including  a criterion  that  would  gather  all 
what  is  unknown  and  represent  a cluster  of  unforeseen  threats  in  the  decision  model 
He  also  considers  that  the  AHP  is  able  to  manage  uncertainty  through  its  ability  to 
elicit  the  subjective  probabilities  [Ordemir  and  Sooty  2006). 

More  recently,  the  question  of  decision  under  risk  has  been  addressed  by  Matos 
in  [Malm  21X17]  He  suggests  a two-step  decision  method  'Ibe  first  step  consists  in 
the  evaluation  of  the  alternatives  according  to  their  uncertainty  level  using  differ- 
ent theories  such  as  domical  probabilities,  fussy  sets  theory.  The  second  step  uses 
multi-criteria  methods  to  interpret  the  result.  He  ad  locales  that  the  "truntfarmalum 
o/  a lianjion  problem  under  uncertainty  into  a deterministic  multi-criteria  problem 
prnuidei  more  meaningful  in  form  alum  la  the  Decinon  maker". 


’p.  tare 
* P-23,  §10 
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The  integration  of  multiple  criteria  decision  analysis  and  scenario  planning  is 
presented  as  a future  way  cif  development.  Scenario  planning  is  a ~ technique  for 
facilitating  the  process  of  identifying  uncertain  anil  uncontroltatte  factors  that  may 
impact  the  consequence  of  declaim  in  a atmtegic  management  contest " Integration 
of  external  uncertainties  in  a mixed  approach  using  MCDA  and  scenario  planning  B 
still  a research  challenge  [Stewart  20051-  On  this  basis,  the  methodology  proposed  In 
the  following  sections  tries  to  follow  the  main  previous  guidelines  and  principles: 

• to  evaluate  the  uncertainty  about  input  evaluation  (using  the  different  theories 
for  uncertainty  and  imprecision)  and  inject  thine  results  Into  a decision-aid 
method; 

• to  propose  a scenario- honed  approach  that  would  remain  understandable  for 
decision- makers . This  scenario  planning  approach  fits  perfectly  to  the  con- 
text of  natural  haxards  where  knowledge  and  objective  probabilkt ies  are  often 

larking 


23.2.2  Evidential  reasoning  (ER) 

Several  theoretical  frameworks  exist  to  handle  uncertainty  in  human  rea- 
soning and  decision  processes. 


Tkiw  mnin  tbmrict  we  niuiolv  used  to  IhixkIIc  UDcntoiii  aod  iocuoiplKt?  lnfuinio* 
tlon  in  a decision  process:  probabilities,  pcesibahties  and  evidence  theories.  Classical 
probabilities  are  the  traditional  tool  for  situations  of  incomplete  information.  Moot 
of  time,  the  decision  processes  used  far  risk  evaluation  supposes  that  objective  pro- 
babilities axe  available  for  each  component  of  the  rink.  This  principle  is  considered 
as  imperfect  since  probabilities!  and  data  used  far  numerical  modeling  often  remit 
from  expert  asseitiments.  Moreover,  these  expert  opinions  in  an  uncertain  context 
are  known  to  be  influenced  by  cognitive  biases  leading  to  different  types  of  risk  aver- 
sion [Ellsberg  1961].  Fur  environmental  ur  sustainable  development  related  problems, 
other  decision  models  are  required:  they  should  consider,  from  one  hand,  the  risk  eval- 
uation step  and  from  the  other  hand,  the  decision  procen  itself  [Magne  and  Vnsseur 
2006]*. 


Probabilities  are  criticised  especially  when  they  are  known  to  be  highly  subjec- 
tive. Recent  developments  have  studied  the  use  of  probability-possibility  to  improve 
decision  making  under  uncertainly  in  the  classical  decision  theory  framework  [Gaj- 
du-  et  aL  2006].  Subjective  approaches  of  probability  have  been  recently  pruposed 
according  to  Bayreian  approaches  (probability  on  probability  law  parameters).  This 
Bayesian  framewurk  can  take  this  subjectivity  into  account  in  a rigorous  and  ax- 
iomatic ally  based  framewurk  Soundappon  et  al.  |Sounda|>pan  et  aL  2004]  states 
that  Bayesian  framework  and  evidential  reasoning  can  be  used  to  model  uncertainty 
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and  safety  of  a model  when  the  available  evidence  consists  of  intervals  bounding 
the  values  of  input  variables.  Bayesian  approach  has  recently  been  applied  to  snow 
avalanches  context  using  large  available  data  baaes  about  avalanches  extension  to 
optimise  the  size  ol  a passive  avalanche  defense  structure  (Eckert  et  aL  2008.  Eckert 
ct  ol.  2000a] . The  decisiun  application  is  baited  on  (mostly  economic)  uptiinication 
principle  This  "optimum"  resulting  (rum  a complex  calcuLatiun  jinxreM  is  prupiervl 
as  a unique  result  to  tbe  decision  nuiker. 


When  data  are  not  available,  when  experts  judgments  are  essential  port  of  the 
expertise  process  ur  to  capture  the  reasoning  hypotheses,  this  powerful  probabilis- 
tic frame wurk  is  not  fully  adapted.  Alternative  methods  may  be  useful  to  complete 
this  approach.  Though  probabilities  remain  the  traditional  tool  and  powerful  tool 
for  uncertainty  management  (as  long  os  data  are  certain  and  available),  others  the- 
ories fur  uncertainty  fit  quite  well  to  the  context  of  expertise  for  natural  hazards  in 
mountains.  f\usy  Sett,  PossiMitiei  and  Belief  Minctiom  theories  can  be  used  in 
the  natural  hazards  management  context  to  consider  information  at  its  ell relive  level 
including  uncertainty,  imprecision,  heterogeneity  and  reliability  of  sources.  Never- 
theless evidential  reasoning  which  has  already  been  widely  used  in  domains  such  as 
classification,  cartography,  expert  systems,  decision-  making. ....  as  reviewed  by  [Seutx 
and  Person  2002],  has  quite  few  applications  in  the  natural  hazards  context  (Binaghi 
et  al.  1998]. 


Our  methodology  explores  a way  to  introduce  evidential  reasoning  and  its  more 
recent  developments  such  as  DSmT  theory  in  decision  processes  related  to  natural 
hazards  management.  Main  goals  are  to  make  decision  but  alwi  to  trace  the  reasoning 
process  used  by  the  experts  to  build  their  judgments  in  the  complex  and  uncertain 
context  of  natural  hazards  in  mountains.  The  following  section  presents  some  nee 
turns  about  evidential  reasoning.  Basic  principles  of  the  belief  function  theory,  and 
specifically  Dempiler  Shafer  (DST)  and  Dezerl-Smanmdaehc  (DSmT)  theories  are 
widely  and  extensively  described  in  the  others  chapters  of  this  vulurnc.  and  will  not 
be  described  again.  We  will  only  focus  on  some  interesting  features  and  specifici- 
ties of  these  theories  in  relations  with  our  application  context.  Secondly,  the  fusion 
rules  still  work  even  in  a high  level  of  cnnllct  between  sources.  The  DSmT  theurrtk-ol 
framework  appears  as  quite  versatile  but  in  fact  it  is  quite  dillicult  to  find  applications 
baaed  on  a non -exhaustive  frame  of  i 
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What  Is  fusion? 


Information  fusion  consists  of  merging  or  exploiting  conjointly,  several  sources  of 
information  so  as  to  answer  questions  of  interest  and  make  proper  decisions  (Dubois 
and  Prade  2004).  The  following  definition  was  proposed:  ’Fission  consists  in  con- 
Joining  nr  merymg  infotmnlian  that  stems  from  secetul  tourers  nmf  exploited  that 
conjoined  or  meiyal  information  in  vanoui  tasks  such  us  unsKeriny  questions.  mak- 
ing decisions,  numerical  estimation,  . , , " from  European  working  group  FUSION 
cited  in  (Bloch  et  al.  2001|. 


In  practice,  fusion  is  operated  through  fusion  rulra  that  allow  aggregating  the  more 
or  le*o  uncertain  information  heurd  from  the  different  sources.  The  DST  framework 
is  based  on  exhaustive  nnd  exclusive  hypotheses  while  DSmT  framework  does  not 
require  such  constraints  (e.g.  in  Kin.  23.33).  In  comparison  with  other  theories. 
DST  and  DSmT  oiler  a wide  and  powerful  range  of  fusion  methods  to  aggregate  the 
different  basic  belief  alignments  (bbo)  An  exhaustive  review  of  the  fusion  rules  has 
been  proposed  by  (Sent*  and  1'Vnton  2002],  Their  analysis  also  provide  a valuable 
summary  of  the  elements  under  consideration  in  a combination  problem  in  DST 
context  (see  Fia.  23.11). 


Figure  23.11:  Elements  under  consideration  for  the  fusion  with  DST. 


For  [Hnennl  2002).  there  is  no  need  fi*  alter  native  fusion  rules  to  classical  Demp- 
ster’s fusion  rule,  refining  the  model  is  sufficient.  Such  argumentation  doesn't  hold 
because  the  refinement  becomes  very  bard  to  do  when  the  cardinality  of  the  frame 
of  discernment  and  the  number  on  non-empty’  intersections  increases  (the  model's 
complexity  increasa),  and  the  elements  of  the  refined  space  can  have  no  physical 
sense/meaning/ existence  at  all  and  finally  they  cannot  truly  be  considered  as  useful 
finer  exclusive  information  granules.  Moreover,  several  authors  such  as  jS  maraud  ache 
and  D exert  2006b)  and  (Martin  and  Osswald  2006]  show  that  alternative  fusion  rules 
perform  better  than  the  classical  Deminter’s  fusion  rule  in  high  conflict  situation.  Foe 
this  reason,  we  will  compare  in  our  applications  the  classical  normalized  Dempster 
fusion  rale  with  proportional  conflict  redistribution  rule  such  as  PCR6  rule.  Tb  illus- 
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Irate  the  conflict  level.  we  will  also  use  in  our  application  Sturts'  rule  which  transfers 
conflict  on  the  empty  set.  From  a general  point  of  view,  the  fusion  pcoce®  depends 
on  a great  number  of  elements  (see  FtG.  23.11).  A fusion  approach  used  in  a decision 
context  implies  four  steps:  modeling  (often  considered  as  the  must  difficult  step),  pa- 
rameters estimation  (depending  un  the  model),  combination  and  decision  [Martin  and 
Osswald  2006).  In  the  following  section,  we  briefly  analyze  the  existing  approaches 
that  use  both  MCDA  and  evidential  learning. 


23.2.3  Mixing  MCDA  and  evidential  reasoning 

'Hying  to  mix  multi-criteria  decisiun  analysis  (MCDA)  and  evidential  reasoning  (HR) 
quickly  leads  the  question  of  the  difference  between  aggregation  of  preferences  and 
information  fusion  and  therefore  to  the  validity  o(  on  analogy  between  aggregation  of 
preferences  and  data  fusiun.  Data  fusion  is  considered  as  a way  to  extract  the  truth 
between  a set  of  hypothesis  evaluated  by  ditlcrent  soured.  Those  two  problems  arc 
considered  as  dilferent:  aggregation  problem  consista  in  deriving  a global  preference 
profile  corresponding  to  a consensus  between  the  preference  profiles  induced  by  the 
various  soirees  [Dubois  and  I’rode  2(101)*  Fusion  and  aggregation  should  be  consid- 
ered as  mainly  different  problems  [Dubois  and  Prude  2006)  while  some  applications 
do  not  make  such  a difference  between  the  two  application  domains  [Dubuis  et  al. 
2001).  Despite  of  these  analysis,  many  authors  have  already  introduced  evidential 
reasoning  (fusion)  in  MCDA  frameworks  (based  on  aggregation  uf  preferences) 


23.2.3.1  Existing  approaches 


Evidential  reasoning  and  multi-criteria  derision  analysis  have  already  been  used  in  a 
common  framework.  In  these  approaches,  data  fusion  is  mainly  appbrd  either  to  the 
criteria  considered  os  sources  of  a fusion  process.  Our  analysis  briefly  focum  here 
on  four  main  points:  How  do  these  models  consider  the  complexity  and  the  implicit 
hierarchy  between  criteria?  How  does  the  analyst  extract  the  basic  belief  assignment 
elicitation?  How  is  considered  the  difference  between  the  importance  and  tbe  uncer- 
tainty level  linked  to  each  criterion?  Which  fusion  rules  are  used7  Do  they  consider 
conflict?  ER  has  been  already  combined  with  multiple  attribute  decision  analysis 
(MADA)  problems  of  both  qualitative  and  quantitative  nature  |Yang  2001,  Yang  and 
Xu  2002.  Yang  et  al.  2006).  Basic  belief  assignments  (bba's)  are  denied  directly  from 
utility  functions.  A specific  process,  baaed  on  Dempster's  rule  at  cnmhinalkm  b used 
to  mix  criteria  without  specific  consideration  of  conflict  between  sources  (criteria). 
Thb  methodology  is  applied  to  environmental  problems  [Wang  et  al. 


Using  Belief  function  theory  and  multi-criteria  decision  analysis  requires  evalu- 
ating all  the  criteria  on  the  basb  of  the  same  frame  of  discernment.  Including  DST 
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or  DSluT  ill  a multi-criteria  approach  requires  adopting  a rommon  frame  ol  discern- 
ment. Uit.nl  aggregation  method* *)  ouch  an  MAUI'  ’ or  AHP*  gather  in  a unique  index 
the  result  of  the  evaluation  of  alteinalns*.  For  the  partial  aggregation  methods,  ouch 
no  oUnntany  mcUuidi,  un-comparability  and  intransitivlly  of  preferences  are  bnaic 
paradigms  alternatives  are  compared  to  each  other  without  aggregating  all  the  cri- 
teria into  one  and  only  value.  If  we  consider  total  aggregation  methods,  the  attempt 
to  mix  multi-criteria  appio ochre  and  evidence  theory  using  a unique  common  frame 
of  discernment  £i«  all  the  criteria  dore  nut  sound  initially  so  illegitimate 


Such  an  approach  has  been  proposed  by  [Bey nun  et  al.  21X10]  in  a mixed  framework 
called  DS-AHP.  His  decision  problem  consists  in  choosing  the  brat  alternative  between 
a complete  set  of  alternatives  according  several  criteria.  Belief  function  theory  is 
used  essentially  to  reduce  the  high  number  of  pairwise  comparisons  required  when  the 
number  of  alternatives  increase  DS-AHI’  was  first  proposed  as  a way  to  compare  sets 
of  alternatives  instead  of  unique  alternatives  [Beynon  et  al.  2000] . Preferences  of  each 
criterion  are  calculated  according  tlu*  classical  pairwise  comparison  method.  For  each 
criterion,  basic  belief  assignments  are  calculated  un  singletons  or  sets  of  alternatives 
on  the  basis  of  the  perceived  amount  of  favorable  information  in  comparison  with  a 
total  ignorance  (Le.  the  whole  set  of  alternatives).  The  basic  belief  anugrunent  (bba) 
on  each  evaluation  grade  or  alternative  Is  assessed  through  an  Indirect  analysis  of 
the  ~/avumbihty~  of  knowledge.  Each  criterion  is  always  compared  to  the  whole  set 
of  hypothesis  using  a very  specific  pairwise  comparison  matrix  Same  issue)  can  be 
identified  in  its  piucess: 


The  mss  elicitation  mixes  to  different  kinds  of  concepts:  in  the  Belief  function 
Theory,  putting  bba  on  a group  of  alternatives  does  not  mean  that  all  the 
included  alternatives  have  the  some  level  of  inhumation.  On  the  cuntrary.  it 
implies  that  knowledge  is  shared  between  all  the  giuups  without  being  able  to 
put  some  more  precise  probability  (of  satisfying  the  criterion)  on  each  of  them. 
Reasoning  on  sets  in  the  Evidential  muiminy  framework  is  not  a faster  way  to 
put  masses  on  singletuns; 


• As  this  principle  tnixra  preferences  and  uncertainty  in  a unique  bba.  classical 
preference  weights  are  then  applied  to  reduce  this  bba  without  aligning  any 
additional  bba: 


• Despite  of  the  presumed  ability  to  consider  high  number  of  alternatives,  exposed 
examples  only  deal  with  rather  small  numbers  of  alternatives.  With  a high 
number  of  alternatives,  reasoning  with  sets  do  not  facilitate  the  decision  since 
nosigning  basic  belief  assignments  on  sets  mean  that  we  are  not  able  to  share 
the  knowledge  between  all  the  elements  included  inside.  Taking  a decision 
resulting  from  a fusion  process  is  not  that  easy  to  interpret; 


’Multi  Attribute  Utility  Theory 

* Analytic  Hierarchy  Process 
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• D casino  rules  used  only  use  minimum  ur  maximum  of  credibility  and  plausi- 
bility. In  fact,  the  dedaiun  a possible  only  il  some  focal  elements  exist: 

• Became  at  the  use  of  the  (pooped)  pairwise  comparivm  matrix,  mass  elicita- 
tion is  sensitive  to  the  number  of  levels  in  llie  evaluation  scale  [Beyuon  2002]: 
a mutual  mans  is  alwuyo  put  on  the  total  ignorance  even  whatever  the  choices 
of  the  decision  analyst: 

• Only  a basic  one  level  hierarchic  model  is  considered.  Criteria  ale  considered 
as  the  only  sources  to  be  fused  while  several  experts  may  proceed  to  evaluation; 

• The  fusion  process  is  only  based  on  the  classical  Dempiler't  rale  known  ns  a 
failure  cause  when  the  level  of  conflict  increases 

This  approach  is  p merited  as  extended  by  [Hua  et  aL  2008]  for  the  case  where  in- 
formation is  incomplete.  However,  we  can  consider  here  that  Ueywn'a  approach  had 
only  not  emphusized  this  intrinsic  ability  of  the  belief  function  theory.  Another  ex- 
tension of  this  method  was  proposed  to  consider  a multi-expert  environment  [Beyuou 
2005]. 


23.2.3.2  Requirements  for  an  ER-MCDA  methodology 


If  the  belief  function  theory  oppenrs  as  a powerful  framework  to  consider  both  un- 
certainty and  imprecision,  one  of  its  main  drawback  consists  of  choosing  bba's  to 
be  used  in  the  fusion  process,  especially  when  information  only  comes  from  expert 
judgments.  Many  different  methods  have  been  proposed  to  elicit  those  bba  [Bryson 
et  ol.  11*94,  Wong  and  Lin  gras  19M|.  Using  a common  scale  in  order  to  describe 
a reasoning  process  can  consist  of  some  kinds  of  correspondence  tables  between  a 
common  numerical  or  ordinal  scale  and  evaluation  made  by  the  experts  os  used  as  an 
example  to  evaluate  the  damage  level  of  dams:  each  failure  piece  of  evidence  is  rated 
in  a numerical  scale  corresponding  to  an  increasing  level  cif  gravity  [Curt  2008]  This 
diibculty  does  exist  in  our  framework:  at  least,  our  proposition  introduces  a way  to 
fully  describe  the  decision  process  (from  its  design  to  the  evaluation  steps)  in  a less 
ambiguous  and  more  complete  maimer. 


Face  to  the  problematic  of  expertise  of  natural  hazards  in  mountain!,  our  goal  is  a 
methodology  that  would  allow  to  make  decision  such  as  determining  the  moat  danger- 
ous areas,  the  beat  prevention  strategy,  ...  according  to  the  following  requirement 
on  the  one  hand,  the  decision  framework  should  allow  and  trace  a multi-expert  anal- 
ysis of  the  criteria  importances,  on  the  other  hand,  the  model  should  allow  to  gather 
the  more  ur  kss  uncertain,  imprecise  evaluations  provided  by  more  ur  kas  reliable 
different  sources  (data  sruaurs,  data-sets,  expert  Judgments  I . Many  combinations  re- 
lated to  the  nature  and  quality  of  information  can  be  observed.  A secondary  criterion 
can  be  assessed  in  a very  precise  and  certain  way  by  a fully  reliable  source.  On  the 
contrary,  an  important  criterion  can  be  evaluated  precisely,  in  a certain  way  by  a not 
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reliable  source.  Our  model  alma  to  support  clrfiakm  In  an  uncertain  context  where 
several  sources  provide  information  about  Ibe  problem  Its  initial  main  purpose*  are 
not  only  to  provide  n help  for  decision  but  nbo  to  consider  the  way  the  decision  is 
reached  considering  the  reliability  of  sources  and  the  uncertainty  of  information.  The 
system  must  be  able  to  model  a complex  hierarchical  decision  framework  (some  crite- 
ria arc  more  important  than  others),  different  kinds  of  criteria  (either  qualitative  or 
quantitatin'  criteria).  This  reraotde  system  (we  Pig.  23.12)  should  therefore  consider 
importance,  uncertainty,  imprecision  and  reliability  in  a multi-sources  environment 
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Figure  23.12:  Principle  of  a versatile  ER-MCDA. 


We  will  use  one  of  the  must  simple  multj-cnteria  decision  analyses  (MCDA) 
melbnd  denoted  as  AM*  recognised  as  a powerful  and  easy  framewnrk  to  help  decision 
and  reduce  complexity  In  real-case  decision  situations.  Our  goal  is  to  help  decision 
but  also  to  trace  reasoning  process.  Evidential  reasoning  through  Uempaler-Sha/er 
and  Deterl-Smarandache  theories  is  used  to  consider  uncertainty  and  imprecision. 
The  global  methodology-  is  presented  in  section  23.3  and  a simplified  application  case 
in  section  23.4. 


23.3  ER-MCDA  methodology 

This  section  describe!  the  global  ER-MCDA  framework  and  its  two  main  parts:  the 
multi-criteria  model  and  the  evaluation  and  fusion  step.  The  proposed  global  method- 
ology mixes  those  theories  with  an  evidential  reasoning  (ER)  process . known  as  a more 
general,  versatile  and  integrating  frame  wink  These  approaches  are  used  in  a multi- 
criteria  decision  framework.  Many  solutions  do  exist  and  we  discuss  in  following 
sections  some  issues  related  to  class  level  belonging,  fusion  order,  etc 
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Whot  and  how  should  we  fuse? 

Several  ulfcrnahvrs  or  actlixu  are  evaluated  according  to  different  criteria  through 
a preference  relation.  In  addition  to  this,  tlu*  evidential  reasoning  theories  and  their 
associated  fusion  rules  are  used  to  evaluate  and  propagate  an  uncertainty  level  in  the 
decision  process.  ’lTiis  methodology  considers  both  experts  and  criteria  used  in  the 
hierarchic  approach  as  sources  in  the  fusion  proems.  Different  strategies  to  aggregate 
or  fuse  information  are  analysed  according  to  fusion  rules,  fusion  order. 


The  methodology  con  be  surnmarixed  os  following: 

• Identification  and  priori!  hot  ion  of  criteria  in  a hierarchic  MCDA  frarnewurk; 

■ Definition  uf  the  frame  of  discernment  considering  either  exclusive  hypotheses 
(Dempster-Shafer  model)  or  non  exclusive  hypotheses  ( DSmT  framework). 

In  our  problem,  both  quantitative  (mainly  related  to  physical  data)  and  quali- 
tative criteria  are  used  in  the  model.  Quantitative  criteria  are  evaluated  with  mme 
imprecision  (corresponding  to  intervals  vnlura)  and  uncertainty  (corresponding  to  a 
confidence  level  linked  to  these  evaluations).  The  number  of  sources  can  also  he  dif- 
ferent bum  one  *mrce  to  another.  In  that  way.  this  model  offers  a versatile  framework 
where  several  criteria  ore  valuated  by  several  sources  whose  reliability  and  kinds  of 
valuation  (precise  or  imprecise  way)  may  also  change 


23.3.1  Possibility  and  Evidence  Theory:  why  and  what  for? 

In  our  context,  expert  evaluations  often  deal  with  continuous  factors  such  as  slope, 
surface,  etc.  TTiesc  quantitative  values  are  then  linked  to  clow  levels  according  to 
a common  qualitative  scale  enabling  five  fusion  and/or  aggregation  proems.  A nu- 
merical value  becomes  correspond  to  a linguistic  such  as  ftiyh  jeiuifite.  sensible,  low 
sensible.  This  means  that,  for  a given  alternative  (avnianche  site),  a numerical  value 
would  respectively,  according!)  to  iheir  relative  importance  in  the  whole  procaw. 
induce  n global  evaluation  at  the  levels  high  sensitive,  sensitive  and  low  sensitive. 
Change  of  sensitivity  level  correspond  to  a fuxxy  relation:  let  us  suppose  that  the 
expert  evaluation  is  6%  and  that  the  two  different  classes  of  skipm  are  iefween  5% 
and  1095  (low  sensitive)  and  between  1095  and  15%  (sensitive),  hum  a strict  point 
of  view,  a 6%  value  belongs  to  the  clasi  sensitive  but  everybody  has  got  the  feeling 
that  it  is  not  so  far  from  the  low  sensitive  level.  This  refatirc  betonymy  strength  must 
be  valuated  Expert  evaluations  can  also  result  from  an  imprecise  evaluation.  An 
expert  may  he  unable  to  fix  a unique  value  toe  a slope  inclinotioo.  In  many  canes, 
the  only  result  that  expert  can  provide  is  an  interval  with  some  confidence  valuer:  os 
an  example,  the  expert  would  be  able  to  say  that  the  slope  inclination  is  between  4% 
and  7%.  For  those  reasons,  it  appears  that  the  mixed  use  of  fuxxy  set  and  possibilities 
theories  is  useful  to  take  into  account  the  real  knowledge  that  the  expert  is  able  to 
put  inside  the  decision  process. 
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23.3.2  AIIP  and  ER  within  uncertain  and  complex  context 


23.3.2.1  Description  of  AHP-ER  framework 

The  global  framework  a bared  on  a cumbinatiun  of  multi-criteria  decision  analysis 
(MCDA)  techniques  and  evidential  reasoning  (ER)  through  the  use  of  the  theory  of 
belief  functions  which  is  implemented  in  a classical  way  through  DST  framework  and 
also  in  the  new  DSm’l  framework  Hie  gkibal  framework  considers  both  importance, 
unen taint)  anti  imprecision  in  criteria  uxmstuc&l.  Uncertainty  and  lniptcci&uxi  arc 
cunsideTed  through  Belief  Functions.  Puny  Sets  |Zadeh  1978'  and  Possibility  thr- 
ones (Dubois  el  al.  2000|.  Importance  is  assessed  according  to  the  multi- criteria 
framework  and  especially  through  the  classical  pairwise  comporuon  matrix  using 
Saaty’s  scale.  As  recommended  in  literature  [Saaly  and  Han  2007],  we  do  not  intro- 
duce some  additional  fuzzine®  on  the  comparison  rates  in  this  matrix.  Such  attempts 
to  mix  different  approaches  related  to  uncertainty  management  already  exist.  As  an 
example  Omriari  et  al.  [Omrani  et  aL  2007]  have  proposed  a model  for  transportation 
strategies  evaluation. 
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The  framework  implies  the  following  steps  (see  Pic.  23.13): 

• Hierarchical  model  implementation  with  the  experts  of  the  domain  (criteria 
elicitation,  qualitative  and  quantitative  criteria  identification); 

• Choice  of  decision  model  (criterin-Bolutioci)  or  (criteriimstimator-salutioa); 

• Choice  of  the  common  decision  frame  of  discernment  (mlena-iofulion  frame- 
work  implies  that  the  frame  consists  of  solutions  while  criteria- til unaler-io/nfi'm 
implies  that  the  frame  consists  of  a common  scale  for  every  criterion. 

• Mapping  process  to  transform  the  evaluations  of  the  basic  level  criteria  (han- 
dled according  the  hierarchical  decision  framework)  into  a common  frame  of 
discernment  allowing  a fuskin  process; 

• Choice  of  fusion  strategy  (fusion  of  the  dillerent  experts  choices  at  the  criterion 
level  or  at  the  evaluation  stage); 

• Choice  of  decision  rule. 

The  funny  mapping  for  qualitative  and  quantitative  criteria. 


The  second  step  of  the  ER-MCDA  framework  (see  FlC.  23.13)  consists  of  setting 
up,  for  each  criterion  c,,  a furry  mapping  process  that  enables*  to  transform  uncertain 
evaluation  of  thr  criteria  into  bba's  accurdio^  to  the  common  frmne  ol  discernment. 
This  mapping  process  pr opines  a correspondence  between  the  evaluation  of  the  crite- 
ria and  the  elements  of  common  frame  of  discernment  used  for  the  fusion  process  and 
the  drctonu.  A mapping  model  is  a set  of  fuzzy  numbers  (see  Pic  23.14)  or  fusty 
intervals  (see  FlG.  23.15). 


Since  the  evaluation  of  criteria  can  be  uncertain  and  imprecise,  the  fuzzy  inter- 
vals used  fur  this  mapping  process  may  differ  from  one  source  to  another,  'lherefute. 
nbhfodels  mapping  models  mapModel,C)  (for  x = 1 to  nbMudeh)  con  exist  de- 
pending from  one  hand  on  the  experts  involved  in  the  model  building  anil  from  the 
other  hand  on  the  theory  used  to  represent  the  decision  (DST  or  DSrnT  mapping). 
Two  dillerent  mapping  rules  ore  used  depending  from  one  hand  on  the  qualitative 
or  quantitative  nature  of  the  criteria  and  on  the  other  hand  from  the  nature  of  the 
evaluation  (numerical  or  membership  aasenunent)  For  quantitative  criteria,  the  mop- 
ping process  transforms  a possibility  distribution,  derived  from  necessity  inputs,  into 
bbn’a.  For  a given  quantitative  criterion  c,,  each  source  a provide  nblnl,  numerical 
evaluation  intervals  described  by  a minimum,  a maximum  and  a necessity  value.  This 
necessity  value  represents  the  minimum  confidence  of  the  source  in  the  proposition 
"the  value  of  the  criterion  c,  lefimys  to  the  inteniW".  For  qualitative  criterion,  the 
fuzzy  number  are  defined  according  to  credibility  values  defined  on  each  class. 
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Figure  23.14:  Fuzzy  number  L — /?. 
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Figure  23.15:  Frizzy  interval  L — R. 


Figure  23.10:  Possibility  and  necessity  distributions. 
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Valuations  of  the  criteria:  from  possibility  to  bba 

In  [Dubois  and  I'rade  2000]“ , the  authors  describe  relations  between  Possibility 
theory  and  Belief  function  theory.  Given  a bba  m defined  on  a finite  set  S.  the 
possibility  distribution  n resulting  from  m is  defined  by  *(*)  = /’/<{»))  (singletons 
plausibility).  For  different  run* man)  focal  elements  B,  sudi  as  Ei  C t’a  C 
with  E,  = (sj «,},  the  possibility  measure  11  and  the  necessity  measure  iV  cor- 

respond to  plausibility  and  credibility  functions  (see  FlG.  23.16). 

trample  IBaudnl  el  al  2005a,  Baudrtl  el  at  30056,  Baudnl  el  a l 2007 j:  An  expert 
provides  n evaluation  intervals  of  a quantitative  criterion  and  assigns  a confidence 


(considered  os  a source)  with  i € (1,2, n}.  A,  is  the  confidence  degree  associated 

to  the  interval  E,  with  A,  = N(t\)  (see  FlG.  23.17). 


V*  e *.*(*)  = ie(mln  nl(m«<l  - A, ).!«.(*))> 


(23.1) 


with 


(23.2) 
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Figure  23.17:  From  expert  necessity  values  to  bba:  numerical  example. 
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23.3.3  Step  Is  Problem  modeling 

Risk  management  proem*  a a complex  framework  in  itself.  Paced  to  any  decision 
problem,  ibe  decision  analyst  always  begins  with  a modeling  phase  which  is  an  es- 
sential port  and  a main  difficulty  of  the  methodology.  In  our  cool  ext.  the  modeling 
both  concerns  and  cumulates  known  difficulties  related  both  to  the  multi-criteria  ap- 
proach [Roy  1985]  and  to  the  evidential  reasoning  proems  [Martin  and  Osswald  2006). 
lb  a certain  extent,  one  of  the  more  natural  and  intuitive  way  to  rope  with  the  com- 
plexity of  the  problem  is  very  often  to  break  its  components  down  into  several  smaller 
ones.  This  approach  b used  in  the  hierarchical  analysb  proposed  in  AHP  [Saaty  1982] 
but  also  in  reliability  and  safety  models  through  failure  trees  (Wane  et  al.  1996]  or 
any  systemic- like  mod  els  In  [Forman  and  Selly  20025,  Forman  considers  that  hi- 
erarchical analysis  is  equivalent  to  the  well-known  cause  tree  or  hhlkauia  diagram. 
As  a standard  language,  the  Unified  Modeling  Language  (UML)  [Rumbuugh  et  al. 
1999,  Fowler  2000]  ia  used  to  model  the  problem.  'ITiis  language  is  widely  used  in 
Computer  Sciences  and  Information  systems  design  to  elicit  tbe  initial  requirements, 
to  represent  the  data  model.  In  comparison  w’ith  any  other  graphical  flowcharts  or 
diagrams,  it  represents  a normalised  framework  that  can  be  understood  in  the  same 
way  by  all  of  its  possible  users:  every  graphical  software  is  able  to  provide  flow-chart* 
diagrams  that  are  not  always  interpreted  in  the  same  way.  In  our  context . building 
conceptual  models  is  one  of  the  first  and  essential  step  to  describe  to  consider  the 
different  types  of  sources,  including  both  experts,  databases  or  criteria  evaluation 
involved  In  the  fusion  process.  This  approach  allows  building  a link  with  calculation 
tools  such  a*  PCR5,  PCR6  or  DSmll  routines. 


The  modeling  step 
(through  a hierarchical 


on  the  one  hand  the  decision  problem  description 
structure)  and.  on  the  other  hand,  the  fusion  prob- 


In  a criterion -estimator- solution  framework,  the  decision  consists  of  choirsing  on 
evaluation  grade  fur  a given  alternative.  The  common  Decision  Frame  of  discern- 
ment used  in  our  ER-UCDA  framework  consists  of  a set  of  evaluation  grades  denoted 
0 d.d .i<m  = {HDi.NLh HD, Hl>aD\  with  t 6 {1,2 CD).  The  deci- 

sion is  broken  down  into  qualitative  and/or  quantitative  criteria  (see  FlC.  23.18  and 
Fig.  23.19). 


i 


Figure  23.18:  ER-MCDA  frame  work  - UML  modeling  - Main  packages. 
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Figure  23.19:  Principle  of  the  AHP  based  ER-MCDA  framework. 


23.3.3.1  The  multi-criteria  analytical  hierarchical  model 

The  real  problem  is  first  an  allied  through  the  hierarchical  decision  framework  used 
a conceptual  support  for  criteria  and  preferences  identification.  Criteria  are  ranked 
and  weighted  according  In  their  importance  in  the  decision  proem*.  The  baaic  level 
criteria  are  assessed  according  either  quantitative  (numerical)  evaluation  grades.  The 
criterion  Human  rulnernttltly,  as  an  example  of  quantitative  criterion,  is  assessed 
through  the  number  of  winter  occupants.  This  number  can  be  a single  integer  or  an 
interval  with  a minimum  and  a maximum  value  such  as  [1,5].  The  Living  plates/m- 
/rusfruefures.  as  an  example  of  qualitative  classes,  is  amessed  through  a membership 
level  for  each  doss. 

Unitary  Hierarchic  Component. 

The  Hierarchic  Structure  is  composed  of  UtuHuy  Hururdnc  Component  such  os 
described  in  FlC.  23.7 

SllbC,  = Sll&Cfri„,. 

Qn.rt. — Qn  } (23.3) 


For  a given  medium  level  criterion  C,  or  for  the  general  attribute  of  the  hierarchic 
structure  , SubC,  is  the  set  of  its  ML  sub-criteria. 
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Criterion  Identification  Vector  (CIV). 

A practical  and  simple  codification  b used  to  identify  any  criterion  in  tbe  hierar- 
chical structure  and  to  implement  the  sift  ware  application.  For  the  criterion  number 
j.  at  the  level  1 of  the  hierarchy,  tbe  Criterion  Identification  Vector  denoted  as  CIV, 
b.  defined  aa  CIV,  = |r,.r,.„.  nl  where  CIV,{I ) = r,  b the  fu  term  of 

CIV,.  * *""" 

By  defimtion,  the  general  attribute  of  the  hierarchic  structure  b the  first  criterion 

of  any  C'ritencm  Identification  Vector:  Vj  g (1,2, M),  CIV,  = |1],  It  b also  rallrd 

the  root  of  the  hierarchic  structure.  CIV,(k)  b the  k'h  term  of  CIV.  CIV,(k)  = r, 
means  that  the  rank  of  the  given  criterion  b r,  relatively  to  its  parent -criterion  in 
the  unitary  hierarchic  component  whose  root  criterion  b the  criterion  denoted  as 
CIV  = |ri,rj,...,ri_i]  which  boa  I - 1 terms. 

Esnmple:  Let’s  consider  a criterion  defined  by  its  ident  ification  vector  CIV  = |l,  3, 2, 2] 
Its  vector  length  b <1.  Tins  criterion  b the  2nd  sub-criterion  of  the  criterion  whose  CIV 

b (1,2. 3].  The criterion  c,  b described  byCIV,.  ML(CIV,)  = A/L(I(r, t|] 

b the  number  of  sub-criteria  of  the  criterion  described  by  its  identification  vector 
CIV,.  Tbe  sub-criteria  of  c,  are  referenced  by  CVifenon  Identification  Vector  such 

as  [(ri.rj r*,...,rj.n+i]  with  n.i  6 (1,2,..., ML(CIV,))  (see  Fig.  23.20). 

Fur  any  criterion.  ML  b a function  of  a vector  whine  length  ranges  from  1 to 
D (maximal  depth  of  tbe  hierarchic  structure)  defined  by  ML  : C,  — N and 
CIV,  — MUCIV,), 


• ..I. . ilu.1.  . . Mfijr,  .r,.  — rfl 


Figure  23.20:  Criterion  and  sub-criteria  codification  in  the  hierarchical  struc- 
ture. 
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An  UML  d*n»  diagram  using  a composite  pattern  diagram  (Gamma  el  al.  1995]  can 
represent  this  hierarchical  structure  as  described  in  (see  Fits.  23.21). 


Figure  23.21.  ER-MCDA  homework  - UML  Class  diagram  - Decision  hierar- 
chical structure. 


Evaluation  of  the  basic  level  criteria. 

R*  each  basic  level  criterion  (or  attribute),  5 sources  provide  an  evaluation  id 
the  criterion  based  on  a nunmou  evaluation  scale  H = (Wi,  Hj, ...  .Ho)  with  G 
cumsponding  to  the  number  of  levels  of  the  scale.  H is  tbe  home  of  discernment  on 
which  the  evaluation  is  done 

23.3.3.2  A sample  decision  model 

We  introduce  here  a simplified  model  to  illustrate  the  coupled  use  of  fusion  proems 
and  MCDA  approaches.  This  model  is  derived  from  a real  decision-aid  model  that 
calculate  the  sensitivity  level  of  a natural  site  exposed  to  avalanches. 
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A common  fra  mi-  of  discernment  is  required  for  decision 


Any  fudiun  probieni  requires  dcliDin^  a cutzunun  Ir&xxic  uf  ilisc^xiuxitmt.  ltd  del* 
is  closely  linked  to  tbe  nature  ol  decision  such  as  choosing  a sensitivity  or 
exposure  level  fur  a Mte  in  a natural  hazards  prone  area,  chuuiinc  the  mure  impor- 
tant areas  to  protect,  choosing  the  level  of  confidence  for  an  expertise.  The  fusioo 
process  will  provide  basic  belief  assignments  on  each  or  combination  of  the  elements 
of  the  borne  of  discernment.  We  can  obviously  question  ourselves  about  the  interest 
of  using  the  DSmT  framework  (allowing  non-empty  intersections)  instead  of  the  clas- 
sical DST  bnmework  based  on  exhaustive  and  exclusive  hypotheses. 


Two  frames  of  discernment  0 are  considered  in  this  work: 

• in  the  DST  framework  (see  FlG.  23.22).  the  frame  0 is  composed  of  4 exclusive 
elements  defined  by  HDt  = 'No  sensitivity',  HOi  = 'Low  sensitivity'.  HDi  = 
‘Medium  sensitivity'  and  HD,  = 'High  sensitivity’; 


Figure  23.22:  Modeling  the  common  evaluation  grade*  in  a DST  framework. 
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• in  the  DSmT  framework  (see  Flo.  23.23),  the  frame  0 is  composed  ol  3 
elements  defined  by  HD,  = 'No  sensitivity'.  H D,  = 'Low  sensitivity’  and 
HD]  = ’High  sensitivity'; 


3omm»  otJujr*' 


tin 


**nl  Jl  nentcuro  jre  tmpt/ 

000  a»e  Jiiioml  oo « 


HD,n//n,  a - 


HD, 


II  Ul. 


HD.- 1 n HD, 


DSnd 

hybrid  DSm  MM  M\HD) 


Figure  23.23:  Modeling  the  common  evaluation  grade*  in  a DSmT  framework: 
simplified  version. 


23.3.4  Step  2:  Mapping  quantitative  criterion  into  a 
common  frame 

This  section  describes  the  trnnsfnnnalioc  of  the  evaluations  provided  by  the  different 
sources  on  quantitative  criteria  into  l be  common  frame  of  discernment. 


23.3.4.1  Mapping  quantitative  criteria 

Foe  a given  quantitative  criterion  c,,  the  mapping  process  mapModd,  transforms  a 
quantitative  evaluation  into  bba  defined  in  the  common  frame  of  duxeinment  (see 
Fic.  2324): 

i mapModd^  ^ : |0, 1)  - |0,  lj 

l maP‘U  = <">■  J,..*-.,  ,(WDi)....,  'n.J(.1«lj)<  H Dcd  ) } 
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Figure  23.24:  Mapping  from  quantitative  criterion  assessment  to  the  common 
frame  of  discernment. 


Fur  a quantitative  criterion  c,,  the  evaluation  by  a source  a (an  expert)  can  be 
either  a single  value  (e.g.  u)  or  numerical  intervals.  Different  consonant  intervals, 
corresponding  to  different  levels  of  conhdrnce  can  be  proposed  by  the  source  Ihe 
evaluation  of  the  source  s is  therefore  a possibility  distribution  whom  ms  are  able  to 
extract  intervals  denoted  i and  corresponding  basic  belief  assignments  denoted 

[Dubois  and  Prade  2006].  For  each  interval  the  fray  mapping 

functiun  of  the  r“  mapping  model,  for  the  criterion  c,  distributes  m, (/(,.,„ t j)  on  the 

elements  of  the  ciimmun  frame  of  discermnent  Hp,iulta  = (WDi.HDi, HD,,  . 

HDcu)  on  which  the  global  decision  is  taken.  The  distribution  of  m,(/(,.miJ))  on 
HD,  (fc  6 {1,2,  .CD))  is  proportional  to  the  intersection  of  the  following  areas 

(mss  FIG.  23.25); 


• a rectangle  whose  width  is  equal  to  the  length  of  the  interval  rn.(/(,.,nf( ) ) and 
height  is  equal  to  1; 

• intersection  of  the  previous  rectangle  with  the  areas  of  fray  intervals  defined 
in  the  mapping  model  rnapAfodel,,,^,  denoted  -'lmajiMoSO,  (HD,). 

The  evaluation  source  is  described  through: 

• its  confidence,  resulting  from  its  own  assessment  and  voluatcd  by  a necessity 
value  attached  to  each  interval; 


• its  reliability,  resulting  from 
discounting  factor. 


external 


t.  and  valuate-d  through 
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Dillrrcut.  rra  nre  considered  depending  on  the  nature  and  number  ul  evaluat  ions 
provided  by  une  source  far  a given  criterion  (numerical  intervals  or  single  discrete 
values). 


33.3.4.2  Case  of  one  source  with  one  evaluation 

• Case  cif  one  totally  reliable  source  with  one  imprecise  evaluation  This 
case  corresponds  to  a source  * which  evaluates  the  quantitative  criterion  with 
a unique  interval  ( nblnl , = 1)  whose  necessity  value  equals  to  1.  The  bba 
of  the  interval  (m,(/,.r)  = 1)  is  transferred  to  the  elements  of  the  common 
frame  of  discernment  (see  FIG.  21.25).  The  interval  I,.,,)  = |r/.f(.4>,rs«^.1)] 
corresponds  to  a total  area  of 

= lenyfh{/(«J))  = ~ 

A/  represents  the  total  membership  area  of  the  interval  with  .4/  ,,  = 
At,.4)(HDk-,)  + A,t,MiHDk). The  bba  transferred  on  HD.-t  is 

,)  = A'^HL>>-')  ■ m. (/,._!>). 

The  bba  transferred  on  H D,  is 

Ar  ,AHDt) 

(HD,)=  • m. 

A*UM 


Figure  23.25:  Quantitative  criterion  mapping:  One  totally  reliable  source  with 
imprecise  evaluation. 
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• Case  of  one  partially  reliable  source  with  Imprecise  evaluation 

The  source  a is  assumed  partially  reliable.  A discounting  factor  is  applied  to 
the  bba  corresponding  to  the  evaluated  intervals  (see  FlG.  2.1.26). 


Figure  23.2Gt  Quantitative  criterion  mapping  One  partially  reliable  source 
with  imprecise  evaluation. 


• Case  of  a partially  reliable  source  with  precise  evaluation 

The  murce  a provides  a single  discrete  evaluation  rj  nf  the  quantitative  criterion 
Cj.  m(xi)  is  derived  from  the  fuzzy  mapping  intervals  by  the  intersection  of  a 
vertical  line  with  these  fuzzy  intervals  (see  FtC.  23.27).  The  reliability  of  the 
source  is  token  into  account  by  a discounting  factor  a.  6 (0. 1|. 


23.3.4.3  Case  of  oue  source  with  two  evaluation  intervals 

based  on  the  necessity,  possibility  lunctions  inputs,  one  transfers  the  initial  bba  to  a 
bba  related  to  the  common  frame  of  discernment  chosen  for  decision.  This  transfer 
uses  the  proportion  of  intersected  areas  of  the  whole  aren  of  the  interval  with  each 
fuzzy’  L - R interval  of  the  mapping  model  (see  FlG.  23.28). 

We  consider  here  a source  a that  provides  two  evaluation  intervals  (nblnl.  = 2). 
The  lira!  evaluation  of  the  source  a is  interval  = !*/«/(.,, The 

membership  area  (see  FlG.  2329)  of  this  interval  equals  to 

-A^HD^  + A.^HDa). 

The  bba’s  transferred  respectively  on  HD,-,  and  on  HD,  are-  m,/(ll)(HD,_i)  = 
Mii..n<W0k-j)/A/|.-„)  - and  m, j(..„  {HD,)  = (Ai„j,Ih  D,)/Ai„,t)  • 


coo 
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Figure  23.27:  Quantitative  criterion  mapping.  One  partially  reliable  source 
with  precise  evaluation. 


j HD,  HD.-,  uiK  HO,., 


Figure  23.28:  Quantitative  criterion  mapping:  Two  imprecise  evaluations  - 
Principle  of  area  mapping  calculation. 


'I’be  second  evaluation  uf  the  source  a is  /<..j|  = The  mem- 

bership area  (see  FlC.  23.30)  of  the  interval  equals  to 

-Ka  = Aii.m  - + Ai^HD^  + A^HD,^). 

The  bba'a  transferred  on  HD,.,f  on  HD,  and  on  HD,.,  are  respectively  given 

by: 


Chapter  23:  Information  fusion  for  natural  hazards  in  mountains 


Figure  23.29:  Quantitative  criterion  mapping:  One  partially  confident  source 
and  a totally  reliable  source  - interval  1. 
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Figure  23.30:  Quantitative  criterion  mapping:  One  partially  confident  source 
and  a partially  reliable  source  - interval  2. 
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23.3.4.4  Generalization:  evaluation  of  one  source 
numerical  intervals 


with  nblnt 


• One  totally  reliable  source  with  nblnt  imprecise  evaluations 

We  muskier  here  the  source  i that  provides  nblnt  evaluation  intervals  The 


interval  is  defined  by  / 


= [Tin! 


*S.r( 


with  the  index  j € 


{1, 2, . ...nA/nl.J.  the  length of  the  interval  is  fcrujtA(/(.J(Uj,)  = 
x/./i,,.,  ,.  The  membership  area  of  the  interval  A/(, jW(1  depends  on  the 
length  of  the  considered  interval  with  ( corresponding  to  the  height 

of  the  area  ( hx((>  lml  ( = 1 corresponds  to  a full  membership)  as  shown  in 
eq.  <23.4). 


* h*>„ 


1-1,1 


(23  4) 


The  whole  area  is  the  sum  of  the  intersected  areas  of  intervals  with 

the  fuzzy  intervals  of  the  mapping  model. 

nUnl. 

M-  r«,>  = H Dk) 

i"i 

with  * such  as  ,f  0. 

The  bba  transferred  on  H D,  results  bom  the  intersection  of  the  interval 
with  the  ma)iping  model  dno«ii.  - see  eq.  (23.5)  - with: 

— d/(>  ) corresponding  to  the  intersection  area  of  the  interval  with  the 

mapping  model  /l(naBli,  (as  an  example  DJfl’  or  DSmT  mapping  models 
as  described  in  applications  section: 

- ,(«D4)  corresponding  to  the  interseetkm  of  the  interval  , 

with  the  fuzzy  L - R interval  coding  for  the  element  of  the  frame  of 
di*cenimeiit  0. 


A,.,. „ (HO,) 

./-p  <«*>*>  = — (23.5) 

Fur  each  element  uf  the  frame  of  discernment  H Dt . we  5 mu  the  bba  transferred 
by  earJi  interval  Finally,  the  resulting  mapped  bba  of  the  source  a foe  nblnt a 
evaluation  intervals  is  defined  by  eq.  (2.1.6): 

nfc/at. 

m.(HD,)=  £ (23.6) 
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• A partially  reliable  source  with  nhlnl  imprecise  evaluations 

Fur  a partially  tellable  source,  the  hba  are  discounted  according  the  classical 
reliability  discounting  procraa.  m',(H D,)  = a,  m.(xi)  and  nti<©)  = (1  — 
a.)  + a,  • m,(0).  In  case  of  a partially  reliable  source,  tbe  bba  transferred  on 
each  element  H Dt  of  tbe  considered  frame  of  discernment  (corresponding  to  a 
given  mapping  model  is 


I HD,)  = 


•Q* 


A synthetic  view  of  the  quantitat  ive  mapping  process  from  evaluation  intervals 
to  the  mapped  bba  is  described  in  FlG.  23.31  for  nblnt,  = 2. 


Sourcv  . 


(|u*iUjUv« 

CltPODH 


n,(/fD,| 

mt/fP,! 

•MlHUil 


^••1)  *”  I4V"/...I>,XS«*.  I|1 
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-or  A 
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- N m.{HDk)=  Y mBjiUm , )(noi| 
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Figure  23111:  Quantitative  criterion  mapping  One  partially  confident  source 
and  a partially  reliable  source  - Fhaon 


23.3.5  Step  3:  Mapping  qualitative  criterion  into  a common 
frame 


Qualitative  mapping  transform*  an  evaluation  of  a qualitative  criterion  into  baffle  be- 
Up/  vfli^DiofQtB  (bba's)  px]itcsMYl  on  thr  coquuod  (mint*  cif  dbctYoturoi  At-  thr  riul 
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of  tlir  scaling  process,  the  result  uf  the  evaluation  of  qualitative  criterion  c,  by  the 
the  source  » is  summarired  in  a belief  interval  Aelfnt,.^  and  a weighted  discounted 
(actor  a,. 

Instead  of  choosing  only  one  evaluation  grade,  the  expert  can  distribute  his  con- 
fidence between  different  combinations  depending  on  the  model  used.  Therefore,  be 
can  express  the  strength  uf  his  belief  in  the  different  classification  levels.  He  can  even 
notify  that  he  has  no  information  about  the  evaluation  of  the  criterion  by  assigning 
his  confidence  to  the  whole  set  of  domes  (corresponding  to  the  total  lymmnue). 

Qualitative  criteria  correspond  to  criteria  whose  evaluation  is  carried  out  in  a 
Boolean  way.  Fur  a given  criterion  c,  and  its  j'*  evaluation  grade  . a given 

alternative  belongs  or  does  not  belong  to  the  evaluation  grade.  A numerical  interval 
[if*/ , x»up'  can  be  considered  as  a qualitative  criterion  as  soon  as  its  limits  cannot 
change.  The  qualitative  mapping  process  transforms  an  uncertain  evaluation  of  qual- 
itative enterio  into  basic  belief  assignments  and  discounting  factor  compliant  with 
the  global  fusion  process 

The  basic  belief  assignment  elicitation  for  qualitative  criteria  a a twu  steps  pto- 
re«.  We  consider  a qualitative  criterion  c,,  for  which  a given  expert  cir  source,  has  to 
provide  an  evaluation  according  to  the  evaluation  glades  of  the  common  frame  of  dis- 
cernment & = The  criterion  c,  is  evaluated  ac- 
cording to  the  qualitative  evaluation  grades  { Hi}Uati.cl , * • • • * , - . . < 

}•  A qualitative  (DST  or  DSmT  baaed)  mapping  model  a used  to  link 
expert 's  evaluation  to  the  evaluation  grades  of  the  common  frame  0.  Tbe  belief  is  cal- 
culated for  each  qualitative  evaluation  grade  using  the  lmpirlnnir  ft  An  (see  Fto.  23.32) 
and  tbe  comparative  confidence  qualitative  discounting  factor  using  a (DST  or  DSmT 
baaed)  scaling  model. 


23.3.5.1  Global  mapping  process  for  qualitative  criterion 

As  fur  quantitative  criteria,  the  global  process  alma  at  build  links  between  evaluation 
grade*  related  to  qualitative  criteria  and  tbe  element  of  the  common  frame  of  discern- 
ment. Bach  evaluation  grade  is  iwilrwirrl  first  according  to  its  importance  according 
to  the  decision  to  take  (e.g.  the  sensitivity  level)  and  secondly  to  tbe  confidence  level 
related  to  its  assessment  by  the  source.  As  for  qualitative  criteria,  two  frames  of 
discernment  and  mapping  models  are  considered  as  shown  on  Pia.  2333. 

The  mapping  prove**  corresponds  to  the  following  steps: 

• C’holre  uf  evaluation  grades  scaling  model  with  regard  to  the  acceptance  (DSmT 
scaling  model)  o*  non-acceptance  (DST  scaling  model)  of  non  empty  intersec- 
tions between  tbe  evaluation  grades: 
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Figure  23.32  Mapping  from  qualitative  criterion  assessment  to  the  common 
frump  of  discernment. 


• Importance  awmmeni  of  each  evaluation  grade  (to  calculate  weights  consid- 
ered nit  equivalent  to  basic  belief  assignments); 

• Confidence  level  assessment  fur  the  evaluation  by  a given  source  »; 

• Gathering  of  these  evaluation  into  a common  belief  interval  with  lower  and  an 
upper  limits; 


• mapping  of  this  belief  interval  to  the  common  frame  of  discernment . 


23.3.G.2  Importance  of  each  qualitative  evaluation  grade:  DST  or 
DSrnT  scaling 

A qualitative  criterion  c,  is  nsros-d  according  to  a set  of  g evaluation  grades  denoted 

as  //(Quslj.e,)  with  y € (1.2 G ).  These  evaluation  grades  correspond  to  real 

situations  that  the  source  may  encounter  while  trying  to  assess  a real  problem  .As  on 
example,  the  criterion  C)iu|  coding  for  the  port  of  global  sensitivity  due  to  the  living 
places  oc  infrastructures  is  described  by  a set  of  evaluation  grades  corresponding  to 
industrial  equipments  ([Inti)),  collectivities  ({Col})  or  rescue  equipments  ({/{esc}). 
They  respectively  correspond  to  an  increasing  level  of  sensitivity-,  rescue  equipment 
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Figure  23.33'.  Frame  of  discernment  corresponding  to  DST  and  DSuiT  mapping 
models. 


is  considered  as  more  important  than  a collective  equipment  which  ia  itaell  more 
important  than  an  industrial  equipment.  Ranking  the  different  evaluation  grades 
according  to  their  importance  is  handled  through  an  AM’  hosed  pairwise  comparison 
matrix  Fur  each  evaluation  grade,  weights  ore  considered  as  bode  belief  alignments 
As  focal  elements  ore  singletons,  according  to  the  modeling  principles,  these  bha's 
are  equivalent  to  beliefs  following  eq.  (23.7). 


= m(««—  i,..j..>  = (23.7) 

In  a real-case  application,  different  ciimblnnlinns  of  these  equipmento  can  exist: 
industiial  equipments  such  as  telephonic  exchanges,  power  plants,  roads,  bridge*  can 
also  be  considered  as  rescue  equipments.  A lines!  gradation  in  term  of  sensitivity 
can  be  proposed  An  equipment  whose  contribution  to  sensitivity  is  multiple  will  be 
more  sensitive  than  os  many  separate  equipments:  such  an  equipment  concentrating 
different  funrtinus  on  a unique  geographical  point  represents  an  higher  potential  of 
damage  The  evaluation  model  should  be  able  to  cunsider  this  cose.  Therefore,  two 
models  are  proposed: 

• A DST  based  model  considers  that  the  evaluation  grades  are  totally  exclusive 
This  model  cannot  take  into  account  the  int enaction  cif  two  evaluation  grades; 

• A DSmT  based  model  nlknrs  intersection  between  the  evaluation  grades  Basic 
belief  assignments  put  un  these  empty  intersections  correspond  to  the  situations 
where  equipments  belong  to  several  evaluation  grades 
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We  could  have  obvious!)'  imagined  modeling  I he  intersection  cases  through  a 
refinement  of  the  initial  DST  model  lb  our  point  ol  view,  the  DSmT  model  tits  in  a 
closer  way  to  the  real  cose  application.  In  such  a model,  the  case  of  an  equipment  that 
would  be  both  an  industrial  and  an  rescue  equipment  corresponds  to  an  evaluation 
of  the  elements  {/mi}.  (Coi)  and  1 IndDCd ). 


23.3.5.3  Confidence  level  of  qualitative  evaluation  grade 

Once  the  source  a has  chosen  whether  an  evaluation  grade  was  existing  on  the  studied 
area,  it  must  valuate  its  confidence  related  to  its  valuation.  R*  a given  qualitative 
criterion  c,  , its  evaluation  grades  can  be  partially  assessed  by  the  souice  a.  Any 
evaluation  attempt  by  the  wiurce  s uf  the  evaluation  grade  g ol  the  criterion  c,  cor- 
responds to  a Boolean  factor  denoted  as  inpul(i#0>ali  t(  >).  This  factor  is  important 
to  calculate  the  weighted  discounted  (actor  depending  on  the  evaluated  grades. 


For  each  evaluation  grade  of  the  criterion  c,.  the  source  > lias  to  valuate  its  confi- 
dence level  through  a confidence  ranking  interval  nmfRnnklnt  defined  in  eq.  (23.8) 
with  iti  minimum  ami  maximum  valuer  cIwihtj  in  a M ba&i  v*  like"  urdinnl  seal?  ranging 
from  conf  Rank-,, „ = 1 (no  confidence  at  all  in  the  valuation)  to  can  f Hank-.,,  = 9 
(total  confidence  in  the  valuation). 


conf  Ranklnt  = |inputCon/ftantmi,.inpulC(m/ftmh,u] 


(23.8) 


The*  rankings  are  uormalirrd  to  calculate  lower  and  upper  confidence  index  following 
as  follows: 

mputCon  f Rank-,,-  — con/Runfc-.in 

cvti  f Runkm*x  • cvnf  Ronkmxm 
_ i nputCanf  HaTikm+x  - canf  Rank^m 
cimJRanknmM  - am] Rankmm 

can/-,,,-  = conl—  ~ lpn/— ■ 

with  inputCm/Rank  = input  Can 


CCX1  /mif  - 

cun/mg  = 


23.3.5.4  Belief  interval 

Fur  each  evaluation  grade  y of  the  criterion  c,  by  the  source  *.  a belief  interval 
BdlntiHQH^t  t .i  h*  derived  frocn  the  confidence  ranking  interval  ctmf  Ranklnt  and 
the  importance  liba  # sy  The  confidence  level  associated  to  thla  belief  inter- 

val the  ratio  between  the  importance  bba  weighted  by  the  menu  confidence  and 
the  maximum  belief  value.  The  final  data  lined  to  map  the  qualitative  criterion  Cj  are 
aCj,M  and  BcllntCj  = [Btll ntmlm,Cj . B til £Jef/n/m,n.,  = cun/m<„.f  • Bct9, 
Bellntm„.,  = cm/-,,,.,  Bel„  Bellnt mpui,  - BeUnl-^-j, 
Sef/nf nu.c,  = £t.i....jj«npuf»  ' Bellnt-,,,,  with  inpul,  = input, ^ 

Bel,  = = “i  aDd  BetlnU,-.,  = Bellnt^.j,^^^, 
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(similarly  with  max),  BeUtUnu^  = B^lInl,m„,C)j)  (similarly  with  max),  eon/mo.i  = 
"■"/(mm (similarly  with  max  and  mean). 

23.3.5.5  Fusion  order 

The  fusion  process  nn  be  different  bum  the  hierarchical  de-cisiun  model.  These  (union 
orders  are  ports  of  tbe  description  of  the  fusion  processes  in  the  model.  Several 
strategies  can  be  imagined  depending  whether  tbe  decision  is  taken  by  one  source 
(see  FlG.  23.34)  ar  by  several  sources  (see  FlO.  23  35). 


®- S. 

Figure  23.34:  How  far  does  tbe  fusion  process  must  follow  the  hierarchical 
decision  model  (case  of  one  source)? 


In  this  work,  the  implemented  model  corresponds  to  (©Criterion  (©Source  — 
Fuduatiim))  deplrted  in  FlG.  23.36)  below. 

23.3.5.6  Fusion  of  mapped  bba  of  nbSourcea  sources 

A given  criterion  is  identified  by  its  criterion  identification  vector  CIV  = [n.  n, . . . , r„|. 
s sources,  denoted  as  a,  with  ( € (1,2....,*),  provide  nbFval,t  interval- boned  eval- 
uations. Each  evaluation  by  the  source  a.  denoted  as  cvol,,„  consists  of  n bint,,. 
intervals.  nbFuaedSimreea  represents  the  total  number  of  all  the  sources  that  are 
fused  fur  the  criterion  (sum  of  all  the  evaluations  of  the  sources  for  the  given  criterion) 
(Eq.  23.9)  .Several  fusioo  processes  can  be  pruposed.  Tbe  following  equations  concern 
the  (<&Cnteriun(©5ource  - Evaluation))  process.  An  exiuuple  is  given  for  the  crite- 
rion t)m|  for  which  two  sources*  »i  and  sj  provide  each  one  evaluation  (Eq.  23.10). 

. n.e.^.4 

rthFuacdSourcraciv  = ^ ^ j)  (23.9) 

•."t  I s-l 
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Figure  23.3!h  How  Lit  does  the  fusion  piocass  must  follow  the  hierarchical 
decision  model  (case  of  several  sources)? 


Figure  23.36:  Description  of  the  implemented  fusion  process 


► » pi  D> 
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f>»)  = <m(c,, Dk)  (23.10) 
In  a UML  standard.  the  fusion  proem  can  partially  be  represented  as  in  FiC.  23.37 
below. 


Figure  23.37:  ER-MCDA  framework  - UML  Class  diagram  - Principle  of  the 
fusion  process. 


23.3.5.7  Discounting  factors  for  reliability  and  importance 
assessment 

Tbe  classical  reliability  discounting  factor 

In  a classical  way,  discounting  factors  are  used  to  take  into  account  the  reliabilities 
of  tbe  sources.  Kir  each  source  of  evidence,  a,  with  r € (1,2,..., 6')  represents  the 
confidence  given  by  the  system  to  this  source,  a,  = 1 corresponds  to  a totally 
reliable  source  of  evidence  and  o,  = 0 corresponds  to  totally  unreliable  source  of 
evidence  [D  exert  2003) 10 . 

Tbe  AHP  method  can  be  used  to  calculate  tbe  discount  mg  factors.  A preference 
matrix  using  pairwise  comparisons  pits  the  relative  weight  of  importance  u>  of 
each  source.  After  a normalization  step  booed  on  the  maximum  of  tbe  weights,  tbe 
discounting  factor  a,  can  be  delincd  as  [Beynon  2005] 11 : 

,0p.21 

“pWBI 
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a.=  U<-  with  fc  6 (1,3.. ..,S)  (33  11) 

mox(u<») 

In  our  EK-MCDA  framework.  discounting  (actors  nrr  used  at  many  different  steps 
o(  the  procear 

• following  the  flnnhical  approach,  a discounting  (actor  is  applied  to  the  different 
sources  providing  an  evaluation  for  qualitative  or  quantitative  criteria.  Normal- 
isation (actor  is  used  at  the  evaluation  step  o(  qualitative  criterion  to  evaluate 
the  confidence  o ( the  amettsor  in  its  judgment  (confidence  ijunlitalne  discounting 
factor); 

• normalised  weights  otf  tbe  basic  level  cnUm  air  triuiafurmtnl  In  diacuuntinc 
factors  (with  a maximum  based  normalisation  instead  of  u dim*!  use?  of  weights 
- ser  Pm.  23.38). 


" . 


:!sB 


I 1 

o*  at 


M 


Oi 


Figure  23.38:  From  preference  weights  to  discounting  factors  for  S = 5 sources. 


The  last  situation  mi)  appear  ns  a misunderstanding  of  the  concept  o(  discounting 
factor  In  (act,  we  consider  here  that  the  evaluation  o(  a criterion  results  both  Irum  its 
importance  in  the  decisiun  process  and  from  the  evaluation  uncertainty.  For  a given 
criterion  c(,  the  pairwise  comparison  o(  qualitative  evaluation  grades  produce  weights 
considered  as  basic  belief  alignment  related  to  tbeir  contribution  to  the  sensitivity: 
they  are  named  importance  bln  This  principle  Justifies  the  (act  that  they  are  used 
to  calculate  the  bba  in  the  common  (rnme  of  discernment.  Pur  this  criterion,  the 
evaluatia  has  some  variable  confidence  about  its  evaluation:  “Ones  (An  evaluation 
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gmde  really  belong  In  the  tile  that  I am  evaluating?"  The  singletons  (extended  with 
intersections  in  a DSrnT  framework)  arc  considered  to  compare  the  leveia  ol  confidence 
on  each  ol  these  evaluation  glades,  lire  weights  air  then  considered  as  discounting 
factors  as  they  reduce  the  importance  of  the  previous  evaluation.  A fusion  would  not 
have  any  sense  since  the  discernment  frame  and  the  meaning  is  dl  tier  exit. 

Con  importance  be  assessed  by  a (new)  discounting  factor? 

Mixing  fusion  and  multi-criteria  decision  approaches  can  lead  to  the  difficulty  of 
making  a difference  between  uncertainty  and  importance.  This  also  corresponds  to  a 
classical  discuaoou  about  difference  between  aggregation  of  preferences  and  informa- 
tion fusiun.  In  an  ideal  framework,  we  do  consider  that  fusion  should  mainly  concern 
uncertain  pieces  of  evidence  and  not  the  preferences  between  criteria.  The  final  fu- 
sion step  of  mapped  basic  level  criteria  should  be  compared  to  an  aggregation  method 
based  on  the  result  of  fusion.  Nevertheless,  we  propose  in  the  following  section,  an 
experimental  approach  to  take  importance  into  account  through  a new  discounting 
factor. 


> »u— i 
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Figure  23.39:  DST  and  DSmT  models  for  importance  discounting  model. 


The  classical  discounting  method  transforms  a basic  belief  assignment  m<  • ) through 
a discounting  factor  a that  reduces  the  basic  belief  assignment  fco  each  focal  element 
and  increase*  the  basic  belief  alignment  assigned  to  the  total  Ignorance  0.  In  our 
ER-MCDA  framework,  the  mapping  procesr  leads  to  mapped  basic  belief  assignments 
taking  into  account  the  reliability  of  the  different  sources.  During  that  first  step  (so- 
called  mapping  and  scaling  steps),  the  classical  discount  method  is  appropriate  since 
it  really  corresponds  to  a variable  level  of  confidence  for  each  evaluation. 


The  second  step  of  the  process  aims  at  fuse  the  basic  level  criteria  evaluation 
according  to  their  importance.  This  last  fusion  step  produces  the  final  basic  belief 
assignment  that  run  be  analysed  to  make  a decision  according  different  rules  such  os 
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minimum  n(  bba,  maximum  of  credibility,  etc  The  question  a to  represent  the  pref- 
erences weights  issued  from  MCDA  model  in  a fusion  model.  The  weights  represent 
relative  importance  from  one  criterion  to  another  and  not  relative  uncertainty:  a lower 
Importance  liaair  level  criterion  can  be  asee»ed  in  a certain  way  while  a very  impor- 
tant criterion  can  be  very  uncertain.  Using  tbe  classical  discounting  factor  [Beynon 
2005]  cannot  represent  this  difference  since  it  only  corresponds  to  a reduction  of  the 
reliability. 


Definition  (importance  ducounftny  factor):  To  represent  the  relative  importance  of 
the  basic  level  criteria  in  a same  way  than  in  a multi-criteria  decisiim  problem,  we 
propose  (following  more  or  lesa  some  principles  proposed  by  Smeta),  a specific  (and 
experimental]  importance  discounting  factor  denoted  as  a/„ p and  defined  as  follows: 
For  a murce  B described  by  a bba  m(-)  relatively  to  the  frame  of  discernment  0 and 
used  in  an  ER-MCDA1J  p coomb,  the  importance  discounting  factor  a/mp.B  is  defined 
as  a/np  6|0. 1]  such  as  for  any  subset  A C 0.  the  importance  discounted  bba  m'/lnp() 
is  defined  by  the  following  eq.  (23.12): 


mM)  f = aim,  • m(A),  V.4  ^ U 

m<®)  = (I"  aim,)  +0/-.P  ">(*) 


(23.12) 


The  case  where  a/„,  = 1 corresponds  to  a source  B that  has  the  maximum 
reachable  relative  importance  value.  Tbe  principle  of  this  importance  discounting 
factor  is  to  reduce  tbe  haslr  belief  assignment  related  to  a given  basic  level  criterion 
without  Increasing  tbe  total  ignorance  corresponding  to  m(0).  It  is  therefore  poetible 
to  discount  a source  according  by  using  both  to  its  reliability  and  its  importance 
As  it  involve*  basic  belief  assignment  on  the  empty  set.  this  double  discounting 
method  should  be  used  with  fusion  rules  that  are  able  to  redistribute  cnntlirt  and  with 
models  that  make  a difference  between  the  real  conflict  between  hypotheses  and  the 
basic  belief  assignment  put  on  the  empty  set  The  claasical  Don  peter  a rule  is  known 
to  fail  when  conflict  increases;  we  can  expect  than  it  will  not  be  the  best  choice  in 
our  experimental  model  that  consists  in  artificially  transfer  bba’s  on  tbe  empty  set 
at  tbe  final  stage  of  fuMou. 


The  following  examples  show  the  principle  of  using  this  Importance  discounting 
factor  in  a very  sinqile  case  (£’ard(0)  = 2)  in  DST  and  DSmT  frameworks.  The 
source  ci  Is  supposed  to  be  poor  reliable  (q/oi.i  = 0.1)  but  very  important  in  the 
decision  process  (a, = 1)  while  the  source  c-j  is  considered  as  fully  reliable 
(aHd.j  = 1)  but  not  very  important  in  tbe  decision  process  (aimpiui  j = 0.1).  Basic 
belief  assignments  correspond  to  tbe  highest  possible  level  of  conflict  between  sources 
(see  FlG.  23.40). 
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Reliability  * Importance  » 


Figure  2.1.40:  Reliability  and  importance  of  sources  (experts)  Ci  and  Cj. 


First  approach:  The  classical  discounting  factor  is  applied  twice  (succes- 
sively) 

The  Table  23.1  (foe  DST  framework)  and  the  libit-  23.2  (for  DSmT  lrtune-.uk) 
of  discounted  criteria  using  a double  successive  reliability  discounting  allow  that  no 
usable  difference  appears  between  the  different  hypotheses. 

Using  the  classical  discounting  process  to  represent  the  relative  importance  of  a 
criterion  compared  to  another  does  not  seem  to  be  efficient  to  make  a decision.  We 
therefore  introduce  a new  importance  discounting  factor  in  that  simple  test  case. 

Second  (experimental)  approach:  The  clnssical  discounting  factor  is  first 
applied,  a new  discounting  fnctur  is  applied 

The  Tables  23 3 (for  DST  framework)  and  23  4 (for  DSmT  framework)  of  dis- 
counted criteria  using  first  a classical  reliability  discounting  and  then  an  importance 
discounting.  The  figure  23.41  shows  the  corn  pari*  in  with  a successive  discounting 
process  based  on  the  classical  discounting  factor. 

Conclusion  and  interpretation 

In  our  opinions,  using  twice  the  classical  discounting  factor  to  represent  both 
reliability  and  importance  does  not  provide  any  valuable  information  for  decision  (see 
left  aide  of  Pig  23  41):  the  bba  resulting  from  fusJoo  ore  equal  fur  any  elements  of  the 
frame  of  discernment.  'Hie  fusion  process  fails  here  to  take  importance  or  preference 
into  account.  Note  also  that  the  bba  have  been  voluntarily  chosen  with  " •Trireme* 
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Table  23.1:  ER-MCDA  framework  - double  reliability  discounting  of  two 
criteria  d and  cj  - DST  framework. 
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Table  23.2:  ER-MCDA  framework  - double  reliability  discounting  of  two 
criteria  ci  and  ca  - DSmT  framework. 


values  In  our  ecamplr.  In  such  a c «,  only  the  partial  oinflict  redistribution  rules 
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Thhle  23.3:  ER-MCDA  framework  - Reliability  and  importance  discounting 
of  two  crileria  ci  and  cj  - DST  framework 


manage  to  provide  a result  that  can  be  interpreted  for  a decision.  'I'be  analysis  ol  tbe 
results  when  using  the  importance  discounting  factor  at  the  second  step  of  the  fusion 
process  allow  to  make  the  following  conclusions  (see  right  side  of  FlG.  23.41): 


the  input  bba  ueued  from  sources  ci  I. 
transferred  on  the  empty  set  and  on  0 accordingly 
arid  impiiftjiUfyj 


Uj 


utj  Lj  (Ul  ~ f till 

their  relative  reliability 


• the  bba  resulting  frum  fusion  are  distributed  on  the  empty  set,  0 and  tbe 
focal  elements  'Ike  repartition  of  bba  on  those  elements  provide*  information 
about  information  used  in  tbe  fusion  proems.  They  must  be  interpreted  in  a 
relative  wav.  The  respectively  wry  high  value  unsigned  to  the  empty  set  and 
0 correspond  to  tbe  fact  that  the  two  sources  have  respectively  "conflicting” 
or  "very  different"  importance,  while  the  hba  assigned  to  0 can  be  classically 
interpreted  os  a comparative  level  of  ignorance.  Some  limits  values  can  probably 
be  identified.  Distance  between  those  limits  values  and  the  calculated  bba 
would  represent  the  differential  importance  or  reliability  of  soured; 


• in  that  case  at  two  highly  different  sources  (full  reliable  but  not  important  versus 
poor  reliable  but  important  source),  the  fusion  process  proposes  to  choree  tbe 
mint  important  source  which  b consistent  in  a decblan  context.  The  absolute 
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Table  23. <1:  ER-MCDA  framework  - Reliability  and  importance  discounting 
of  two  criteria  Cj  and  c2  - DSmT  framework. 


value  uf  the  bbn  fhere  a very  low  value)  and  the  relative  bbo  assigned  to  the 
empty  act  and  0 provides  additional  information  to  interpret  this  remit;  the 
derail  m la  dearly  not  the  remit  Irian  a complete  name  mi  us  between  sources 

This  proposition  must  obviously  be  discussed  and  analysed  in  a further  way  frutn 
a practical  and  theoretical  way. 


23.3.6  Decision-making 

Thin  linnl  step  corresponds  to  the  ultimate  goal  of  the  whole  process.  All  the  more 
or  lean  uncertain  evaluations,  provided  by  more  or  Una  reliable  sources  are  fused  in 
a unique  decision  criteria  that  has  to  be  aualvxed  to  make  a decision.  In  our  frame- 
work. I he  decision  is  analyzed  according  to  the  fusion  parameters  such  as  basic  belief 
assignments,  credibility,  plausibility,  pignistic  probability  assigned  to  tbe  different 
hypotheses  of  the  frame  of  discernment. 
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Figure  23.41  Comparison  of  discounting  method:  reliability- reliability  and 
leliubility-im  port  once  (DST  and  DSmT  frameworks). 


Making  a decision  on  the  ham  of  these  values  is  a well-known  problem  ha  fusion 
applications  [Martin  and  Quidu  2008.  Bloch  et  al.  JOCllJ.  The  existing  appbcatiuns 
mixing  evidential  lemoning  and  multi-criteiia  decision  analysis  also  use  these  funr- 
tiuns  to  choose  a solution  once  the  fusion  is  done:  [Bcynon  et  aL  2000)  interprets 
the  results  acrunling  Ui  the  interval  between  credibility  and  plausibility:  the  smaller 
interval,  the  more  certain  is  the  alternative.  There  is  still  sicue  place  for  pnipodtion 
of  some  methods  allowing  to  interpret  the  results  of  fusion  in  a more  operational  way 
with  one  essential  objective:  the  decision  must  remain  understable  by  the  decision- 
makers themselves  ! 


Chapter  23:  Information  fusion  for  natural  hazards  in  mountains 


619 


23.4  Applications:  Sensitivity  index  in  a multi-experts 
environment 

We  present  here  two  applications  caws: 

• the  first  one  is  n simplified  model  corresponding  to  an  evaluation  ol  a sensitivity 
index  lor  snow  avalanches  in  a multi-expert  Inuneworlc.  'Hue  case  is  illustrated 
through  numerical  examples  applied  to  examples  nf  (quantitative  and  qualita- 
tive) home  level  criteria.  The  proems  from  the  evaluations  to  the  mapped  bba 
b illustrated  through  partial  remits. 

• the  second  case  drab  with  a geographic  application  ol  risk  aouing  maps,  intro- 
ducing the  problem  nnd  the  specificity  lor  spalinl  extent  ol  the  method  without 
any  numerical  remits. 

23.4.1  Sensitivity  index  in  a multi-experts  environment 

23.4.1.1  Implementation 

The  DSrnT  framework  allows  coping  with  uncertain  nnd  imprecise  inCnrmntioo.  Its 
main  drawback  is  the  complexity  in  calculations  due  to  the  huge  number  of  elements 
in  £>*  (e.g  wilh  ;0|  = 3 we  already  get  |£>*|  = 19  elements,  with  |0|  = 3 we  get 
|I>*’|  = 167,  etc).  However,  not  all  the  elements  ol  tbe  hyper-power  set  De  have  to 
be  filled  in  and  some  automated  routines  and  programs  have  been  propovxi  either  to 
encode  the  -power  set  or  to  implement  the  DSmH  rule  of  romblualiciu  [Djiknavuriau 
and  Grenier  3006]. 

In  our  application,  we  use  a new  and  powerful  calculation  homework  that  al- 
lows to  consider  in  an  easy  and  versatile  way  tbe  different  models  free  DSm  Model 
denoted  (M'(0),  tbe  hybrid  DSm  Model  Ad (6)  or  Shafer*  Model  M"(Q)  [Martin 
2009],  TTiree  different  models  correspond  to  an  increasing  level  of  constraints  be- 
tween the  different  hypotheses  of  the  frame  of  discernment.  FWon  routines  have 
been  encapsulated  in  a global  homework  that  evaluate*  the  multi-criteria  decision 
model  and  I hen  operates  fusion  of  the  basic  level  criteria  Although  it  was  developed 
in  MATLAB™,  tliis  tool  has  been  designed  according  to  object-oriented  develop- 
ment principles.  An  UML  conceptual  model  has  been  designed  to  describe  tbe  global 
process.  All  data  are  saved  in  hierarchical  structures  allowing  an  easy  access  to  all 
steps  of  calculation.  The  data  structures  and  internal  functions  can  be  modified  to 
deal  wilh  other  hierarchical  model.  Some  graphical  functions  have  been  developed  to 
help  the  user  to  interpret  results. 
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23.4.1.2  Description  of  the  hierarchic  model 


In  xnuuutainoufl  an tab  and  in  t Vance  in  particular,  snow*  avalanche*  are  known  to 
be  import  ant  risks.  Face  to  numerous  avalanches  prone  areas,  decision*  makers  try 
to  determine  an  expusuxe  level  for  any  site  and  secondly  to  propuw  a clasaificatiun 
based  on  this  sensitivity  level:  this  ranking,  based  on  the  evaluation  of  the  hazard  and 
vulnerability  levels  (PtC.  23.42)  can  then  be  u»*l  to  prioritize  prevention  strategies 
implementation. 


Figure  23.42:  Decision  context : ranking  avalanche  prone  areas  according  haz- 
ard and  vulnerability  related  criteria. 


We  protect  here  a simplilled  verakin  iJ  the  real  existing  decision  support  sys- 
tem which  consists  of  a G-level  hierarchy  (ltapin  2007]  called  SSA  lux  Sites  Sensible 
Avalanches  (sensitive  avalandie  path*).  In  companion  with  the  original  and  existing 
framework,  this  application  aims  at  merge  several  expert  evaluations  to  determine 
the  sensibility  index  at  a snow-avalanche  prime-area  including  imprecise  and  uncer- 
tain evaluations  of  both  qualitative  and  quantitative  criteria.  The  root  of  this  3-level 
hierarchical  model  (FlQ.  2X43)  corresponds  to  the  sensitivity  level  of  the  avalanche- 
prune  area  (Cpj).  Its  principles  is  based  on  the  classical  risk  equation  as  presented  in 
FlQ.  23.2.  This  sensitivity  is  evaluated  according  to  two  sulx-riteria  corresponding 
to  vulnerability  (Cju|)  and  hazard  (Qu)).  The  vulnerability  criterion  is  broken  down 
into  two  baric- level  criteria  corresponding  to  a permanent  winter  occupants 
and  living  places / infra. tract  ur cs  (C|iufl).  The  hazard  criterion  is  broken  down  into 
three  basic-level  criteria  corresponding  to  morphology  (£jm|),  history  (Cpjjj)  and 
Snow- climatology  (Cjus)).  In  the  original  model,  each  basic  level  criterion  is  evalu- 
ated according  to  a crKensn-e.tiiriafor-wfufuin  model  (FlQ.  23.10). 
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Figure  23.  Hi:  Sample  simplified  model  of  the  Avalanche  sensitivity  framework. 
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Naif  that  numerical  values  used  in  this  sample  model  are  Active  and  do  Dot 
correspond  to  real  numerical  Intervals  used  in  the  anginal  model.  The  evaluation  of 
live  basic- level  criteria  is  done  accordingly  to  the  following  hypothesis: 

• Winter  occupants  (Cju,|):  this  quantitative  criterion  is  evaluated  according  to 
the  number  of  winter  occupants  with  3 evaluation  grades  in  the  initial  version. 


• Living  places  (C|U3j):  this  qualitative  criterion  is  evaluated  according  to  seven 
evaluation  grades  corresponding  to  existing  facilities*  or  infrastructure*  in  the 
studied  area; 


• Morphology  (C|m|):  this  quantitative  criterion  is  evaluated  according  the  slope 
angle: 

• History  (C[uu|):  this  quantitative  criterion  is  evaluated  to  an  empirical  fre- 
quency; 

• Snow-Climatology  (C|m|):  this  quantitative  criterion  is  evaluated  according 
snow- height. 


The  initial  evoluotion  classes  are  used  as  a basis  to  build  the  mapping  model  used 
in  the  KR-MC’DA  model.  In  that  model.  da»es  do  not  exist  anymore  for  quanti- 
tative criteria,  the  expert  provide  an  evaluation  on  real  numerical  values  which  are 
then  mapped  into  the  elements  of  the  common  frame  of  discernment-  Fur  qualita- 
tive criteria,  a specilic  method  is  proposed  to  consider  the  level  of  confidence  of  the 
evaluation  In  a classical  hierarchical  AHP  approach,  weights  arc  calculated  for  each 
criterion  according  to  pairwise  comparisons  from  the  root  criterion  to  the  baric  level 
criterion  level.  This  principle  requires  having  an  equal  number  of  evaluation  grades 
for  each  criterion,  increasing  the  number  of  evaluation  grades  for  a given  basic  level 
criterion  induces  an  higher  weight  of  the  basic  level  criterion  with  a classical  normal- 
iiatiou  method  based  on  sum.  The  initial  model  from  which  is  derived  our  sample 
model  had  not  been  designed  according  to  this  principle.  It  was  not  described  ns 
a hierarchical  structure  and  un-normalixed  weights  had  been  defined  directly  by  the 
experts  for  each  evaluation  grade  of  the  basic-level  criteria  (e.g.  20  fur  tbe  evalua- 
tion grade  corresponding  to  a class  of  winter  occupants  ranging  from  1 to  1 

persons).  To  transform  those  values  into  normalized  weights  and  propagate  them  to 
the  different  levels  of  the  hierarchy,  different  normalization  principles  can  be  used.  In 
our  application,  based  on  a criterion -estimator- solution  framework,  we  use  a so-called 
SumMox  method  whidi  is  hosed  on  the  following  principle  tm-nortnalired  weights 
(at  the  evaluation  grade)  are  normalized  using  the  sum.  The  absolute  weight  of  basic 
level  criteria  corresponds  to  tbe  maximum  of  un-nocmalized  weights  of  the  evaluation 
grades.  Normalization  is  then  done  on  a sum  basis  foe  the  other  criteria  levels  up  to 
the  root  level.  The  normalized  weights  an*  then  calculated  from  the  root  to  the  basic 
level  criteria:  they  are  then  used  to  calculate  the  importance  discounting  criteria 
(Fig.  23  hi). 
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Figure  23  44:  From  bierarchical  model  to  importance  discounting  factor. 


Id  our  context . we  need  lo  build  a link  betwwn  the  criteria  and  the  common  trame 
ol  d be  eminent  The  first  step  of  the  process  consists  of  mapping  the  evaluation  of 
basic  level  criteria  by  the  nurces.  Fur  each  criterion,  the  mapped  bba  of  thine 
evaluations  are  then  fused  together  to  get  a mapped  bba  for  each  basic  level  criterion 
(FlG.  23.36).  Examples  of  results  are  described  in  detail  for  an  example  of  quantitative 
criterion  (Cjui) ) and  fi*  an  example  of  a qualitative  criterion  (Cjujj)  in  the  following 
sections.  Only  evaluation  interval  data  and  a summary  table  is  given  for  the  others 
criteria. 


23.4.1.3  Example  of  results  fur  the  quantitative  criterion  C[in| 

The  criterion  C|„,j  is  a quantitative  basic  level  criterion  which  corresponds  to  the 
vulnerability  due  to  permanent  winter  occupants  in  the  area.  The  evaluation  provided 
by  the  sources  consists  of  numerical  intervals  corresponding  to  the  number  of  occu- 
panta.  First,  each  source  defines  numerical  intervals  with  necessity  levels  (PlC.  23.15). 
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Figure  23.45:  Ftom  evaluation  intervals  to  mapped  bba  of  intervals. 


Thaw  necessity  lerels,  interpreted  us  tun fi deuce  lends  are  transformed  into  bba 
(Flo.  il.17).  The  bba  corresponding  to  each  evaluation  interval  are  then  transferred 
to  each  clement  erf  the  frame  of  dixcrnment  corresponding  to  the  cittern  mapping 
model  (DST  or  DSmT  mopping  model)  accurding  to  their  nreoa.  The  mapped  bba 
for  the  first  evaluation  (including  3 intervals)  of  the  source  no.  1 is  compiled  in  the 
Table  23.5  and  described  in  a graphical  way  in  FlG.  23.46.  'lhr  principle  of  thia 
calculation  os  it  con  be  checked  in  the  implemented  software  application  is  presented 
on  (FlG.  23  47).  For  a given  source  and  its  evaluations  intervals,  different  mapping 
processes  can  be  applied.  We  only  present  here  partial  results  for  a D9T  mapping 
model 
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Table  23.5:  Mapped  Basic  belief  assignment  (bba)-  Criterion  Cpn]  - Source  1 
- Evaluation  1 - Fusion  process  no.  1 - DST  framework. 
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Figure  23.46: 
C|ml- 


lYoin  mapped  bba  of  evaluation  to  mapped  bbn  of  criterion 


wjrtitoMT 

h*wtm*  uw  ■*•«**  w»t MmmM 

//0.  //O,  *"•*  7 ///>*  hda 


Figure  23.47;  Results  of  mapping  process  of  criterion  C|m|. 
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Fusion  of  mapped  bba  for  Cpu) 

A comparison  of  different  combination  rulrs  (DST-nonnalirrd,  Sinetn  and  I*CH6 
rules)  in  a US’!  mapping  framework  con  be  done  using  the  name  input  data  taking  into 
account  un-discounted  or  discounted  evaluation  sources  (see  the  Table  23.6)  according 
to  the  user  dunce. 


23.4. 1.4  Example  of  results  for  the  qualitative  criterion  Cpu] 

The  evaluation  of  a qualitative  criterion  uses  both  a scaling  model  to  produce  a belief 
(credibility)  interval  and  a mapping  model  to  transform  this  credibility  interval  into 
the  common  frame  of  discernment.  The  criterion  C|m|  is  a qualitative  criterion  which 
corresponds  to  the  vulnerability  due  to  the  infrastructures,  facilities  and  collective 
equipments  such  as  schools  in  the  area.  Three  main  categories  corresponding  to 
industrial  equipment,  collective  or  community  equipments  and  rescue  equipments. 
Two  diflirmt  scaling  models  (DST  staling  model  or  DSrnT  scaling  model)  can  be 
used  to  transform  the  evaluation  provided  by  the  source  into  a belief  interval  that 
will  be  further  used  in  the  qualitative  mapping  process  (aee  Fla.  23.48). 


Clli  . Seaton  • "O'1"' M' 

Rasa*  dapanman  iraisftii  esupno-i 


Cl  I?  . Scdrfl  . 1-od.l  DSrnT 
Rbscws  depatrasit  ir>d-nlru»  equpnent 


(ihorl  *i  |/»rf| 


|<nd.dC.r.d««w|  (Call  *, 


l«M.|  0^  ..  I'-'l 

vw 


Figure  23.48:  Two  models  for  quantitative  criterion  'Living  places"  C|U3j. 
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We  unly  present  here  port  ial  results  for  a DSmT  scaling  model  and  a DST  mapping 
model.  The  choice  of  the  scaling  model  depends  on  the  nature  of  the  infrastructures 
that  exist  on  the  site.  Some  infrastructures  may  belong  to  the  same  time  to  sev- 
eral categories,  'lb  take  this  Into  account,  we  can  imagine  a DSmT  scaling  model 
which  will  be  presented  here.  Each  qualitative  category  is  analyxed  according  to  ita 
importance  (contribution)  to  the  vulnerability  using  a pairwise  comparison  approach 

The  weights  are  directly  interpreted  os  bha’s.  Fur  each  combination  of  types  of 
infrastructures,  credibility  values  are  calculated  as  shown  in  FlG.  23.-19. 


Figure  23.49  Qualitative  criterion  Qm|  - DStnT  scaling  - Importance  of  the 
evaluation  grade  for  mapping  model. 
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The  qualitative  mapping  model  is  built  to  establish  a correspondence  between  an 
interval  evaluation  (with  a lower  and  an  higher  value  of  credibility)  and  the  common 
(rune  of  discernment  according  to  the  chosen  mapping  model  (for  a DST  mnpping 
model  and  a DSmT  scaling  model,  see  FlG.  23.50). 


Li  Wq  Ddiaa'ntiiUnilum  (Cl '3  m aiMna.1 2 - D5T  muicti;  - DSr»T  suliq 
Hi  Mm.li.iy  Lo-»oiaD.e,  Mxhim  nnidwir 

HD,  HD,  HD, 


Dtllnl.r ..... 


Hit  lot 


OWt  H,llut,r 


Figure  23.50:  Qualitative  criterion  C(u3|  - DST  mapping  - DSmT  scaling  - 
Evaluation  intervals  for  sources  1 and  2. 


•Ih  provide  an  evaluation,  the  user  chooses  an  input  value  that  indicates  if  the 
chiuen  category  exists  in  the  tone  and  then  a rating  of  its  cunhdence  level  about 
its  evaluation  (FlO.  23  51).  Results  ore  a weighted  belief  interval  and  a discounting 
factor  about  this  belief  interval.  These  values  ore  then  used  in  the  qualitative  mapping 
pn> ceaa  uyiiix  the  *»amr  principle  tkmi  described  fur  quant  itntive  criterion. 
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Figure  23.51:  Qualitative  criterion  Cjjjjj  - DST  and  DSmT  mapping  - confi- 
dence levels  - source  1. 
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Table  23.7:  Qualitative  criterion  Cj  - Sourer  1 - interval  of  beliefs  and  weighting  discounting  factor  elicitation  - 
DSmT  scaling. 
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Belief  interval!  from  scaling  to  mapping 

A belief  interval  resulting  (rum  the  scaling  process  is  used  as  data  in  the  mapping 
process  of  the  qualitative  criterion.  An  example  of  user  inputs  for  confidence  levels  is 
given  for  the  criterion  hi  a context  of  so-called  DStnT  scaling  where  the  evalu- 

ation grades  can  have  non  empty  intersections  (see  the  Table  23.7)  and  in  a context 
cif  so-called  DSI'  scaling  where  the  evaluation  grades  are  considered  as  exclusive  from 
one  to  each  other  (see  Ihble  ??).  In  our  application  case,  for  a DST  scaling,  we  get 
Bef/n|,c|1Ujin)  = [0  4«1.0.62Sj  and  a(cp„..,j  = 0.842.  For  a DSmT  scaling,  we  get 
BelIfUlCpu,^i)  = [0.314.0.419]  and  Q(qul(<.l)  = 0.875. 

23.4.1.5  Partial  results  for  quantitative  criteria:  C|mj,  Cjiaaj  It 
Cjuai 

The  following  figures  describe  tbe  evaluation  data  interval  provided  by  two  sources 
fur  each  iif  the  basic  level  criteria  related  to  the  hazard  evaluation  in  a DST  mapping 
model  for  the  morphology  criterion  C|Ul)  (FlG.  23.52).  the  history  criterion  Cfiaj 
(FlC.  2353)  and  the  sooow-mrtronilogy  criterion  Con]  (Pm.  23  it).  The  resulting 
mapped  bba  for  each  criterion  and  each  source  are  then  discounted  and  injected  in  a 
fusion  process  that  product*  a mapped  bba  for  each  criterion. 


Figure  23.52:  Quantitative  criterion  C|12ij  - DST  mapping  - Evaluation  inter- 
vals for  sources  1 and  2. 
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Figure  23.63:  Quantitative  criterion  Cpy^  - DST  muiiping  - Evaluation  inter- 


vals for  sources  1 and  2. 


Figure  23.M:  Quantitative  criterion  Cjj^  - DST  mapping  - Evaluation  inter- 
vals for  sources  1 and  2. 
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23.4.1.6  Decisiou  level-criterion  Qi| 

Funiun  processes  nre  described  in  an  extensive  way  according  to  all  tbe  parameters 
chosen  Ci r fu-ooo.  On  the  basis  on  the  same  input  data  set.  different  emulations  con 
be  done  to  compare  fusion  rules,  mapping  models,  ...  (see  FlG.  23.35).  This  section 
presents  results  at  the  decision  level  for  dilferent  examples  corresponding  to  a DST 
mapping  model  (fusion  processes  no.  1 and  3)  and  a DSrnT  mapping  model  (fusion 
p toe  roses  no.  7 and  9).  These  mulls  compare  two  dilferent  ma|>ping  models  with 
the  same  fusion  rule  (e.g  processes  1 and  7 or  3 and  9),  the  same  mapping  model  with 
different  fusion  rules  (e.g.  procurers  1 and  3 or  7 and  9). 


Decision  level  - Fusion  process  - DST  framework 

The  following  tallies  present  the  results  oi  fusion  of  discounted  basic-level  criteria: 
- Fur  the  fusion  process  no.  1,  see  Table  23.8; 


For  the  fusion  process  no.  3,  see  Table  23.9. 


The  blis  s in  the  following  tables  correspond  to  un-discounted  values.  The  re- 
sult ol  fusion  mmes  from  discounted  bba  'a.  For  each  basic  level  criterion  (eg. 
C|„,|),  the  basic  belief  assignments  correspond  to  tbe  result  of  fusion  of  the  dis- 
counted evaluations  ol  the  dilferent  sources  (far  C>iui),  this  corresponds  to  tbe  fusion 
of  mi  = m(Cj,U|^r«1.ai«r1)  and  described  in  tbe  table  of  FlG.  23.6.  Tbe  importance 
discounting  factors  are  deduced  from  the  hierarchical  decisiou  model  depending  on 
the  normaluation  and  evaluation  data  input.  In  that  example.  use  the  SumAftu 
model  (FlG.  2343). 


Decision  level  - Fusion  process  - DSmT  framework 

The  following  tables  present  the  equivalent  results  to  fusion  process  no.  1 and  3 
with  only  changes  in  the  mapping  model  (from  DST  model  to  DSmT  model): 

- Fur  the  fusion  process  no.  7,  see  Table  23.10; 

- For  the  fusion  process  no.  9.  see  Table  23.11. 

Note  that  in  a DSmT  model,  results  are  tbe  same  for  DST  rule  (to  be  understood 
as  DSm  rule)  and  PCR6  rubs  since  the  conflict  does  nut  exist. 
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Figure  23.55:  Description  of  the  fusion  processes  no.  lt  3.  7 and  9. 
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23.4-1.7  Examples  of  implementation 

An  integrated  framework  hnn  been  developed  using  MAXLAB™  and  tbe  calculation 
routines  developed  by  [Xlartin  2009].  All  data  ore  saved  in  structures  corresponding  to 
the  UML  conceptual  modeling  principles  (the  application  b not  on  object  application 
but  only  an  object-oriented  framework  - see  FtG.  2356). 


Figure  23.56:  Quantitative  criterion  Cpn|  - Fusion  process  no.  7 - Data  struc- 
tures from  global  identification  to  evaluation  level. 


In  addition  to  tbe  calculation  framework,  some  graphical  functions  have  been 
added  to  facilitate  the  use  and  interpretation  of  resulta  (see  FtG.  23.57  and  FtG.  2358). 
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Figure  23.57:  Comparison  of  results  for  the  fusion  processes  no.  1,  3,  7 and  9. 


Data  structures  to  pbt  decision  and  undiscounted  criteria 
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Figure  23.58:  Root  decision  criterion  C|i]  - Fusion  process  no  7 - Data  struc- 
tures for  results  plot. 


pie  mcdel2  J Cl  - Root  cnterion  - Decision  level 
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23.5  Discussion 

23.5.1  Mixing  uncertainty,  imprecision,  importance  and 
traceability 

Considering  both  uncertainty,  imprecision.  Importance  and  traceability  of  the  exper- 
tise p roc  ran  is  the  ultimate  goal  of  a mixed  ER-MCDA  framework  baaed  on  decision- 
aid  methods  and  formal  theories  for  uncertainly  management.  The  purpose  is  both  to 
aid  decision  and  to  describe  bow  for  the  different  sources  and  evaluations  contribute 
to  the  final  result:  is  the  decision  based  on  certain  evaluations  of  non  important  cri- 
teria and/or  based  on  uncertain  evaluations  of  important  criteria? 

Through  the  literature  review,  two  main  approachra  can  be  identiiied.  Rom  one 
bond,  decision-aid  science  and  specially  the  multi-criteria  decision  analysis  community 
introduces  uncertainty  management  in  its  traditional  framework.  This  mainly  con- 
sists of  considering  uncertain  assessment  of  decision  criteria  through  interval- based, 
fumy  or  evidence  theory  based  approaches.  On  the  other  hand,  '’new*  uncertainty 
theories  (possibilities,  evidence  theory)  develop  applications  with  obvious  decision 
puipovs  Criterion  declaim  based  on  fused  Information  ore  proposed  In  those  diflu- 
ent frameworks 

In  our  approach,  the  Analytic  Hierarchy  I'roce*  (AHI1)  a used  as  a conceptual 
tool  to  model  the  problem,  to  elicit  preferences  and  subjective  basic  belief  assignments 
(bba)  to  be  used  in  I he  fusion  process  Using  information  fusion  in  a multi-criteria 
decision  analysis  framework  requires  that  the  model  analyst  should  be  able  to  assess 
each  criterion  accuiiling  to  common  scale  and/or  evaluation  grades.  In  the  proposed 
model,  these  evaluation  grades  are  considered  as  elements  of  the  frame  of  discern- 
ment. Under  this  assumption  of  a common  frame  of  discernment,  the  information 
fusion  and  specially  its  new  developments  such  as  DSmT  and  fusion  rales  for  conflict 
situations  offer  interesting  abilities  to  help  to  make  a decision  in  the  natural  haxaid 
contod.  Uncertain  evaluations  of  quantitative  criteria  ore  fused  either  at  the  design 
model  stage  or  at  the  evaluation  stage  (fusing  the  different  experts  sources).  As  de- 
claim depends  on  fusion  process,  choosing  ad-boc  combination  rules  is  rasential:  the 
combination  rules  must  remain  efficient  when  the  conflict  level  is  very  high,  e.g.  when 
the  classical  combination  rales  of  DST  fails  to  propose  acceptable  results. 

Our  approach  has  explored  some  developments  of  these  ideas  while  trying  to 
consider  Limits  and  drawbacks  of  each  of  methods  and  theories.  Indeed,  if  the  principle 
of  a joined  application  of  evidential  reasoning  and  Multi-Criteria  Decision  Analysis 
(MCDA)  is  an  interrating  perspective,  some  questions  remain,  as  described  in  the 
following  section. 
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23.5.2  Advantages  and  lacks  of  the  ER-MCDA  framework 

In  comparison  with  existing  approaches,  we  consider  that  this  framework  offer  the 
following  advantages: 


• Fust,  it  allows  to  trace  uncertainty  and  imprecision  for  both  quantitative  and 
qualitative  criteria.  In  comparison  with  existing  ap|iroaches  mixing  multi- 
criteria decision  analysis  and  evidential  reasoning,  the  information  sources, 
mainly  resulting  from  expert  axieounent,  are  fully  described.  'lhr  expert  judge- 
ments are  identified  both  for  modeling  and  evaluation  steps.  Links  between  cri- 
teria evaluation  and  the  fusion  pnxras  an  specially  the  choice  of  the  frame  of 
discernment  are  elicitated  through  so-called  quantitative  and  qualitative  map- 
ping protases; 


• A formal  description  and  conceptual  modeling  are  proposed,  'lliey  describe 
both  the  decision  model  design  and  the  belief  function  theory  framework.  A 
comparison  b proposed  to  model  the  same  problem  using  the  classical  Dempster- 
Shafer  framework  (DST)  based  on  exhaustive  and  exclusive  hypothesis,  and  the 
mine  recent  Dexert-Smarandache  framework  (DSmT)which  relaxes  those  enn- 
slrnintc. 


• In  our  application,  using  advanced  and  recent  fusion  rules  (such  as  PCR6  rule) 
allow  more  realistic  decisions.  ~ Ad-hndty"  of  fusion  roles  depending  on  the 
class  problem  U still  a research  question; 

• Importance  (related  to  the  preference  concept)  and  reliability  should  be  consid- 
ered  os  two  dillerent  concepts  in  any  model.  A method  of  a specific  discounting 
method  b prupcaed  but  has  to  be  studied  In  a theoretical  way. 


The  lacks  or  remaining  questions  related  to  the  proposed  framework  are  described 
following: 


The  dilfcrencc  between  fusion  and  aggregation  of  preferences  remains  an  im- 
portant subject  of  debate.  Fusion  and  multi-criteria  decision  analysis  cannot 
be  used  in  the  same  conditions.  In  that  sense,  some  hypothesis  of  pre-existing 
models  mixing  MCDA  and  evidential  reasoning  such  as  DS-AJIP  Beynon20U0 
and  other  variants  can  immediatly  he  critired  according  to  the  way  in  which 
they  mix  weights  (corresponding  to  preferences)  and  fusion  process.  The  fu- 
sion proem  should  be  compliant  with  the  nature  of  combined  information:  it 
is  recognised  that  aggregating  preferences  and  fusing  pieces  of  uncertain  evi- 
dence should  involve  different  fusion  methods  Blnch2tl01  but  no  definitive  and 
practical  classification  b available: 


• bosk-  belief  assignment  elicitation  b an  esnenlinl  part  of  proceed.  The  subjective 
evaluation  of  bln  lor  qualitative  criteria  using  the  AHP  process  can  be  enticed. 
At  least,  it  allows  to  trace  the  hypothesb  and  choices  of  the  evaluat  ing  experts; 
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• At  the  present  stage  of  development,  reliability  of  sources  ore  chosen  in  a very 
arbitrary  and  subjective  way.  Multi  criteria  approach?*  can  be  imagined  up- 
stream from  the  fusion  process  to  characterise  this  expert  reliability  according 
to  experience,  bockgrounds  . . Tncnet2006b; 


The  fact  that  we  consider  a unique  frame  of  dixemment  is  also  questionable: 
with  such  a principle,  we  force  the  sources  to  provide  an  evaluation  that  will 
be  compliant  with  the  common  frame  of  discernment  through  a called  map- 
ping procesa.  It  may  also  be  argued  that  the  decision  is  too  strongly  intluencrd 
by  the  chtnen  hierarchical  model.  This  framewurk  requires  to  define  mapping 
processes  to  evaluate  all  the  criteria  in  the  chosen  frame  of  discernment  Sen- 
sitivity analysis  should  be  done  to  analyse  whether  the  choice  of  this  mapping 
models  influences  the  linol  result  for  fusion; 


• In  this  present  version.  the  framework  provide  information  fur  decision  but 
not  a real  decision.  Different  alternatives  or  choices  are  described  in  a liner 
way  than  with  usual  MCDA  methods  with  regards  to  their  uncertainty  level. 
The  final  result  has  still  to  be  analysed  to  produce  a decision  oa  in  any  fuUoa 
problem.  The  further  development  will  probably  involve  decision-aid  method 
(total  aggregation  or  outranking  methods)  using  result  of  fusion  to  moke  a 
decision; 


23.5.3  The  question  of  the  validation 

As  it  involves  a fusion  process,  the  propused  EK-MCDA  framework  does  not  avoid  the 
difficult  question  of  validation.  How  can  a fusion  system  be  validated  and  evaluated 
(what  does  it  mean)  ? Bloch2001  analyse  the  way  to  propose  such  a validation  os 
fallowing  The  validation  should  concern  the  problem  modeling,  the  data  input.  Ibe 
fusion  in  itself  and  the  outputs  of  the  system.  In  most  npplicnthms.  the  proposed 
decision- aid  systems  | impose  solutions  but  do  out  check  with  a real  and  pre-existing 
choice.  This  situation  also  includes  applications  dealing  with  Mmphlicd  testing  cases 
without  any  real  need  for  decision  (choosing  a car,  a master  course,  a candidate). 
Nevertheless,  this  remains  an  important  question  and  we  humbly  iwogniae  that  no 
satisfying  answer  exists  in  our  application  domain  of  natural  harards  at  the  inument. 
We  only  describe  here  some  principles  to  implement  such  a validation. 
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'testing  the  sources  a the  first  oeceraary  step  to  evaluate  the  experts  reliability 
according  to.  ns  an  example,  their  tendency  toward  overconfidence.  Finally,  in  order 
to  judge  the  value  of  the  outputs,  the  easiest  situation  corresponds  to  cases  where  it 
is  possible  to  make  u comparison  between  a collection  of  input  examples  lot  which 
expected  answers  of  the  fusion  proems  are  known  by  experience  or  expertise.  When 
validation  results  arrive  after  the  fusion  was  done,  it  is  much  mote  difficult  to  make 
a conclusion  and  decide  whether  the  process  b inappropriate  or  the  information  pro- 
vided is  not  sufficient  Finally,  the  last  hut  nut  the  least  way  to  validate  the  global 
decision  and/or  fusion  results  b to  check  that  its  principle*  are  understood  and  useful 
for  the  end-users  who  are  supposed  to  use  it  as  a decision  tool  . . .. 

From  a thematic  point  of  view  related  to  natural  hazards  management,  validation 
in  a decision  context  (normative  vs.  empirical  approach!  aho  remains  a problem.  In 
industrial  contexts,  experimental  data  are  more  easily  available  to  validate  models  and 
decision-aid  tools.  When  dealing  with  expert  approaches,  it  remains  quite  difficult  to 
validate  the  result  of  the  proposed  methodology  since  the  solutiun  is  never  unique  and 
fully  certain.  Should  we  consider  the  existing  result  as  the  target  for  the  decision-aid 
system,  given  that  all  the  hypotheses  are  not  always  fully  argued  and  justified  in  on 
explicit  way  I For  risk  riming  maps,  we  cannot  consider  one  result  on  a reference  that 
should  be  obtained  by  the  compared  method  'Ihc  intrinsic  value  cif  such  a map  i>  in 
fact  difficult  to  establish.  A satbfactory  zoning  map  would  correspond  to  a situation 
where  no  unexpected  damage  occur.  A zoning  map  can  be  considered  as  right  os 
lung  as  no  event  bos  occurred  in  a way  that  had  not  been  planned  during  its  deign. 
Therefiire.  a way  to  validate  the  proems  can  consist  of  making  a lbt  of  required 
quality  criteria  for  expertise  proccmm  and  to  analyze  if  the  prupined  methodology  is 
able  to  improve  the  existing  implementation  framework.  We  are  able  to  measure  the 
validity  of  the  result  only  when  the  reference  event  (considered  as  rare  must  of  time) 
occurs.  A priori  validation  is  therefore  quite  difficult.  In  our  case,  we  consider  than 
a formal  elicitation  of  the  reasoning  process  and  the  uncertainty  level  linked  to  these 
information  in  a recognized  theoretical  framework  » already  a valuable  result . Being 
able  to  explicit  how  the  decision  was  token  (with  or  without  conflicts  between  experts) 
and  on  which  initial  hnsb  (scientific  hypothesis,  field  data,  historical  data  . . .)  it  was 
founded  are  already  two  important  step  towards  the  validation  of  an  expertise  result 
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23.5.4  lb  wards  an  improved  ER-MCDA  framework 

Neither  the  framework  based  on  multi-criteria  decision  analysis  ur  fusion  seem  able 
to  prapoae  alone  an  ideal  framework  tu  make  a decision  when  *?veral  more  or  Iras 
reliable  sources  provide  uncertain  and  imprecise  evaluations  on  heterogeneous  and 
conflicting  criteria  Reaching  a compromise  respecting  the  preferences  of  decision- 
makers  seems  as  necessary  than  evaluating  and  considering  the  truth  associated  to 
tbeir  evaluations  At  the  end,  despite  of  some  known  ditlsculties.  miring  evidential 
reasoning  and  multi-criteria  decision- aid  methods  remains  a promising  perspective. 
For  further  developments,  we  think  at  the  end  that  on  improved  decision  framework 
should  use  fusion  results  as  inputs  data  fur  a multi-criteria  partial  aggregation  method 
(or  outranking  method)  Midi  as  ELBCTRE  Roy  1985  and  its  mote  recent  variants 
(Fig.  33.59). 


Figure  23.59:  The  ideal  ER-MCDA  framework,  fusion  at  the  evaluation  level, 
multi-criteria  decision  analysis  for  problem  modeling  and  decision  making. 
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23.6  Conclusion 

Searching  fur  the  best  of  MCDA  und  evidential  reasoning 

The  natural  hazards  risk  management  process  is  indeed  a real  complex  decision 
framework  where  uncertainty  and  impredsioo  come  both  from  the  diflercnt  atejn  of 
the  risk  analysis,  its  actors  and  the  information  sources.  Mixing  multi-criteria  deci- 
sion analysis  (MCDA)  and  evidential  reasoning  (ER).  using  some  recoil  developments 
such  as  new  fusion  rules  and  theoretical  framework  such  as  Deaert-Smarandache  The- 
ory (DSmT)  b a very  attractive  objective  This  first  link  between  the  belief  function 
theory,  inulti-critcria  decision  making  for  natural  risks  management  in  mountains  ar- 
eas appears  as  an  encouraging  research  development  direction.  FYom  one  side,  multi- 
criteria  methods  consider  (more  or  less  depending  on  their  hypothesis)  tbe  complexity 
of  the  real  world,  the  non-rational  behaviour  of  decision  maker,  the  un-comparability 
of  cholera  to  help  the  decision-makrr.  On  the  other  side,  belief  function  (or  Evidence) 
theory  b a powerful  and  versatile  framework  for  human  reasoning  under  uncertainly. 
Departing  from  a real,  therefore  complex,  decision  problem,  this  work  proposes  an 
operational  methodology  to  integrate  those  two  approaches  at  different  steps  of  the 
reasoning  process.  Improving  the  elicitation  of  these  levels  of  imprecision  and  un- 
certainty obviously  induce  more  complexity  in  tbe  risk  management  framework.  As 
against,  it  is  a pinsible  way  to  increase  the  risk  awareness  in  the  population  and 
decision  makers:  experts  judgements  are  not  the  absolute  truth. 

Implementation  is  possible:  a first  practical  framework  to  improve 

A dilemma  when  trying  to  imagine  a framework  that  deals  with  decision  and 
uncertainty  b to  piupuse  an  application  whose  principles,  input  and  results  can  be 
understood  by  the  decision  makers.  On  this  basis,  introducing  on  uncertainty  level  in 
existing  decision-aid  methods  could  be  roughly  and  immediately  considered  as  use- 
less according  to  the  previous  objective  since  fuaiun  calculation  can  quickly  induce 
high  complexity.  Though  its  recotmiied  abilities  to  represent  human  theory  under 
uncertainty,  tbe  belief  function  theory  (or  Evidence  Theory)  still  remains  difficult  to 
implement.  This  applies  to  the  classical  Dempoter-Shafcr  Theory  (DST)  but  also  to 
the  recent  DSmT.  Last  developments  on  fusion  calculation  moderate  these  trmlitiunnl 
drawbacks  From  a software  programming  implementation  point  of  view,  this  frame- 
work implies  to  handle  a great  amount  of  data  which  needs  to  be  structured.  Mixing 
multi-criteria  decision  analysis  and  fusion  applications  produce  more  informational 
results  than  tbe  classical  individual  approaches.  Data  models  and  conceptual  mod- 
eling of  thb  kind  of  problem  have  been  proposed  as  a basis  for  further  development. 
The  formal  description  of  both  hierarchical  model  and  uncertain  evaluation  also  al- 
lows to  make  some  links  with  information  systems.  Such  methodologies  issued  from 
software  engineering  appear  as  valuable  tools  to  describe  the  problematic,  its  com- 
ponents but  also  to  prepare  a further  integration  in  a database  management  system 
(DBMS).  The  global  methodology  contributes  therefore  to  help  decision  but  also  to 
improve  the  traceability  of  reasoning  process  which  b on  important  requirement  and 
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domain  nf  progress  m I hr  natural  hazards  risk  management  contract.  The  principles 
of  the  method  remain  quite  simple  and  we  consider  that  it  can  be  easily  understood 
by  the  decision- makers  and  experts.  Graphical  synthetic  mulls  are  proposed  as  ex- 
amples tii  help  tbe  decision.  All  this  remain  a prototype  and  for  decision  purposes, 
there  are  still  work  to  be  done  to  design  and  realize  a full  friendly-user  application. 
Tb  our  point  of  view,  one  of  the  advantage  of  tills  framework  is  first  to  elicit  the 
reasoning  hypothesis  diuoen  by  the  experts  along  their  decision  process  with  respect 
to  the  conflict  and  ignorance  levels  associated  to  their  evaluations.  This  concern  as 
much  tbe  alternatives  evaluations  than  tbe  models  used  to  make  transformation  from 
one  framework  to  another  (eg.  tbe  so-called  ’’scaling'  and  “mapping”  models  used 
to  transform  qualitative  and  quantitative  evaluations  into  a common  frame  of  dis- 
cernment 


Remaining  issues  and  further  developments 

Main  issues  to  use  DST  and  DSmT  in  tbe  natural  hazards  expertise  context 
remain: 


• the  use  nf  the  results  for  decision  purpose  with  optimistic,  pessimistic  or  com- 
promise point  of  views, 


fusion  urder  according 
criterin  approach. 


to  (or  not)  the  hierarchical  framework  of  the  inulti- 


• choice  of  fusion  rules  according  to  their  ability  to  take  conflict  into  account; 

• choice  and  evaluation  of  discounting  factors  related  to  the  dillerent  information 
murces.  A multi-criteria  approach  can  be  useful  to  determine  these  discounting 
factors; 


• results  validation. 


Main  difficulties  come  from  the  choice  of  the  frame  of  discernment,  tbe  conflict 
management  and  aggregation  techniques.  This  approach  extends  some  existing  mixed 
application  of  evidential  reasoning  and  multi-criteria  decision  models  We  show  that 
DSmT  provides  a versatile  tool  able  to  consider  imprecise  and  uncertain  information 
with  some  advantages  such  as  conflict  management  and  paraduxlcal  information.  In 
our  framework,  deterministic  models  such  os  snow -avalanches  modeling  tools  would 
be  considered  as  common  sources.  Assessing  the  reliability  of  such  model  corresponds 
to  an  important  research  issue:  it  comes  as  much  from  the  modeling  hypotheses  than 
from  dal  a uncertainty.  ’IV>  handle  this  uncertainty,  some  new  approaches  mixing 
probabilistic  and  powbilistic  frameworks  and  called  'hybrid  methods'  have  been 
proposed  by  Baudrit  et  al.  recently.  In  the  naturnl  hazards  context,  data  are  of- 
ten lacking  or  incomplete.  Those  approaches  should  be  developed  to  characterize 
tbe  uncertainty  coming  from  modeling  in  the  global  expertise  process.  Other  multi- 
criteria  decision  frameworks  could  be  tested  In  order  to  compare  this  framework  with 
partial  aggregation  techniques  such  as  Electre- based  method.  Outranking  methods 
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should  bt*  used  Ui  produce  a decision.  This  could  include  comparison  between  differ- 
ences ol  credibility,  plausibility,  pignistie  probability,  etc.  An  impiuved  KR-MCDA 
framework,  and  a iurtber  way  lor  development,  could  include  fusion  process  at  the 
evaluation  level  and  multi-criteria  decision  analysis  at  the  initial  stage  of  problem 
modeling  and  at  the  ultimate  stage  fur  decision  making. 

Guidelines  for  further  developments 

From  a thmret  ical  point  of  view,  the  question  of  ad-hocily  uf  fusion  nr  aggregation 
methods  according  to  the  problem  still  requires  additional  research.  Efficient  fusion 
techniques  are  nece-nary  to  have  a global  aseemment  of  situation  and  to  help  to  tnkr 
the  right  decision,  and  an  efficient  decision-making  support  system  will  help  in  the 
risk  prevention  against  natural  hazards.  The  model  proposed  In  this  work  is  a Ural 
attempt  to  introduce  the  global  problematic  of  information  fusion  for  natural  hazards 
risk  assessment . Of  course,  some  developments  for  improving  these  homeworks  in 
relationship  with  the  fusion  and  decision-aid  methods  community  are  under  progress 
in  several  directions.  For  example,  a deep  parametric  analysis  must  be  carried  out  to 
precisely  estimate  the  importance  discounting  and  reliability  factors  of  all  the  sources 
before  extending  this  ER-MCDA  approoch  to  the  full-criteria  real  case  application. 
FVom  a thematic  point  of  view,  the  global  methodology  is  not  strictly  limited  to 
the  snow- avalanche  domain  It  can  be  used  in  others  contexta  of  natural  hazards 
where  expertise  is  required  such  as  torrential  Hoods,  rock  falls,  etc.  as  well.  Many 
ways  are  pmslhle  to  improve  this  approach,  say  by  a better  choice  and  comparative 
analysis  of  decision  rules  and  on  the  model  cbuices  specially  for  geographical  aspects 
lb  be  used  in  a practical  way,  numeric  tools  will  be  also  required.  The  model  has 
to  be  plugged  with  DBMS  systems  that  us-  information  New  developments  about 
qualitative  combination  rules  proposed  in  DSmT  have  not  yet  been  tested  and  could 
also  be  used. 
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Abstract : Multiple  gmimd  taryels  (MGT)  trucking  n a challeng- 

ing problem  in  ml  ernTranmenf.  AdrancnJ  algorithms  include  esoge- 
neons  information  like  mad  netuxirk  and  terrain  topography.  In  this 
chapter,  we  deieelop  a neu>  imprornl  VS-IMM  (Variable  Structure  In- 
teracting Multiple  Model ) algorithm  far  GMTI  ( Ground  Moving  Tar- 
get Indicator)  and  IMIST  (IMagerg  ISTcIhyentr)  tracking  ahich  m- 
cludes  the  stop-mote  taryrt  maneuvering  model,  contertual  informa- 
tion (on-off  road  model,  rvad  network  constraints ),  and  ID  (IDenti- 
fi cat i on)  information  arising  from  classifiers  coupled  with  the  GMTI 
sensor.  The  identification  in/ormafiim  ii  mtiyrated  to  the  likelihood 
of  each  hypothesis  nf  our  SB-MHT  (Structured  Branching  - Multiple 
Hypotheses  Tracking).  Wt  maintain  aside  each  turyet  tract  a set  of 
ID  tippitArsu  Ml  Ml  their  committed  beliefs  which  are  updated  an  real 
time  with  classifier  decisions  through  target  type  fractrr  based  on  a 
proportional  conflict  redistribution  fusion  rule  developed  in  DSmT. 
The  adi'orilage  of  such  a nno  approach  is  to  deal  precisely  and  ef- 
ficiently with  the  identification  attribute  information  available  as  it 
comes  by  taking  Into  account  its  inherent  uncertamty/non-specificity 
and  possible  high  auto-conflict. 
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24.1  Introductiou 

Data  fusion  for  ground  battlefield  surveillance  is  inure  and  mare  strategic  in  order 
to  create  the  situational  ornament  or  improve  the  precision  of  fire  control  system. 
The  challenge  of  data  fusion  for  the  theatre  surveillance  operation  is  to  know  where 
ore  the  targets,  bow  they  evolve  (maneuvers,  group  formations.. . . ) and  what  are 
their  identities.  For  the  first  two  questions,  vre  develop  new  ground  target  tracking 
algonthms  adopted  to  GMTI  (Ground  Moving  Target  Indicator)  sensors  In  fact, 
GMT1  sensors  are  nlilc  to  cover  a large  surveillance  area  during  few  hours  or  more  if 
several  sensors  exist.  However,  ground  target  tracking  algorithms  are  used  in  a com- 
plex environment  due  to  the  high  traffic  density  and  the  false  alarms  that  generate  a 
significant  data  quantity,  the  terrain  topography  which  can  provocate  non-detection 
areas  for  the  sensor  and  the  high  maneuverability  of  the  ground  targets  which  yields 
to  the  data  association  problem.  Several  references  exist  for  the  MGT  (Multiple 
Ground  Targets)  tracking  with  GMTI  sensors  [6,  9;  which  fuse  contextual  informa- 
tions with  MTI  reports.  ITie  main  results  are  the  improvement  of  the  track  precision 
and  track  continuity.  Our  algor il km  [1.1]  b built  with  several  rrfiexiuns  inspired  with 
thb  literature.  Based  on  nnd  segment  positions,  dynamic  motion  models  under  road 
constraint  ore  built  nnd  an  optimised  projection  of  the  estimated  target  states  Is 
proposed  to  keep  the  track  on  the  road.  A VS-1MM  (Variable  Structure  Interacting 
Multiple  Models)  filter  is  created  with  a set  of  constrained  models  to  deal  with  the 
target  maneuvers  on  the  road.  The  set  of  models  used  in  the  variable  structure  is 
adjusted  sequentially  according  to  target  positions  and  to  the  road  network  topology. 

Now.  we  extended  the  MGT  with  several  sensors.  In  this  chapter,  we  first  cunsider 
the  centralircd  fusion  between  GMTI  and  1M1NT  (LMagery  INTelligence)  sensors  re- 
porta The  first  problem  of  the  data  fusion  with  several  sensors  is  the  data  registration 
in  order  to  work  in  the  same  geographic  and  time  referentials.  Thb  point  is  not  pre- 
sented in  thb  chapter.  However,  in  a multisensur  system,  measurements  can  arrive  out 
of  sequence.  Following  Bar-Shalom  and  Chens  works  [3].  the  VS-IMMC  (VS-IMM 
Constrained)  algunllun  b adapted  to  the  OOSM  (Out  Of  Sequence  Measurement) 
problem,  in  order  to  avoid  the  reprocessing  of  entire  sequence  of  measurements  The 
VS-IMMC  b also  extended  in  a multiple  target  context  and  integrated  in  a SB-MHT 
(Structured  Brandling  - Multiple  Hypotheses  'lYacking)  Despite  of  the  resulting 
track  continuity  improvement  for  the  VS-IMMC  SB-MHT  algorithm,  unavoidable 
association  ambiguities  arise  in  a multi-target  context  when  several  targets  move  in 
dose  formation  ( crura ing  and  passing).  The  associations  between  all  constrained  pre- 
dicted states  are  compromised  if  we  use  only  the  observed  locations  os  measurements 
The  weakneas  of  thb  algorithm  b due  to  the  lack  of  good  target  state  discrimination. 

Oue  way  to  enhance  data  associations  b to  use  the  reports  dsssificatiun  attribute. 
In  our  previous  work  |14j,  the  claa-dlicatiou  information  of  the  MTI  segments  has  been 
introduced  in  the  target  tracking  process.  The  idea  was  to  maintain  aside  each  target 
track  a net  of  ID  hypotheses.  Their  committed  beliefs  are  revised  in  real  time  with  the 
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classifier  decision  through  a very  recent  and  efficient  fusion  rule  called  proportional 
conffict  redistribution  (PCR).  In  tbia  chapter,  in  addition  to  the  measurement  location 
fusion,  a study  is  carried  out  to  fuse  MTI  c Indication  type  with  image  classification 
type  associated  to  each  report.  The  attribute  type  of  the  image  sensors  belongs  to  a 
different  and  better  classification  than  tbe  MTI  sensors.  The  counterpart  is  the  short 
coverage  uf  image  sensors  that  brings  about  a low  data  quantity.  In  section  24.2,  the 
motion  and  measurement  models  are  presented  with  a new  untologic  model  in  order 
to  place  the  different  classificat  ion  frames  in  the  same  frame  of  discernment  Alter  the 
VS-IMMC  description  given  in  section  24.4,  tbe  PCR  fusiun  rule  originally  developed 
in  DSmT  ( Desert -Smnrandachr  Unary)  framework  is  presented  in  sectiun  24 .8  to 
fuse  tbe  target  type  inlunnatioo  available  and  to  include  the  resulting  fused  target 
ID  into  the  tracking  process.  Tbe  hut  part  of  this  chapter  is  devoted  to  simulation 
results  for  a multiple  target  tracking  scenario  within  a real  environment. 


24.2  Motiou  model 


24.2.1  Introduction 

Usual  target  tracking  algorithms  arc  hosed  on  the  Kalman  filter.  Since  several  years, 
in  ground  target  tracking  domain,  the  Kalman  filter  has  been  improved  to  take  into 
account  tbe  contextual  information  in  the  tracking  process.  For  instance,  Ktruborajon 
el  al  proposed  to  use  the  road  segment  location  in  order  to  mndelise  the  dynamic 
of  a target  moving  on  the  road  [9|.  The  rood  network  is  considered  here  an  a prion 
information  to  be  integrated  in  tbe  tracking  system.  The  map  information  Dimes  from 
a G1S  (Geographic  Information  System)  which  cun  tains  information  about  the  road 
network  locntion  and  the  DTED  (Digital  Terrain  Elevation  Data).  In  the  following, 
the  GIS  description,  tbe  stochastic  target  constrained  and  tbe  measurement  models 
are  presented 


24.2.2  GIS  description 

The  GIS  used  in  this  work  contains  the  following  information:  the  segmented  road 
network  and  DTED.  Each  road  segment  is  expressed  in  the  WGS84  system.  The  mad 
network  is  connected  and  each  road  segment  is  indexed  by  the  road  section  it  belongs 
to.  A road  section  HtHp)  is  defined  by  a connected  mad  segments  set  delimited  by  a 
road  end  or  a junction  in  tbe  manner  that  Ro{p)  = (so. 

Al  the  beginning  of  a surveillance  battlefield  operation,  a Topographic  Coordinate 
Frame  (TCF)  and  ita  origin  0 are  chosen  in  the  manner  that  the  axes  X,  Y and  Z ore 
respectively  oriented  in  the  East,  North  and  Up  local  directions.  Tbe  target  tracking 
process  is  carried  out  in  the  TCF'. 
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24.2.3  Target.  state  under  constraint 
24.2.3.1  Constrained  motion  model 

The  target  state  at  the  current  time  k is  defined  in  the  local  coordinate  borne  by*: 

m-wiwmwt  <24.1) 

where  the  couples  |r(k),  y(*))  and  (±(k),  y(k))  define  respectively  the  target  locotlun 
and  velocity.  The  dynamics  of  the  targets  evolving  on  the  road  network  are  modelled 
by  a first-order  system. 


The  target  stnte  under  the  rood  segment  a is  defined  by 


x.(fc>=[x.(*)x.(fc)v.(k)v.<fc)]' 


(24.2) 


where  the  target  position  (x,(fc).  p,(*))  belongs  to  the  road  segment  and  the  corre- 
sponding velocity  vector  (r  ,{k).y,(*))  1»  in  the  road  segment  s dir  ret  inn  There  (ore. 
the  target  constraint  stnte  x.(fc)  b defined  by  the  following  constraint: 


f a • x.(k)  *h-  ft1.  (A:)  + c = 0 

1 <!*(*)  ¥<*)J’I"*)  =0 


where  a.  6 and  c are  the 
ii.  b the  normal  vector 
follow* 


with  f> 


of  the  line  associated  to  the  road 
o the  rod  segment  *.  The  constraint  con  be 

£>-x.(t)  = L 

and  L = (-c  0]'. 


(243) 


and 

as 


(24  4) 


The  event  thnt  the  tnrget  is  an  the  mad  segment  s b noted  e,(k)  = |(x|k),  ft(fc))  6 
»}.  Knowing  the  event  e,(*)  and  according  to  a motion  model  A/,  the  dynamics  of 
the  target  con  be  im|irovcd  by  considering  the  rood  segment  a.  Due  to  the  precision  of 
the  GMT1  sensor  and  the  long  time  scan  period,  the  chosen  motion  models  are  quite 
simple.  They  consist  in  r constant  velocity  motion  models  having  different  process 
nobe  statistics  (standard  deviations).  However  the  proposed  approach  is  valid  for 
m uth  oufti  corn  plicated  uuAioci  toodeb  like  count. nut  occclrfatiiio  or  coordinate! 

turn  ones.  It  follows  that: 


x.(k)  = F...(A,)  • x.(fc  - 1)  + r<A*>  • !>.,.(*)  (24.5) 

where  A*  is  the  time  of  sampling;  the  matrix  F,.,(A:)  - F,,i(At)  b the  state  transition 
matrix  associated  to  the  road  segment  a (described  in  (12))  and  b adapted  to  a motion 
model  Af,;  TTie  matrix  I'(A*)  b defined  in  (1)  and  the  variable  b a white  noise 

Gaussian  process.  Ito  associated  covariance  Q,.,(fc)  b built  in  the  manner  that  the 


'x1  denotes  the  UonspofflUin  of  (he  vector  (or  the  matrix)  x. 
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standard  deviotson  rr*  along  the  mad  segment  is  higher  than  the  standard  deviation 
<Td  in  the  orthogonal  direction  Consequently  the  covariance  matrix  Q,.,  is  defined 

by: 


<24.6) 


where  the  matrix  Re.  ia  the  rotation  matrix  oaaodnte  to  the  s rood  segment  direction 
i*.  defined  in  the  plane  (0,X,  Y).  The  predicted  target  state  and  covariance  are 
defined  respectively  by: 


*..,<fc|*  - 1)  = P^.(fc)  • *..,(*  - l|fc  - 1)  <24.7) 


P...  <fc  |*  - 1 > = P...  <*)  • P..,<fc  - 1|*  - 1)  • P'..,(k)  + Q .,<*)  <24.8) 


24.2.3.2  Adjustment  of  the  process  noise  at  the  road  extremities 

Since  the  previous  constraint  on  the  motion  model  is  specific  only  to  a given  segment 
a,  it  does  not  take  into  account  the  whole  road  network2  and  thus  it  omits  the 
possibility  for  the  target  to  switch  onto  another  road  segment  when  reaching  the 
extremity  of  the  segment  it  is  moving  on.  Such  modeling  ia  too  simplistic  and  the 
ground-target  tracking  booed  on  it  provides  in  general  poor  performances.  Tb  improve 
modeling  fur  targets  moving  on  a mad  network,  we  proprae  to  adapt  the  level  of  the 
dynamic  model’s  noise  depending  on  the  length  of  the  road  segment  . and  on  the 
location  ol  the  target  oo  this  segment  with  respect  to  ita  extremities . This  allows 
to  relax  gradually  the  on -segment  constraint  as  soon  os  the  target  approaches  the 
extremity  of  the  mod  segment  and/or  a junction.  If  we  omit  the  mad  segment  length 
in  the  motion  model,  the  tracking  algorithm  may  not  associate  the  predicted  track 
with  a measurement  when  the  predicted  state  is  near  the  road  segment  extremity. 
In  fact,  if  a measurement  is  originated  from  a target  moving  on  the  rood  segment 
a + 1,  the  measurement  won't  be  in  the  validation  gate  (defined  in  (o|),  because  of 
the  road  segment  a constraint  that  generates  a directive  predicted  covariance  with  a 
small  standard  deviation  in  the  road  segment  a orthogonal  direction.  That  is  why.  we 
propose  to  increase  the  standard  deviation  oa  when  the  target  approadm  the  mod 
extremity,  in  the  manner  that  the  standard  deviation  in  the  orthognal  rood  segment 
direction  becomes  equal  to  the  standard  deviation  in  the  road  segment  direction.  For 
this,  we  use  the  prior  probability  /’{ed*)^*-1''*}  in  order  to  relax  the  constraint 
when  the  target  approaches  the  road  segment  a extremity.  TTie  white  noise  Gaussian 
process  i-,.,(t)  in  (24.5)  is  modified  in  the  manner  that  the  covariance  Q,.,  is  replaced 

by  Q.j: 


*LC  the  podihihry  of  ■ever*!  other  mod  scgmecto  connected  at  extremity  of  cod 


of  the  netnrk. 


(24.9) 
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whrce  <;n=a‘  P[e.(k)\Z'-l\  + ai  • (1  - P{c.(lt)|Zb-1}  and  Z*-*  b the  sequence 
(if  measurements  up  to  tune  A:  — 1 


The  probability  that  live  target  belong*  to  the  road  segment  a is  based  on  the 
derivations  proposed  by  Ulmke  and  Koch  |19|  and  Herrem  et  aL  |S),  but  we  du  not 
consider  the  road  width  and  our  modclizatiun  is  dune  in  the  2D  space  only.  So  tbe 
predicted  road  segment  ■ belonging  probability  is  expressed  as: 


P{e.(A»|Z 


o,  if  n,(x(fc))<  0o.  n,(x(fc)>  > 

/•{Il.(x(fc)>  < I.  | Z*-'  -K  otherwise 


(24.10) 


where  Il,(x(fc))  is  tbe  projection  operator  on  the  rood  segment  a modulo  the  road 
segment  length  I..  According  to  the  Gaussian  assumption,  tbe  probability  can  be 
rewritten  as  follows: 


P(e.(fc)|Z-,n}  = ^'V(u.Il.(x<fc)>.o;)du 


(24.11) 


Tbe  variance  ui  ia  tbe  variance  obtained  after  tbe  projection  II,  un  tbe  road 
segment  a and  to  given  in  [19).  Tbe  function  /(.)  to  tbe  integral  nf  tbe  Gauaalan 
dtotribution  with  zero  mean  and  variance  o i 1/2: 


,VI‘7S ■[„’’** 


(24.12) 


Finally,  we  obtain  a constrained  motion  model  which  takes  Into  account  the  un- 
certainty that  the  target  belongs  to  tbe  road  segment.  This  uncertainty  is  modeli&ed 
by  an  additive  noise  process. 


24.2.3.3  Constrained  state  estimation 

We  define  M'.(k)  = ( W(k ) O e.(fc))  the  event  that  the  target  b following  a dynamic 
according  to  the  motion  model  Af 1 and  moves  on  the  road  segment  a.  So,  the  state 
probability  density  function  (ie.  pdf)  erven  the  measurements  set  Z*  and  tbe  eient 
W.(k)  is  denoted  : 

p(x(fc)|Z*,tf*J,A/:(fc))  (24.13) 

The  state  x.(*)  b a Gaussian  random  lector  deiined  by  its  estimated  mean  x,(*|fc) 
and  its  estimated  covariance  P,(fc|*)  (both  obtained  using  a model  based  filter). 
Under  the  nnd  constraint,  the  estimated  state  x,,(fc|»)  U tberrfure  obtained  by 
the  maximisation  of  pdf  (24  3)  given  the  event  Ml.  Finally,  under  the  GnunMan 
assumption  of  the  Kalman  filter,  the  analytic  expression  of  the  constrained  estimate 
state  associate  with  the  motion  model  Af  b obtained  by  calculating  tbe  Lagrangian 
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of  (243)  miller  the  constraint  (21.4).  The  expressions  of  the  constrained  estimated 
state  and  its  covariance  arc  given  in  [13]: 

*m<*1*)  = *.<*1*0  - P.(fc|*>  • £»  • (C»P.(*|fc)l5'>-*  • <&*.(k|*)  - L)  (24.14) 

P.,.<fc|*>  = (Id  - W(fc))  • P,(k|fc)  • (Id  - W(fc))’  (24.15) 

where  the  matrix  Id  is  the  identity  matrix  and  W (k)  is  delated  by: 

W(fc)  = P,(*|fc)  D'  (D  P,(*|H  D’)  • D (24  16) 

Since  the  rood  network  is  comptoed  of  several  rood  segments  and  a ground  target 
has  several  motion  models,  we  consider  an  IMM  (Interacting  Multiple  Model)  with  a 
variable  structure  [1]  to  adapt  the  constraint  motion  models  set  to  the  mad  network 
configuration.  This  VS-IMMC  is  presented  in  the  section  24.4. 


24.3  Measurement  model 


24.3.1  GMTI  model 


24.3.1.1  MTI  report  model 

According  to  the  NA'IO  GMTI  formats,  the  MTI  reports  are  expressed  in  WGS84 
coordinates  system  [11],  All  MTI  reports  are  converted  lor  each  tracking  station  into 
the  TCP.  A (noise-bee)  MTI  measurement  vector  r_,,(i)  at  the  current  time  k is 
given  in  the  TCP  by: 

•™,.<fc)  = |x<*)y<fc)p(*)|'  (24.17) 

where  (x(A),  p(fc))  arc  the  x and  y MTI  coordinates  in  the  local  borne  (0,  X,  Y)  and 
pm  is  the  associated  range-rate  expressed  in  the  TCP  as: 


p(k)  = 


<*<fc)  - x,(A»  - **)  + (v(k)  - *<*))  - y(*> 

vW) 


(24.18) 


where  (*c(t),  y,(fc))  is  the  sensor  location  at  the  current  time  in  the  TCP.  The  range 
radial  velocity  is  correlated  to  the  MTI  location  components,  so  the  use  of  an  extended 
Kahn  an  filter  (KKF)  is  not  adapted  In  literature,  there  exist  several  techniques  to 
uncurreiate  the  range-rale  bom  the  location  components  like  for  example,  the  SERF 
bom  Wang  rl  id.  [21]  based  on  Cholesky'n  decompeoition.  Ncvertbrie®.  we  prefer  to 
use  the  AEKF  (Alternative  Extended  Kalman  Filter)  presented  by  Bizup  and  Brown 
[4].  This  last  one  is  very  simple  to  compute  because  the  authors  pc  opine  only  to  use 
an  alternative  linearisation  id  the  EKF  (Extended  Kalman  Filler).  Moreover,  AEKF 
working  in  the  sensor  referent ial/bamc  remains  invariant  by  translation  Then,  the 
measurement  equation  is  given  according  to  the  AEKP.  by. 


*mo(*)  = H-,,,(t)  • x(k)  + l'mli(k) 


(24  19) 
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where  l'mii(fc)  is  a zero- mean  white  Ganrian  tioOe  vector  and  H(Ar)  ia  given  by: 


[■ 


0 

0 

*gl 


0 0 
I 0 

o 


The  explicit  expression  of  (24.20)  is  given  in  |4|. 


(24.20) 


24.3.1.2  MTI  Classification  segment 

An  issue  to  improve  the  multiple  target  tracking  algorithm  is  to  combine  the  kinematic 
data  association  wilh  the  attribute  data  MaodaUan.  In  the  STANAG  4607  (11].  each 
MTI  report  is  associated  to  the  location  and  velocity  information  (described  in  tbe 
previous  port)  in  addition  to  the  attribute  Information  wilh  its  probability  that  it  Is 

comet.  We  denote  Cur  I = (q>,Ci cB),  the  frame  of  disc-tenement  of  our  target 

classification  problem.  Curl  » assumed  to  be  constant  over  time  (i.e.  target  ID 
does  not  change  with  time)  and  consists  of  a finite  set  of  u exhaustive  and  exclusive 
elements  representing  the  possible  states  of  the  world  for  target  classification.  In  the 
STANAG  4607  the  set  Cun  “ defined  by  : 


No  Injormatum, 
7'roc*e<f  Vehicle. 
Wheeled  Vehicle, 
Hatary  li’mg  Aircraft. 
Curt  = Fixed  H'mp  Aircraft, 
Stationary  Rotator, 

A/ unfirnr. 

Beacon, 

AmphitnouM 


(24.21) 


In  addition  to  the  clarification  or  attribute  information,  the  STANAG  allows 
to  use  the  probability  P{c{k)),  (Vc(t)  e Cun),  but  it  does  not  specify  the  way 
these  probabilities  ate  obtained  because  P{c(k))  are  actually  totally  dependent  on 
the  algorithm  cbnoen  for  target  claauficatkiu.  In  this  chapter,  we  do  not  focus  on  the 
classification  algorithm  itself,  but  rather  on  how  to  improve  multiple  ground  targets 
tracking  with  attribute  Information  and  target  clarification-  Hence,  we  consider  the 
probabilltira  P{c(*))  as  input  parameters  of  our  tracking  system  characterizing  the 
global  performances  of  the  classifier  In  other  words.  P{dk)}.  (Vc(i)  6 Cirri),  repre- 
sent the  diagonal  terms  of  the  cunfusioo  matrix  Curl  of  the  classification  algorithm 
assumed  to  be  used.  Tbe  modified/1  ex  tended  measurement  «;,„(*)  including  both 
kinematic  port  and  (clnnsificatinu)  attribute  part  is  defined  as: 


<.„{k)  = {,„,.(k).c{k).P{c{k))) 


(24.22) 
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24.3.2  IMINT  model 

For  the  imagery  intelligence  (IMINT).  wr  consider  twu  sensor  types  ; a video  EG/IR 
senwir  cnirled  by  n Unmanned  Aerial  Vehicle  (UAV)  and  a EO  ■erusor  (iied  on  a 
Unattended  Ground  Sensor  (UGS). 


24.3.2.1  EO/IR  report  model 

We  assume  that  the  video  inlunnaiinn  given  by  both  sensor  types  are  proottMed  by 
tbeir  own  ground  stations  and  that  the  system  provides  the  video  reports  ut  target 
detections  with  their  daanbeatiou  attributes  Moreover,  a human  operator  selects 
targets  on  a movie  frame  and  b able  to  cboooe  its  attribute  with  a HM1  (Human 
Machine  Interface)  In  addition,  the  operator  is  able  with  the  UAV  to  select  amend 
laryeli  on  a home.  On  the  contrary,  the  operator  selects  only  one  target  with  the 
frames  given  by  the  UGS  There  is  no  fal te  alarm  and  a target  cannot  be  detected 
by  tbe  operator  (due  to  terrain  mask  for  example).  The  video  report  on  the  movie 
frame  is  converted  in  the  TCP.  Tbe  measurement  equation  is  given  by 

• x(A»  + w„d..(*>  (24-23) 


where  is  the  observation  matrix  of  the  video 


1 0 
0 0 


(24.24) 


Tbe  white  noise  Gaussian  process  W.Ma.(fc)  is  centered  and  has  a known  covariance 
R.-u.o(fc)  given  by  the  ground  station. 


24.3.2.2  EO/IR  classification  segment 


Each  video  report  is  associated  to  the  attribute  information  c(t)  with  its  probability 
P{c(fc)>  that  it  is  correct.  We  denote  C.u.d  the  frame  of  discernment  for  nn  EO/IR 
source.  As  Cun,  C„dl.  is  assumed  to  be  constant  over  the  time  and  consists  of  a 
finite  set  of  exhaustive  and  exclusive  elements  representing  the  poasiblr  states  of  the 
target  cinssificaliun.  In  tins  chapter,  we  consider  only  eight  elements  in  Cx. 
follows: 

Civilian  Car. 
hi  Hilary  Armoured  Car , 

Wheeled  Armoured  Vehicle, 

Civilian  But. 

Military  Bui, 

Civilian  Truck, 

Military  Armoured  Truck, 

Helicopter 

Lei  Sw.o(fc)  be  the  extended  video  measurements  including  both  kinematic  part 
and  attribute  port  expressed  by  tbe  following  formula  among  m(k) 


(24-25) 
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PM*)  € C.u..): 

<*-(*)  * <*»uu •(*).«*). PM*))}  (24.26) 


24.3.3  Ontologic  model 

In  our  wxk,  the  symbol!®’  APP-6A  |lrt]  b used  to  describe  the  links  betimn  the 
dillerent  classihcaliun  seta  (24.21)  and  (24.25).  The  figure  24.1  represent  a a abort  part 
of  the  APP-fi  A used  in  this  chapter  Each  clement  of  both  seta  can  be  placed  in  24.1 
For  example,  the  wheeled  vehicle  of  the  set  Curl  placed  at  the  level  l.X-3.1. 1.2.2 
and  the  military  armoured  truck  of  the  set  to  placed  at  the  level  1JC.3.1. 1.2.1. 
Finally,  all  attribute  elements  are  commuted  to  a level  in  the  APP-6A. 


24.4  VS-IMM  with  road  constraints  (VS-1MMC) 


24.4.1  TYack  definitions  and  notations 

Let’*  dr  note  T(k)  the  set  of  all  tracks  present  at  the  current  time.  In  the  folh/iring 


sequential  measurement*  Z 


of  the  article,  the  event  is  associated  to  the  f* 
and  represent*  the  art  of  measurement*  generated  by  the  target.  In  addition,  it 
exists  a subsequence  n and  a measurement  j (Vj  6 {1, . . . fm*  })  in  the  manner  that 
Zk  l = is  the  measurements  sequence  associate*  to  the  track  T*J. 

We  recall  that  a track  is  an  estimated  states  sequence  expressed  by  the  following 
W«{1.—  f|T(*)|}.aii  € {1, ...  ,1  T(k  - l)|}f  auch  that 


T*J  = ((xi(*|fc).P,(*|fc)).T*-,<*> 


(24.27) 
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A track  family  r»(fc)  at  the  current  time  k represents  a data  collection  of  tracks 
T*-1  (Hi  6 {1, • •• , |7(fc)||)  generated  by  the  same  measurement  *,(tu)  at  time  f,,. 
A track  family  muni  be  associated  to  only  one  target  and  repiraenta  the  ditferents 
association  hypotheses.  VI  g {!,--•  ,m*},  one  has 


r.(fc)  = (T*',Z"  = <*,(*0).-  ,*■(*»(  (24-2S) 


24.4.2  IMM  with  only  one  road  segment  constraint 

The  IMM  a an  algorithm  for  combining  state*  hypotheses  from  multiple  filter  models 
to  get  a better  state  estimate  when  the  target  is  maneuvering.  IMM  is  near  optimal 
with  a reasonable  complexity.  In  section  212.3,  a constrained  motion  model  i to 
segment  j.  noted  Afj(fc).  is  defined.  Here  we  extend  the  segment  constraint  to  the 
different  dynamic  models  (among  a set  of  r •»  1 motion  models)  that  a target  can 
follow.  The  model  indexed  by  r = 0 is  the  stop  model.  The  transition  between  the 
models  is  a Markovian  process.  It  is  evident  that  when  the  target  moves  from  one 
segment  to  the  oext.  the  set  of  dynamic  models  changes.  In  a coueentionnnl  IMM 
estimator  |1].  the  Likelihood  function  of  a model  I is  given,  for  a track  T*J,  associated 
with  the  y-th  measurement,  j g (0,1 m«)  by: 

A|(k)  = p{*,(*)|W:(*).**-,-nK  « = 0.I r (2429) 

wbere  Z*-1'"  is  the  subsequence  of  measurements  associated  with  the  track  T*J. 

Using  tbe  IMM  estimator  with  a stop  motion  model,  we  get  the  likelihood  function 
of  the  moving  target  mode  for  i = and  for  j g (0, by: 

Aj(k)  = Fo  »,<*)!«.'(*). Z*-1--)  - (1  -am„o)  + (1  — I'd)  - &m,ji  (2430) 

while  tbe  likelihood  of  the  stopped  target  mode  (l.e.  r = 0)  ir. 

Ao(fc)  = p{«,(fc)|.Wi(k).Z*-,J*)  = 4-, , (2431) 

wbere  Am.,Q  is  tbe  Kronecker  function  defioed  by  rtm^.o  = 1 if  m*  = 0 and  &mJto  = 0 
wbenerer  rr\j  ^ 0. 


Tbe  combined /global  likrLibood  function  A (k)  of  a track  including  * atop- model 
b then  given  by: 

r 

AJ(*)  = ^Al(*)  ^.<ir|A:-l)  (2432) 

1^0 

wbere  n*{k\k  - 1)  b tbe  predicted  model  probabilit  ies  [2|« 

Tbe  steps  of  tbe  IMM  under  read  seonent  m constraint  are  tbe  same  as  far  tbe 
classical  IMM  : 
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1.  Step  1.  Under  tbe  assumption  ol  several  pixtsihle  models  for  segment  » os 
defined  previously,  the  mixing  probability*  arc  given  bit  i and  j in  )0. 1, r | 

by- 

p„r(*  - H*  - 1)  = (24.33) 

ci 

where  c,  » a uoemaliung  factor.  The  probability  of  model  switch  depends 
on  the  Markov  chain  according  to  the  transition  |iri)bability  m,.  It  is  impor- 
tant to  note  that  the  transition  probability  doe*  not  depend  on  the  constraint  a. 


2.  Step  2.  Tbe  mixing  probabilities  above  are  used  to  weight  the  initial  slate 
estimates  in  order  to  present  to  the  model  filters  the  mixed  estimates.  Tbe 
mixed  estimate  of  tbe  target  state  under  the  road  segment  s constraint  is  defined 
for  i = 0,  l....,r  by 

*?>  - »l*  - 1)  = £*i,<*  - II*  - » f-lr(*  - H*  - 1)  (24.34) 

jwQ 

The  cuvunance  currcsponding  to  the  catimatiua  error  ia: 

T 

PJ1(*  - »l*  " 1)  = E W»(*  - >1*  - »)  • P*r.»(*  - >1*  - »>+ 

(*»-•(*  - 1|*  - 1) -*“'!(*- 1|*  - !))■ 

(*...<*  - 1|*  - 1)  - <J.(*  - 1|*  - »))’]  (24.35) 

Despite  of  the  constraint  on  local  estimated  states,  the  mixed  estimated  states 
do  not  belong  to  tbe  road  section  a.  Nevertheless,  the  stale  transition  (24.5) 
matrix  projects  the  mixed  estimate  on  the  road  section. 


3.  Step  3.  The  motion  models  are  constrained  to  tbe  associated  road  segment. 
Kadi  constrained  mixed  estimate  (24.34)  is  predicted  and  associated  to  one 
new  segment  or  several  (in  crossroad  case)  new  onus,  therefore  the  dynamics 
are  modified  orrurding  to  the  new  segments.  The  mixed  estimate*  (24.34)  and 
(24.35)  are  used  as  inputs  to  the  filter  matched  to  M\.  which  usos  tbe  MOT 
report  associated  to  the  track  T,J  to  yield  xj  , (*(*),  and  the  corre- 

sponding likelihood  (24.32). 


4.  Step  4.  The  model  probability  update  is  done  fur  1 = Q,l,...,r  as  follows: 

= I - Al(fc)  £. 

where  c is  a normalisation  coefficient  and  c,  is  given  in  (24.33). 


(2436) 
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5.  Step  5.  The  combinnl  itnte  estimate,  called  global  stale  otiuiale,  Is  the  sum 
ill  each  constrained  local  state  estimate  weighted  by  the  model  probability,  Le. 

Z>m,  = ±M>:K.Wi  (24-37) 

•»*o 

Here,  one  hns  presented  briefly  the  principle  of  the  1MM  algorithm  constrained 
to  only  one  road  segment  s.  However,  a road  section  b computed  with  several  mad 
segment?  When  the  target  b making  a transition  hum  one  segment  to  another,  the 
problem  is  to  chixee  the  segments  with  the  corresponding  motion  models  that  can 
better  lit  the  target  dynamics.  The  choice  of  a segment  implies  the  construction  of 
the  directional  {trocess  noise.  That  b why  the  1MM  motions  model  set  varies  with  the 
road  network  configuration  and  VS-1MM  offers  a better  solution  foe  ground  target 
tracking  on  mad  networks  as  explained  in  next  sections. 


24. *1.3  Variation  of  the  set  of  constrained  motion  models 

in  the  previous  subsection,  wr  have  proposed  an  IMM  with  a given/flxed  motion 
model  set  We  have  noted  that  the  predicted  state  could  give  a local  estimate  on 
another  mad  segment  than  the  segment  associated  to  the  motion  model  (a  mad  turn 
for  example).  The  change  to  another  road  segment  causes  the  generation  of  a new 
constrained  motion  modeb  In  literature,  several  approaches  are  proposed  to  deal 
with  the  constrained  motion  models  [9.  15].  In  [13],  we  have  prop  coed  an  approach 
to  activate  the  must  probable  mod  segments  seta  Based  on  the  Work  of  Li  (1|,  we 
c unrider  r +•  1 oriented  graphs  which  depend  on  the  road  network  topology.  Foz  each 

graph  i,  i = 0, 1 ,r.  each  node  is  a constrained  motion  model  AfJ.  The  nodes  are 

connected  to  each  other  according  to  the  road  network  configuration.  Fbr  instance, 
if  we  consider  a road  section  composed  by  three  road  segments  sx,  sa.  *3,  the  ith 
associated  graph  is  composed  by  three  node*  (Afjir  AfJa  and  AfJa)  where  the  nodes 
M\x  and  M]m  are  connected  with  the  node  Af^.  In  [13].  the  activation  of  the  motion 
model  at  the  current  time  depends  on  the  local  predicted  states  Jcj  , (Ar)A:  - 1)  loca- 
tion of  the  track  T*J.  Consequently,  we  obtain  a finite  set  of  r + 1 motion  modeb 
constrained  to  a road  section  Hop  (we  recall  that  a road  section  is  a set  of  connected 
road  segments). 

However,  an  ambiguity  arix*  when  there  are  several  road  sections  (i.e.  when  the 
target  approaches  a crossroad).  In  fact,  the  number  of  constrained  motion  modeb 
grows  up  with  the  number  of  road  sections  present  in  the  croasruad/j unction  If  we 
consider  the  r + 1 graphs,  the  activation  of  the  constrained  motion  model  b dune  ac- 
cording to  the  predicted  states  location.  Consequently  the  number  of  mot  ion  modeb 
increases  with  the  number  of  road  sections.  We  obtain  several  constrained  motion 
model  sets  Each  set  b computed  of  r-f  1 modeb  constrained  to  road  segments  which 
belong  to  the  road  section.  In  order  to  select  the  must  probable  motion  model  set 
(lc  in  order  to  know  on  which  road  section  the  target  b moving  on),  a sequential 
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probability  rntio  lot  named  RSS-SI'HT  b proposed  in  [13]  in  order  to  select  the  road 
section  token  by  tbe  target. 

We  romidrr  that  n hypothesis  corresponds  lo  one  road  section  involved  in  tbe 
crossroad.  At  tbe  current  time  fc,  if  there  are  IV,  rood  sections  fiop  at  tbe  inlerneclrou. 
we  consider  all  A'*  hypotheses.  So  lor  each  hypothesis  A,  associated  lo  a given  rood 
section,  there  is  one  IMM  with  un  appropriate  constrained  motion  models  set.  Tbe 
IMM  outputs  are  sequentially  evaluated.  However,  one  measurement  iteration  is  not 
sullident  to  chocne  tbe  right  hypothesis.  Tbe  probability  Ph(*)  of  A is  derived  based 
on  the  likelihood  funrtiou  and  the  transition  matrix  between  the  rood  segments. 
Tbe  combined  likelihood  (24.32)  of  a constrained  models  set  and  for  a hypothesis  A, 

A = 1, A’,  is  denoted  A*.  Mathematically,  pa(i)  b detined  according  to  the  road 

section  probability  [13]  lor  A = 1 A1,  by: 

w(*)=I.A*<fc)-  £ (24.38) 

Tbe  matrix  component  fliiR  represents  the  probability  transition  between  the  roads 
associated  respectively  to  the  hypotheses  A and  A.  In  fact,  il  the  road  is  a highway 
and  the  road  section  is  afao  a highway,  the  transition  probability  is  high.  On  tbe 
contrary,  if  the  road  b a highway  and  the  rood  sect  inn  is  a byway  the  translation 
probability  is  small.  Tbe  probability  p,(*  - 1)  b the  probability  of  hypothesis  A at 
the  time  * - 1 (i.e.  the  probability  of  tbe  previous  road  section  where  the  target 
was  moving  on).  Wald’s  sequential  probability  ratio  test  [20j  (SPK1')  for  choosing 
the  adequate  road  segment  and  activate  the  correct  constrained  motion  model  set  at 
current  time  k b the  following: 

• Accept  hypothesis  A if  for  all  A V A,  A'  € {1,..MAI,[: 


. Reject  hypothesis  A if  for  all  A'  # A,  A’  e [1 A’*}: 

(24.40) 

• Go  to  the  next  cycle  and  wait  foe  one  more  measurement  and  continue  the  test 
until  one  bypothrsis  is  accepted  by  the  SPK1’.  Tbe  t hresholds  A and  U are 
given  in  [5.  20] . Fur  a faster  test  see  the  MSP-SPRT  [1]  bused  on  probabilities 
cloasUicatiun. 

24.4.1  VS- IMM C within  the  SB-MIIT 

We  briefly  describe  the  main  steps  of  the  VS-IMMC  SB-MHT.  More  details  can  be 
fuund  in  chapter  16  of  (S|. 
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Figuie  24.2:  Tradi-oiumt.eil  MHT  logic  flowchart  with  GIS. 


1.  Thf  first  functional  block  of  the  SB- MHT  shown  in  figure  24.2  is  the  truck  con- 
firmation and  the  track  maintenance.  When  the  new  set  2(fc)  of  measurements 
is  received-  a standard  gating  procedure  (2)  is  applied  in  order  to  determine 
the  viable  MT1  reports  to  track  pairings.  The  existing  tracks  are  updated  wilh 
VS-1MMC  and  extrapolated  confirmed  tracks  are  formed.  When  the  track  is 
not  updated  with  MTI  reports,  tbe  stop  motion  model  is  activated 


2 In  order  to  palliate  the  association  problem,  we  need  a probabilistic  expression 
toe  the  evaluation  of  tbe  track  formation  hypotheses  that  includes  all  aspects 
of  tbe  data  association  problem.  It  is  convenient  to  use  the  log- likelihood  rat  io 
(LLH)  or  truck  score  of  a track  T"  which  can  be  expressed  at  current  time  k 
in  the  following  recursive  farm  [5]: 

L‘(k)  = L‘(k  - 1)  + AL‘(k)  (24.41) 


with 

and 


A(*)  = ln( 


) 


L(0)  = ln( 


A,.  +A«i 


I 


(24.42) 


(2443) 
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where  A /«  and  A«i  are  respectively  the  false  alarm  rale  and  the  new  target  rate 
per  unit  of  surveillance  vnlume.  After  the  trark  scute  calculation  of  the  tradi 
T*'.  the  SPRT  is  used  to  set  up  the  track  status  either  as  deleted,  tentative 
or  confirmed  track,  The  tracks  that  fail  the  test  are  deleted  and  the  surviving 
tracks  are  kept  for  the  next  stage. 


3.  The  procem  of  clustering  is  the  collection  of  all  tracks  that  are  linked  by  a 
common  measurement.  The  clustering  technique  is  used  to  limit  the  number 
of  hypotheses  to  generate  and  therefore  to  reduce  the  complexity.  The  result 
of  clustering  is  a list  of  tracks  that  are  interacting.  The  next  step  is  to  form 
hypotheses  of  compatible  tracks. 


4.  Fur  each  duster,  in  the  fourth  level,  multiple  coherent  hypotheses  are  formed 
to  represent  the  different  compatible  tracks  scenarios  Bach  hypothesis  fa  eval- 
uated according  to  the  track  score  function  associated  to  the  different!  tracks. 
Then,  a technique  fa  required  in  order  to  find  the  hypothecs  set  that  repre- 
sents the  most  likely  tracks  collection.  The  unlikely  hypotheses  and  associated 
tracks  are  deleted  by  a pruning  proeest  and  only  the  Nn„ „ best  hypotheses 
are  conserved. 


5.  For  each  track,  the  a posteriori  probability  fa  computed  and  a well  known  i V- 
Scon  pruning  approach  (5j  is  used  to  select  and  delete  the  confirmed  tracks. 
With  this  approach  the  must  likely  trade  fa  selected  to  reduce  the  number  of 
tracks.  But  the  N-Scan  technique  combined  with  the  constraint  impbes  that 
other  tracks  hypotheses  (i.e.  constrained  on  other  rood  segments)  are  arbitrary 
ddeted.  That  fa  why.  we  must  modify  the  S' -Scan  pruning  approach  in  order 
to  select  the  N,  best  trades  on  each  S',  rood  sections. 


6.  Wald's  SPRT  pruposed  in  section  24.4.3  fa  used  to  delete  the  unlikely  hypothe- 
ses among  the  N,  hypotheses.  The  tracks  are  then  updated  and  projected 
on  the  road  network  In  order  to  reduce  the  number  of  track  to  keep  in  the 
memory  of  the  computer,  a merging  technique  (selection  of  the  most  probable 
tracks  which  have  common  measurements)  fa  also  implemented. 

24.4.5  OOSM  algorithm 

The  data  fusion  that  operates  in  a centralised  architecture  sutlers  of  delayed  measure- 
ment due  to  communication  data  links,  time  algorithms  execution,  data  quantity. . In 
order  to  avoid  reordering  and  reprocessing  an  entire  sequence  of  measurements  for 
real-time  application,  the  delayed  measurements  are  processed  as  out-of-sequence 
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measurements  (OOSM).  The  algarit lun  used  in  this  work  ia  described  in  [3|.  In  ad- 
dition, according  to  the  mod  network  constraint,  the  state  retrodiction  step  a done 
on  the  mod. 


24,5  Target  type  tracking 


In  [6],  B loach  and  Kahler  fused  identification  attribute  given  by  EO/IH  sensors  with 
position  measurement.  The  fusion  was  used  in  the  validation  gate  process  to  select 
only  the  measurement  according  to  the  usual  kinematic  criterion  and  the  belief  on 
the  identification  attribute.  Our  approach  ia  different  since  one  uaea  the  belief  on 
the  identification  attribute  to  revise  the  LLR  (3142)  with  the  posterior  pig  rustic 
probability  on  the  target  type.  We  recall  briefly  the  Target  Type  Tracking  (TTr) 
principle  and  explain  how  to  Improve  VS-IMMC  SB-MHT  with  target  ID  information. 
ITT  is  based  on  the  sequential  combination  (fusion)  of  the  predicted  belief  of  the 
type  of  tbe  trade  with  the  current  ‘belief  measurement'  obtained  from  the  target 
classifier  decision.  Results  depends  on  tbe  quality  of  the  dnaeiliex  characterized  by  Its 
cunfusion  matrix  (assumed  to  be  known  ot  least  partially  as  specified  by  SIAN  AG). 
Tbe  adopted  combination  rule  is  tbe  so-called  Proportional  Conflict  Redistribution 
rule  no  5 (PCR5)  developed  In  the  DSmT  (Dezert  S maraud  ache  Theory)  framework 
since  it  deals  efficiently  with  (potentially  high)  conflicting  information.  A detailed 
presentation  with  examples  can  be  found  in  [7,  16).  This  choice  is  motivated  in  this 
typical  application  because  in  dense  traffic  scenarios,  tbe  VS-IMMC  SB-MHT  only 
b<»ed  on  kinematic  information  can  be  deficient  during  maneuvers  and  crossroads. 
Let's  recall  first  what  the  PCR5  fusion  rule  is  and  then  briefly  the  principle  of  the 
(single-sensor  based)  Target  Type  Tracker 


24.5.1  PCR5  combination  rule 

Let  Ctot  = {tfj, . . . ,0„)  be  a discrete  finite  set  of  n exhaustive  elements  and  two  dis- 
tinct bod  ire  of  evidence  providing  basic  belief  assignments  (bba's)  mj(.)  and  mj(.) 
defined  on  the  power  set-'  of  Cr ot-  The  idea  behind  the  Proportional  Conflict  Re- 
distribution (PCR)  rulra  |16|  Is  to  transfer  (total  or  partial)  conflicting  nia-nre  of 
belief  to  iron-empty  sets  involved  in  the  conflicts  proportionally  with  respect  to  the 
mnatra  assigned  to  them  by  sources.  Tbe  way  tbe  conflicting  mam  Is  redistributed 
yields  actually  several  versions  of  PCR  rulra.  but  PCR5  (Le.  PCR  rule  # 5)  does  the 
most  exact  redistribution  of  conflicting  mao  to  non-empty  seta  following  tbe  logic 
of  the  conjunctive  rule  and  la  well  adapted  for  a sequential  fusion.  It  does  a better 
redistribution  of  tbe  conflicting  mass  than  other  rules  since  it  goo  backwards  on  the 
tracks  of  the  conjunctive  rule  and  redistributes  the  conflicting  mass  only  to  the  sets 
Involved  in  the  conflict  and  proportionally  to  their  mosses  put  in  the  conflict.  The 
PCR5  formula  for  « > 2 sources  b given  in  [16).  Foe  the  combination  of  only  two 

'In  our  MTT  appbcatbxu.  we  will  oaiurnr  Shafer's  model  foe  tbe  frame  Cr„,  of  targrt 
ID  which  means  that  elements  of  & are  assumed  truly  exclusive. 
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sourcra  (useful  lot  sequential  fusion  in  uur  application)  when  working  with  Shafer’s 
model,  it  is  given  by  mrc/a(®)  = 0 and  IX  g 2Cr°'  \ (0) 


m/'orn(A)  = mia(A)+ 


V€lCryl'J*> 


• , ma(.Vfa,(n  , 

’m  i(X)  + m^P)  mj(A)  + im(l') 


Any- 


where rn  ii  ( A' ) corresponds  to  the  conjunctive  consensus  on  X between  the  two  sourra 
(it  our  a prior  bba  on  target  ID  available  at  time  * - 1 and  our  current  observed 
bba  on  tnrget  ID  at  time  k)  and  where  all  denominators  are  different  (rum  reru.  If  a 
denominator  is  Bern,  that  fraction  is  discarded. 


24.5.2  Principle  of  the  target  type  tracker 


To  estimate  the  true  target  type,  denoted  fype(fc),  at  time  * from  the  sequence  of 
declarations  c(I),  c(2),  . . . c(*j  done  by  the  unreliable  clamilier4  up  to  time  k.  'lb 
build  an  estimator  fype(fc)  of  fype(fc),  we  use  the  general  principle  of  the  Ihrget 
Type  IVarker  (HT)  developed  in  (7]  which  consista  in  the  following  steps- 

• a)  lnitiali ration  step  (I.c.  * = 0).  Select  the  target  type  frame  Ct*  = 
{01,..., 0a)  and  set  the  prior  bba  m“(.)  as  vacuous  belief  assignment.  Le 
m - (0|  U ...  U 0,)  = I since  one  has  no  informalirm  about  the  first  observed 
target  type. 

• b)  Generation  of  the  current  bba  m from  the  current  cLasnlier  declaration 
c{k ) based  on  attribute  measurement.  At  this  step,  one  takes  m«,(c\fc))  = 
P{c(k))  = (?.(>>,(»)  and  all  the  unassigned  mass  1 - m,*.(c{fc))  is  then  com- 
mitted to  total  ignorance  0i  U . . . U 0,  Cclk|cik)  is  the  element  uf  the  known 
confusion  matrix  C of  the  classifier  indexed  by  c(k)c{fc). 

• c)  Combination  of  current  bba  m«,(.)  with  prior  bba  m~(.)  to  get  the  estima- 
tion of  the  current  bba  m(.).  Symbolically  we  write  the  generic  fusion  operator 
as  so  that  m(.)  = (m„i.  © m“|(.)  = |m“  © m«a,)(.).  The  mm  bination  © b 
done  according  to  the  PCR5  rule,  i.e.  m(.)  = m /■(•«»(•)- 


d)  hfltimalion  of  TVue  Three!  TVpe  b obtained  from  m{.)  by  taking  the  singleton 
if  Cr=,.  it  a Target  Type,  having  the  maximum  of  belief  (or  eventually  the 
maximum  Pignbtic  Probability’). 


= ar9ma*<ffefPM>) 

AfCTM 


(24.«) 


‘Hoc  we  consider  only  one  source  of  ininrmation/cUeufier,  say  bleed  either  on  the  EO/TB 
sensor,  or  on  a video  senior  by  example.  The  multi  source  case  is  discussed  in  section  24  5.3. 

’The  maximum  of  the  pignistic  probabihty  has  been  used  in  this  preliminary  work,  but 
the  maximum  of  DSmP(.)  presented  in  the  Chapter  [?|  in  this  volume  will  he  tested  in 
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The  I'lgniaUc  Probability  is  used  to  estimate  the  probability  to  obtain  the  type 
ft  € Ci„  given  the  previous  target  type  estimate  fypt[k  - l). 

DctP{e,)  = P{f^(k)  = ft| t^(k  - 1>}  (24-46) 


• e)  set  m~(.)  = m(.);  do  k = k+  1 and  go  back  to  step  b). 

Naturally,  in  order  to  revise  the  LU1  (24.42)  in  our  MTT  systems  fur  taking  into 
account  the  estimation  of  belief  of  target  ID  aiming  bum  the  Target  Type  IVnckera. 
we  transform  the  resulting  bba  m(.)  = (m~  m„,,|(.)  available  at  each  time  k into 

a probability  measure  In  this  wink.  we  use  the  classical  pignistic  transformation 
defined  by  |17]: 

BctP{A)=  £ ^iim(^)  (24.47) 


2d. 5. 3 Working  with  multiple  sensors 

Since  in  our  application,  we  work  with  different  sensors  (i.e.  MT1  and  Video  E0/1R 
sensors),  one  has  to  deal  with  the  frames  of  discernment  Curl  and  defined 

in  section  244  Therefore  we  ne-.il  to  adapt  the  (single- sensor  based)  TTT  to  the 
multi- sensor  case  We  first  adapt  the  frame  Curl  la  Cndm  anti  then,  we  extend  the 
principle  of  TTT  to  combine  multiple  bba‘s  (typically  here  m“,ri(.)  and  m^e',,<,''(.)) 
with  priur  target  ID  bba  m“(.)  to  get  finally  the  updated  global  bba  m(.)  at  each 
time  k.  The  proposed  approach  can  be  theoretically  extended  to  any  number  of 
sensors.  When  no  information  is  available  bom  a given  sensor,  we  take  as  related 
bba  the  vacuous  rnnas  of  belief  which  represents  the  total  ignorant  source  because 
this  doesn’t  change  tbe  result  of  the  fusion  rule  |16j  (which  is  a good  property  to 
satisfy).  For  mapping  Cun  to  C,u„,  we  use  a (human  refinement)  process  such 
that  each  clement  of  Cun  can  be  associated  at  least  to  one  element  of  C„u.»-  In 
this  work,  the  delay  on  the  type  information  provided  by  the  video  sensor  ia  not 
taking  into  account  to  update  the  global  bba  m(.).  All  type  information  (delayed  or 
not  provided  by  MT1  and  video  sensors)  are  considered  as  bba  m,e.(.)  available  for 
tbe  current  update.  The  explicit  introduction  of  delay  of  the  out  of  sequence  video 
information  is  under  investigations 


24.5.4  Data  attributes  in  the  VS  IMMC 

To  improve  tbe  target  tracking  process,  the  introduction  of  the  target  type  proba- 
bility is  done  in  the  likelihood  calculation.  For  this,  we  consider  the  measurement 

■j (fc)(0  6 (1, m*})  described  in  (24  22)  and  (24.26).  With  the  assumption  that 

the  kinematic  and  classification  observations  are  independant,  it  is  easy  to  proave 
that  the  new  combined  likelihood  A*  associated  with  a track  T’1  b tbe  product 
of  the  kinematic  likelihood  (24.32)  with  the  classification  probability  in  the  manner 
that: 

Aw(*)  = A'(fc)  • /'(fvpe(t)lfvpe(t  - 1)> 


(2448) 
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where  the  probability  P{fype(fc)|(|tpe(fc  - 1)|  is  chinrn  as  the  pignistic  probability 
value  on  the  declared  target  type  fvpe(t)  derived  from  the  updated  maa*  of  belief 
m(.)  occuiding  to  our  target  type  tracker. 


24.6  Simulations  and  results 
24.6.1  Scenario  description 

lb  evaluate  the  performances  of  the  VS-1MMC  SB-MHT  with  the  attribute  type 
information,  we  consider  10  maneuvering  (acceleration,  deceleration,  stop)  targets  on 
a real  road  network  (see  figure  213).  The  10  target  types  are  given  by  (24.25). 


Figure  24.3:  Targets  trajectories. 
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The  target  1 is  passing  the  military  vehicles  2,  3,  4 and  7.  'forgets  2,  3.  4 and  7 
start  fnirn  the  same  starting  point. The  target  2 is  pa-sing  the  vehicles  3 and  7 in  the 
manner  that  it  place*  in  front  of  the  convoy.  The  targets  5.  6,  9 and  10  are  civilian 
vehicles  and  are  crossing  the  targets  1,  2.  3 and  7 at  several  junctions.  The  goal  of 
this  simulation  is  to  reduce  the  asmeiation  complexity  by  talcing  into  account  the 
rood  network  topology  and  the  attribute  types  given  by  heterogeneous  senwirs.  In 
this  scenario,  we  consider  one  GMT1  sensor  located  at  (-50*m,  -60*m)  at  4000m 
in  elevation  (figure  24.4)  and  one  UAV  located  at  (—100m,—  100m)  (figure  24.5)  at 
1200m  in  elevation  and  5 UGS  distributed  on  the  ground  (figure  24.6). 


Figure  24.1:  GMTI  sensor  trajectory  and  cumulated  MTI  reports. 
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Figure  2*1.5:  UAV  trajectory  with  video  sensor  ground  coverage. 
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Figure  24.0:  UGS  positions  with  field  of  view. 
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The  GMH  sensor  tracks  the  10  targets  at  every  10  seconds  with  20  m,  0.0008  rod 
and  lm  - *-1  range,  cram-range  and  range-rate  measurements  standard  deviation 
respectively.  The  detection  probability  Po  is  equal  to  0.9  and  the  MDV  (Minimal 
Detectable  Velocity)  hied  at  lm/i  The  lobe  alarms  density  is  fixed  (A/.  = 10“*). 
The  confusion  matrix  described  in  part  24.5.2  is  given  by: 


Cun  = diog([0.8  0.7  0.9|) 


(24.49) 


This  mnfUHhm  matrix  is  only  used  to  simulate  the  target  type  probability  of  the 
GMT1  sensor.  The  data  obtained  by  UAV  arc  given  at  10  seconds  with  10  m standard 
deviation  in  X an  Y direction  from  the  TCF.  The  time  delay  of  the  video  data  Is 
constant  and  equal  to  11  seconds.  The  detection  probability  Pu  b equal  to  0.9.  The 
human  operator  only  selects  lor  each  video  report,  a type  defined  by  (24.25)  In  our 
simulations,  the  target  type  probability  depends  on  the  sensor  resolution.  FVir  this, 
we  consider  the  volume  V,u.c  of  the  sensor  area  surveillance  on  the  ground.  The 
diagonal  terms  of  the  confusion  matrix  C,,s.„  are  equal  to  P(c(fc))  where  P{c(k)( 
is  defined  by: 

( 0.90 1/  < 10“mJ 

P{c<fc))  = 1 0.75 1/  10»m*  < VrlJ„  < 10*  m*  (24.50) 

1 0.50 1/  l > 10*mJ 

Hw  the  UGS,  the  target  detection  is  done  if  unly  the  target  is  located  under  the 
minimal  range  detection  (MRD).  The  MRD  b fixed  for  the  5 UGS  at  1000  rn  and  each 
sensor  gives  delnyed  measurement  every  seconds  The  time  delay  is  also  equal  to  11 
seconds.  The  UGS  specificity  is  to  give  ooly  one  target  detection  during  4 seconds  in 
order  to  detect  another  target-  We  recall  that  there  is  no  false  alarm  for  this  wnsot 
Based  on  |6],  the  target  type  probability  depends  on  a (i.r.  the  target  orientation 
towards  the  UGS).  The  more  the  target  orientation  is  orthogonal  to  the  sensor  line 
of  sight,  the  more  the  tnrget  type  probability  increases.  The  diagonal  terms  of  the 
confusion  matrix  Cuas  are  equal  to  P{c(fc)|  where  P{c<k)}  is  defined  by: 


= 


0.90 

0.50 


otherwise 


(24.51) 


FW  ench  detected  target,  a uniform  random  number  u ~ U((0. 1])  is  drawn.  If 
u is  greater  than  the  true  target  type  probability  of  the  confusion  matrix,  a wrong 
target  type  is  declared  fur  the  ID  report  and  used  with  its  associated  target  type 
probability.  The  targets  are  scanned  at  different  times  by  the  senwirs  (figure  24.7). 


24.6.2  Filter  parameters 

We  comnder  three  motion  models  Af,  ■ = 0. 1.2  which  are  respectively  a stop  model 
A/a  when  the  tnrget  is  assumed  to  have  a wra  velocity,  a constant  velocity  model  A/1 
with  a low  uncertainty,  nnd  a constant  velocity  model  M1  with  a high  uncertainty 
(modeled  by  a strong  noise).  The  parameters  of  the  1MM  are  the  following'  foe  the 
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Figure  2-1.7:  Target's  sensor  illumination. 


motion  model  M1.  standard  deviations  (along  and  orthogonal  to  the  road  segment) 
are  equals  to  0.05  m • s-1(,  the  constrained  constant  velocity  model  \l‘  has  a high 
standard  deviation  to  adapt  the  dynamics  to  the  target  maneuver  (the  standard 
deviation  along  and  orthogonnl  to  the  road  segment  are  respectively  equal  to  0.8 
m • and  0.4  m • t~°)  and  the  atop  motion  model  M°  has  a standard  deviation 
equals  to  Beni  These  constrained  motion  models  are  however  adapted  to  billow  the 
road  network  topology.  The  transition  matrix  and  the  SB-MHT  parameters  are  those 
taken  in  [14]. 


24.6.3  Results 

For  each  confirmed  track  given  by  the  VS-1MMC  SB-MHT.  a test  hi  used  to  associate 
a track  to  the  most  probable  target . The  target  tracking  goal  is  to  track  as  long  as 
possible  the  target  with  one  trade  Tb  evaluate  the  track  maintenance,  we  use  the 
track  length  ratio  criterion,  the  averaged  root  mean  square  error  (noted  ARMSE) 
for  each  target  and  the  track  purity  and  the  type  purity  (only  for  the  tracks  ob- 
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Ininnl  with  PCR5)  [14).  We  obtain  for  each  target  the  averaged  trade  length  rntio 
(Vn€{l,_,10}}): 

where  Nm-  b the  number  of  Monte-Carlo  runs,  ln  b the  mean  tra»4  length  amociated 
the  target  n aod  Ln  b the  length  of  the  true  target  trajectory. 

ln  addition  to  the  track  length  rntki  criterion,  we  calculte  the  AHMSEI  In  each 
target,  the  track  purity  and  the  type  purity  (only  for  the  tracks  obtained  with  PCR5). 
The  AHMSB  b the  root  mean  square  ernir  averaged  on  the  time,  ’lhe  track  purity  b 
the  ratiu  between  the  sum  of  correct  aaociatiun  number  on  the  track  length  and  the 
type  purity  b the  ratio  between  the  sum  of  true  type  dedsinn  number  on  the  track 
length.  These  measures  of  perfomumcn  are  averaged  un  the  number  Monte- Car  la 
runs.  In  thb  simulation  we  have  used  N*,,  = 50  Monte-Carlo  runs. 


0 2 4 G 8 10  12 

Target  number 

Figure  21.8:  Track  length  ratio. 


On  the  figure  24.8.  one  sees  that  the  track  length  rntio  become*  better  with  the 
PCR5  than  without  os  expected  for  the  target  6.  When  the  targets  1 and  2 are 
pouring  the  targets  3,  4 nod  7.  nn  owodatlon  ambiguity  arises  to  associate  the  tracks 
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with  the  correct  measurements.  This  is  due  to  the  close  formation  between  targets 
with  the  GMTI  sensor  resolution  and  the  road  network  configureatioo  with  junctions. 
Sometimes  tracks  are  lost  with  the  VS  1MMC  SB-MHT  without  the  PCR5.  Then 
new  tracks  La  each  tar  gets  are  built.  That  is  why,  the  track  purity  of  the  VS  IMMC 
SB-MHT  without  PCRS  (see  Ihble  24.1)  is  MnalUr  than  the  track  purity  with  PCH5 
(see  Table  21.2).  So,  the  track  precision.  given  by  the  ARMSE  criterion,  is  better 
with  the  PCR5.  For  the  target  6 results,  this  target  is  only  scanned  by  the  GMTI 
senwir  and  ita  associated  performances  are  ec|uivalent  for  both  algorithms  Then,  if 
there  is  no  1M1NT  information  and  no  interaction  between  targets,  the  performance! 
of  the  algorithm  with  PCR5  are  the  same  os  without  PCRS. 


Despite  of  the  PCR5  improvement  on  the  target  tracking,  the  difference  of  perfor- 
mance! between  the  algorithms  is  not  significant.  If  there  is  an  interaction  between 
IMINT  and  GMTI  information,  we  can  see  a gain  on  the  track  length  ratio  or  track 
purity  of  10%  with  PCH5.  This  small  difference  B due  to  the  good  constrained  state 
estimation.  The  estimated  target  states  have  a good  precision  because  the  target 
tracking  is  dune  by  taking  into  account  the  read  segments  location  and  the  good 
performances  of  the  OOSM  approach.  So,  it  implies  a substantial  improvement  of 
the  target- to- track  association.  In  addition,  on  Table  24.2,  the  type  purity  bawd 
on  PCR5  is  derived  from  the  maximum  of  BelP  criterion.  But  BctP  is  computed 
according  the  set  C„ (2125)  and  if  the  track  receives  only  MT1  reports  the  choice 
on  the  target  type  is  arbitrary  for  the  tracked  vehicles  of  Curl  (2421).  In  fact, 
a tracked  rehicie  can  be  6 elements  of  (24.25).  So  the  probability  BtiP  on  the  6 
tracked  vehicles  of  (2125)  is  the  same  The  selection  of  the  maximum  of  BetP  has 
no  meaning  because  in  such  case  the  maximum  becomes  arbitrary.  This  explains  the 
bad  track  purity  of  targets  6 and  9. 


II  Target 

AHM.SK 

Hack  purity 

lyi*  punty  || 

1 

14.82 

0.70 

none 

1 5 

16.62 

0.62 

none 

1 3 

15.61 

0.61 

noue  | 

| 4 

22.54 

0.77 

none  | 

6 

16.25 

0.85 

uttar 

1 6 

18.68 

0.6-1 

none 

1 7 

1 

TT72 

none 

t> 

17.51 

0.84 

none 

9 

19.23 

0.85 

none 

i 1"  1 

| 17  .ii'i 

i 773 

noue 

Table  24.1:  Tracking  remits  (VS1MMC  without  PCR5). 
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Target 

AHMSE 

Type  purity 

1 

14.37 

0.78 

0.64 

2 

nrr 

0.66 

THE 

3 

15.60 

0.61 

tTSS 

4 

21.10 

0.81 

0.81 

1 1&.?W 

UJi 

ti 

14.tt 

0.04  | 

d.0'2 

■' 

14.22 

0.7G 

0.76 

& 

IT:tt  ' 

0.87 

0.87 

9 

19.20 

05 

fro?: 

10 

17.17 

0.83 

0.46 

Table  24.2:  Tracking  results  (VS1MMC  and  PCR5). 


24.7  Conclusion 

In  this  chafer,  we  have  presented  a new  npiimarii  to  Improve  VS  IMMC  SB* MKT 
by  introducing  the  data  fusiun  with  several  heterogeneous  sensors.  Starting  from  a 
renlxnliwd  aichilecture.  the  MTI  and  IM1NT  reports  are  fused  In1  taking  into  account 
the  rood  network  information  and  the  QOSM  algorithm  for  delayed  measurements. 
The  VS  1MMC  SB-MHT  is  enlarged  by  introducing  in  the  dotn  asrodatioc  process 
the  type  information  defined  in  the  STAN  AG  4607  and  an  IM1NT  attribute  net  The 
ratimatkm  of  the  liuget  ID  probability  ta  done  from  the  updat ed/current  attribute 
mu  uf  belief  using  the  Proportional  Conflict  Redistribution  rule  no  5 developed  in 
DSmT  framework  and  according  to  the  Target  Type  IVackcr  (ITT)  recently  devel- 
oped by  the  authors.  The  Target  ID  probability  once  obtained  is  then  introduced  in 
the  track  score  computation  in  order  to  improve  the  likelihoods  of  each  data  associa- 
tion hypolhais  of  the  SB-MHT.  Our  preliminary  results  show  an  improvement  uf  the 
performances  of  the  VS-IMMO  SB-MHT  when  the  type  information  is  processed  by 
our  PCH5-baaed  Target  'type  Trucker.  In  this  work,  we  dkl  not  distinguish  undeleted 
from  delayed  sensor  reports  in  the  TIT  update.  This  problem  is  under  investigations 
and  offers  new  perspectives  to  find  a solution  fur  dealing  efficiently  with  the  time 
delay  of  the  identification  data  attributes  and  to  improve  the  performances.  One 
simple  solution  would  he  to  use  a forgetting  factor  of  the  delayed  type  information 
but  other  solutions  seem  also  possible  to  explore  and  need  to  be  evaluated.  Some 
works  need  also  to  be  done  to  use  the  operational  untologir  APF-6A  fin  the  heteroge- 
neous type  information.  Actually,  the  frame  uf  the  1M1NT  type  information  is  bigger 
than  the  one  used  in  this  chapter  and  the  1M1NT  type  information  can  be  given  at 
different  granularity  levels.  As  a third  perspective,  we  envisage  to  use  both  the  type 
and  contextual  information  in  order  to  recognise  the  tracks  louts  in  the  terrain  masks 
which  represent  the  possible  target  occulta tiuns  due  to  the  terrain  topography  in  real 
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Abstract:  This  chapter  present*  comparative  result m of  a model /or 

multiple  camera*  fusion,  uhich  is  hared  on  Desert- Smarundache  the • 
ory  oj  evidence.  Our  an&iferfun  works  at  the  decision  level  to  track 
objects  an  a ground  plane  using  predefined  zones , producing  useful 
information  for  turvet/ lance  tasks  such  as  behavior  reasgmtion.  De- 
cisioru  from  cameras  are  generated  by  applying  a perspective- hosed 
Uisic  belief  assignment  function . uhich  represent  uncertainty  derived 
from  camera*  perspective  uhile  trucking  objects  an  ground  plane 
Results  obtained  from  applying  our  fnii:fcin>?  model  to  computer • 
genemied-tmagery  (CGJ)  animated  simulations  and  real  sequences 
are  compared  Co  the  ones  obtained  Bayesian  fusion . and  show 
hour  DSm  theory  of  riidenee  overcomes  Bayesian  fusion  for  this  ap- 
plication. 


Thisc 

CcAn pte,  Germany  in  July  2006. 
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25.1  Introduction 


Comp ul«  vision  uses  information  bum  more  than  one  camera  lo  develop  several 
tasks,  such  as  3D  reconstruction  or  complementing  fields  of  view  to  increase  survell- 
lance  areas,  among  others.  Using  more  than  one  camera  lias  some  advantages,  even 
if  information  is  not  fused.  A simple  instance  might  be  having  a multi-camera  sys- 
tem where  It  is  paaiible  to  cover  wider  area,  and  at  the  same  time  is  more  robust  to 
failures  where  cameras  overlap 

There  exists  a tendency,  in  computer  vision,  to  work  an  high  level  tasks  [5.  9. 
10,  13],  where  moving  objects  puiitinu  is  not  useful  when  it  is  given  in  image  plane 
coordinate*,  instead  of  it,  it  is  preferred  when  pmitioo  is  described  according  to 
predefined  regions  on  gniund  plane  This  sort  of  Information  can  be  used  fur  behavior 
recognition  where  people  behavior  is  described  by  mean  of  predefined  rones  of  interest 
on  scene. 


In  |13|  a tracking  system  using  predefined  regions  is  used  to  analyze  behavioral 
patterns.  In  the  same  work,  only  one  camera  is  used  and  no  considerations  nre  taken 
on  distortions  due  to  camera  perspective.  In  (10]  a Hierarchical  Hidden  Markuv  Model 
is  used  to  identify  activities,  based  on  tracking  people  on  a cell  divided  room.  Twu 
static  cameras  cover  scene,  but  information  coining  bom  them  is  used  separately, 
their  purpose  is  to  focus  on  different  zones,  but  not  to  refine  information 


As  cameras  work  by  transforming  information  bom  3D  space  into  2D  space,  there 
is  always  uncertainty  involved.  In  order  to  estimate  object  position  related  to  ground 
plane,  it  is  necessary  to  find  out  its  position  in  image  plane  and  then  estimate  that 
position  on  gniund  plane.  For  surveillance  tasks  where  objects  positiun  has  to  be 
given  according  to  gniund  plane,  it  is  possible  to  apply  projective  transform  in  order 
to  estimate  objects  position  on  ground  plane,  however,  this  process  might  carry  errors 
bum  perapective 


In  [4]  we  prevented  a decision  level  architecture  lo  fuse  information  bom  cameras . 
reducing  uncertainty  derived  bum  perspective  on  cameras.  The  stage  of  the  process- 
ing at  which  data  integration  takes  place  allows  an  interpretation  of  information  which 
describes  better  the  positiun  of  objects  being  observed  and  at  the  same  time  Is  useful 
for  high  level  surveillance  systems.  In  our  proposal,  individual  decisions  are  token  by 
means  of  an  axis-pro  jectioo-bosed  grnrmlized  Amir  brltef  umymnrnf  (gbba)  funrtinn 
and  finally  fused  using  Dexert-Smnrundache  (DSrn)  hybrid  rule.  In  this  work,  we 
present  a theoretical  and  practical  comparison  between  DSm  and  a Bayesian  module 
applied  to  computer -generated- imagery  (CGI)  and  real  multicumera  sequences. 


This  chapter  is  organized  as  follows • in  section  25.2,  Dezert-Smarandache  theory  is 
briefly  described  as  mathematical  framework.  In  section  , our  architecture  is  described 
altogether  with  the  gbba  function  we  used.  A comparison  between  Bayesian  and 
DSm  hybrid  combination  rule  is  presented  in  section  25.4.  Finally  in  section  25.5 
cmirluslons  are  presented. 


Chapter  25:  Multiple  cameras  /union  based  on  DSmT  . . . 


25.2  DSm  hybrid  model 

The  DSmT  defines!  two  mathematical  models  used  to  represent  anil  combine  ixifur* 
motion  (3j:  free  and  hybrid. 

The  fVtr  DSm  model  denoted  a a M*(Q).  delinea  0 = as  a set 

or  frame  of  n mm  exclusive  elements  and  an  hyper -power  act  D*  as  the  set  uf  all 
composite  poasibilitio  obtained  from  0 in  the  following  way: 

L U.0, 6De 

X Uu  to  futimxi  only  by  elements  obtniunl  b>’  iuIm  1 or  2 

Function  m(A)  is  called  general  basic  belief  aadenment  or  ma»  for  A , defined  as 
m()  : — • (0, 1],  and  b associated  to  a source  of  evidence 

A DSm  hybrid  model  introduces  some  integrity  constraints  on  elements  A € D*  when 
there  are  known  facta  related  to  those  elements  in  tlir  problem  under  consideration. 
In  our  work,  exclusivity  constraints  ore  used  to  reprweut  those  regions  on  ground 
plane  which  are  not  adjacent.  The  restricted  elements  are  forced  to  be  empty  in 
the  hybrid  model  .Vf(0)  ^ M/(G)  and  the  mass  is  transferred  to  the  non  restricted 
elements.  When  DSm  hybrid  model  b used,  combination  rule  for  two  or  more  sources 
is  defined  foe  A 6 D*  with  these  functions. 


= HA)  |S,  W + S,(A)  + S^A) ] 

<25.1) 

sx{A)  = v n-«) 

<2S3| 

» 

n "••<*•> 

<2S.3) 

X1.X1 Akf* 

= £ fl  ■".(*.) 

<2S.4) 

X1.X1....X4  €0*  ,wl 

Xl  JXjU..  .U>4 

XinX|Ti~/iX|C«anp4yMi 

where  6(A)  is  called  the  diaracteristic  emptiness  function  of  a set  A (0(A)  = 1 if 
A ? 0 and  tf»(A)  = 0 otherwise).  0 = {0.m,0}  when*  %m  » the  set  uf  of  all  elements 
of  D * forced  to  be  empty.  U is  delined  as  U = u(Ai)  U u(A'j)  U . . . U u(-Vtr).  where 
u(X)  is  the  union  of  all  singletons  0,  6 X,  while  /,  = H\  U $2  U . . . U 0n. 
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25.3  Multiple  cameras  fusion 

la  order  lo  have  a cummin  apace  reference  system,  spatial  alignment  is  required. 
Homograph?  is  usiil  to  relate  information  from  cameras.  It  ia  possible  to  recuver 
bomography  fmm  a set  of  static  points  oa  ground  plane  [12]  in  dynamic  information 
in  scene  [2].  Correspondence  between  objects  detected  in  cameras  might  be  achieved 
by  features  matching  techniques  [8]  or  geometric  ones  [1.  7|. 

Once  the  homogrnphy  matrix  has  been  calculated,  it  is  possible  to  relate  infor- 
mation from  one  camera  to  cithers.  While  object  is  being  tracked  by  a camera,  its 
vertical  axis  is  obtained  and  its  length  is  estimated  as  A = lcaa(a),  where  / ia  the 
maximum  length  6n  axis  when  projected  on  ground  plane  and  a is  the  angle  of  the 
camera  respect  lo  the  ground  plane. 


Figure  25.1:  Example  of  vertical  axil  obtained  by  two  cameras,  projected  on 
ground  plane. 


Let  F = { 71, — ,7a)  denote  ground  plane  partition,  where  each  7,  is  a predefined 
region  on  gruund  plane,  which  might  be  on  special  Interrat  rone,  such  as  corridur  or 
parking  area. 

H»  each  moving  object  i,  it  is  created  a frame  0,  = [tfi, Each  element 
8,  represents  a lone  7V  where  the  object  ■ might  be  located,  according  to  information 
from  cameras  0,  is  built  dynamically  considering  only  the  tones  fur  which  there 
exist  some  belief  provided  by  at  least  one  camera. 

Multiple  cameras  fusion,  in  the  way  it  is  used  in  this  work,  is  a tool  fur  high 
level  surveillance  systems.  Behavior  recognition  models  might  use  information  in  the 
form  of  beliefs,  such  as  fussy  kiglr  classilicre  in  probabilistic  models  da.  Therefore, 
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U b nlluwed  fur  the  camera  to  assign  mass  to  elements  in  D"  In  the  fann  of  0i  O 0,, 
because  this  might  represent  an  object  in  the  border  of  t«s  regions  on  ground  plane. 
For  couples  o#  hypotheses*  which  represent  nun-adjacent  regains  of  the  ground  plane, 
it  does  not  make  sense  consider  such  belief  assignments,  therefore  elements  in  D" 
representing  nun- adjacent  regions  of  ground  plane,  are  included  to  ®.vt- 

Each  camera  behaves  as  an  expert,  assigning  mass  to  each  one  ol  the  uncon- 
strained elements  of  D*’  - 'ITie  assignment  function  is  simple,  and  has  as  its  main 
purpose  to  cumdder  perspective  influence  on  uncertainty.  It  is  achieved  by  means  uf 
measuring  intersection  area  between  ~r-  and  object's  vertical  axis  projected  on  ground 
plane,  centered  on  the  object's  feet.  The  length  of  the  axis  projected  on  ground  plane 
is  determined  by  the  angle  of  the  camera  respect  to  the  ground  plane,  taking  object'* 
ground  point  no  the  vertex  to  measure  the  angle.  So  if  the  camera  were  just  above 
the  object,  its  axis  projection  would  be  just  one  pixel  long,  meaning  no  uncertainty 
at  all.  We  consider  three  cases  to  cover  mass  assignation  showed  in  figure  25.2. 

When  projected  axis  is  within  a region  of  the  ground  plane,  camera  assigns  full 
belief  to  that  hypothesis.  When  axis  crosses  two  regions  it  is  pndhk  to  a»ign  to 
cumpoecd  hypotheses  of  the  kind  6,  U 0,  and  0,  O0,.  depending  on  the  angle  of  the 
ramritt. 

Let  'atf,  Jcnot«  the  vertical  obtained  by  camera  c.  projected  on  ground  plane, 
and  kc|  Its  area.  Following  functions  are  used  as  gbba  model. 


V = 

|i,,.|cos(oc) 

(25.5) 

"*.<«.)  = 

kJ.n7.| 

» + M 

<25.6) 

m,(0,  U 0,)  = 

i-'t(coo*  (a,) 

' « + M 

<2S.7) 

m,(0, 0 0,)  = 

v(l  - cw(Q«)) 

V +•  iwcl 

(25.8) 

When  oxb  intersects  mure  than  two  regions  on  ground  plane,  functions  become; 


"1.(0,) 

m,(0,  U0,  U...U0,) 


|u'r 'GUa(llc) 

V 

V + |w.| 


<25.9) 

(25.10) 

(25.11) 


n + for,  | is  used  as  a norm  airier  in  order  to  satisfy  m,(.)  — [0. 1]  and  Each  camera  can 
provide  belief  to  elements  0,00,  € D”,  by  considering  couples  7,  and  7,  (represented 
by  0,  and  0,  respectively)  mused  by  axis  projection.  Elements  0,  U. . .U0,  can  have 
an  amuciated  gbba  value,  wbidi  represents  local  or  global  ignorance.  We  oho  restrict 
elements  in  0,  fl . . . D 0,  € I>”  for  which  there  is  not  a direct  basic  assignation  made 
by  one  of  the  cameras,  thus  they  are  included  in  0a»  . and  calculations  are  simplified. 

That  b possible  because  of  the  hybrid  DStn  model  definition.  Decision  fusion  b used 
to  combine  the  outcomes  from  cameras,  making  a final  deebiun.  We  apply  hybrid 
DStn  rule  of  combination  over  U"  in  order  to  achieve  a final  decision. 
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(b)  Belief  is  assigned  to  0,,  0,,  0,  U0,  and  0,  n 0, 


(c)  Belief  is  assigned  to  0,,  ...  , 0*  and  0,  U . . . U0* 


Figure  25.2:  Cases  considexed  for  belief  assignment. 


Chapter  25:  Multiple  cameras  fusion  based  on  DSmT  . . . 


25.4  Results  and  discussion 

lb  tot  the  proposed  architecture  for  fusion,  we  used  computer- gen  crated- imagery  <r- 
quencie  (figure  25.3)  and  real  sequences  fmm  the  Performance  Evaluation  of  'lVndcing 
and  Surveillance  dataset  |6). 


(a)  Camera  1 (b)  Camera  2 (c)  Camera  3 

Figure  25.3:  Example  of  CGI  sequences. 


In  CGI  sequences,  three  cameras  were  simulated.  We  considered  a squared  sce- 
nario with  a grid  ol  sixteen  regular  predefined  »mo.  3D  modeling  was  done  using 
Blender  with  Yafray  as  rendering  machine.  All  generated  images  for  sequence  are  in 
a resolution  of  800x600  pixels.  Examples  of  images  generated  by  rendering  are  shown 
in  figure  25.3.  where  division  lines  were  outlined  on  ground  plane  to  have  a visual 
reference  of  rones,  but  they  are  not  required  for  any  other  task. 

As  real  sequences,  PETS  repository  was  used  (figure  25.4).  In  this  data  set,  two 
cameras  information  is  provided,  in  a resolution  of  768x576  pixels  in  JPEG  format. 
Our  architecture  and  gbba  function  was  appbed  to  track  people,  cars  and  bicycles. 


(a)  Camera  1 (b)  Camera  2 (c)  Ground  plane 


Figure  25.4  Example  of  real  sequences  horn  PETS. 
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Ax  port  o!  the  multx,  it  is  interesting  to  ohow  the  differences  between  DSm 
and  o probabilistic  model  to  fuse  d eon  mi!  Fur  tills  application,  hypotheses  hove  a 
geometric  meaning,  and  we  found  that  this  has  to  he  taken  in  consideration  during 
fusion. 


25.4.1  Probabilistic  fusion  modulo 


cumparixim  purposes.  a Bayesian  daonher  wax  developed  for  each  of  the  regions 
rround  plane,  ax  showed  in  figure  25.5.  A priori  probability  is  aaumed  the  some 
each  at  the  regions,  while  conditional  probability  is  taken  from  maws  generated 
being  normalized. 


p(-h|5. s-)  = 


-PivMSt Sw|7.| 

Pl*‘. *") 


p<7,|S1(...,5„)  oc  p(>i)p<Sili,)p(5i|7,)p(Si|7,). .. 

= p<i.)np<5.h.) 

•wl 


Figure  25.5:  Bayesian  classifiers  as  fusion  module. 


Ignnranrr  from  cameras  me  ana  that  a camera  does  not  have  a good  point  of 
view  Ui  generate  its  information-  If  a probabilistic  model  b applied  ignorance  b 
not  considered  and  that  might  derive  wrong  results.  Let's  consider  the  following 
numerical  example;  suppose  two  cameras  assign  following  beliefs: 


mi(-4)  = 0.35  rrti(B)  = 0.6  mx{AJB)  = 0 05 
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'iu(A)  = 0.3  mi(B)  = 0.1  rru(AU  B)  = 06 
Probabilistic  model  generates  following  decisions: 


p(.-t)  « 0.5- 


0.35  0.3 


0.35  + 0.6  0.3  + 0.1 


p(B ) « 0.5  • 


0.35  + 0.6  0.3  + 0.1 


DSm  model  results: 


mo3m{A)  = 0 35  • 0.3  + 0.35  • 0.6  + 0.05  • 0.3  = 0.33 
mi>fa(fi)  = 0.6  • 0.1  +■  0.6  • 0.6  + 0.05  • 0.1  = 0.42 


hypothesis  B,  because  second  sensor  is  in  a better  pmitioo.  However,  in  probabilistic 
fusion  decision  hypothesis  A is  higher.  This  shows  how  considering  ignorance  may 
Improve  results  from  fusion  applied  to  multi-cameras  tracking. 

Pinitioos  obtained  by  fusion  of  the  decisions  of  the  cameras  are  showed  in  figures 
25.6  and  25.7.  Graphics  show  how  DSm  gets  higher  decision  values  than  Bayesian 

fUflUD. 

In  tables  25.4  1 and  25  4.1  metrics  TRDR  ( IVacker  Detection  Hate)  and  FAH 
(Poise  Alarm  Hate)  are  showed  from  data  collected  from  2 CGI  sequences  and  5 real 
sequences.  We  also  propose  Similarity  lo  IVuth  measure,  to  evaluate  how  dorse  In 
values  is  the  result  of  fusion  to  truth  data. 

TRDH  and  FAH  are  evaluated  with  following  equations: 


where  TG  is  the  total  number  of  regions  by  each  image  where  there  are  objects  in 
motion  accunllng  to  ground  truth.  According  to  this  metrics,  it  is  desirable  to  have 
the  highest  value  in  T RDR  while  the  lowest  in  FAR. 

Similarity  to  'IYuth  (ST)  is  a measure  to  quantify  the  differences  between  posi- 
tions obtained  by  fusion  modules  compared  to  ground  truth  When  there  exists  belief 
assigned  to  certain  position,  and  oh»  there  exists  an  object  on  that  position  in  ground 
truth,  the  amount  of  belief  is  summed,  but  when  there  is  not  object  in  gniund  truth. 


(2512) 


(2513) 
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Source 

Trijr 

FAH 

Similarity  to  Truth 

Camera  1 

99.5% 

52,9%. 

65.2%, 

Camera  2 

93.9% 

43.0%. 

69.7% 

Camera  3 

84.4% 

45.3%. 

23.0% 

DSm 

93.9%. 

5.6% 

84.1% 

Probabilistic 

93.3% 

5.2% 

24.9% 

Table  25.1:  Results  on  CGI  animations. 


Source 

Trdr 

FAR 

Similarity  to  Truth 

Camera  1 

68.1% 

21.7% 

3T5% 

Camera  2 

71.0%. 

2.7% 

67.5% 

DSm 

’ 82.8%. 

10.2%. 

75.9% 

Probabilistic 

82.8% 

10.2%. 

67.9% 

Table  25.2:  Results  on  real  sequences. 


I ho  amount  of  belief  U subtracted,  and  finally,  the  amount  obtained  O normalized  to 
be  aboard  no  percentage. 

Results  from  tallies  show  how  DSin  reduce*  uncertainty  frnm  perspective  and 
complements  information  where  cameras  loot  object  or  fields  of  view  do  not  overlap. 
Bayesian  fusion  behaves  similar  to  DSm.  however,  hybrid  combination  rule  takes  in 
consideration  information  assigned  to  ignorance,  which  may  refine  information  such 
as  in  example  from  section  25.4.1.  ST  quantifies  how  close  is  belief  assigned  to  regions 
to  ground  truth.  Prom  ST  values,  one  sera  that  DSm  has  higher  values,  dcaer  to 
ground  truth. 
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(a)  Hue  position. 


- 


m 


« 


(b)  Decisions  by  DSm 


(c)  Decisions  by  Bayesian  fusion. 

Figure  25.6:  Example  of  positions  obtained  in  3D  animations.  Belief  value  is 
plotted  from  blue  to  red.  blue  meaning  low  belief  and  red  meaning  1. 
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(a)  True  position. 


(b)  Decisions  by  DSin. 


(c)  Decisions  by  Bayesian  fusion. 

Figure  25.7:  Example  of  positions  obtained  in  real  sequences.  Belief  value  is 
plotted  from  blue  to  red,  blue  meaning  low  belief  and  red  meaning  1. 
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25.5  Conclusions 

Using  cameras  as  experts  at  high  level  fra  processing  objects  posit  inn,  allows  to 
apply  Dexert-Smarandache  'ITieoty  to  combine  beliefs.  Beliefs  correspond  to  objects 
locations  no  ground  plane,  given  in  relation  to  predefined  regions. 

Thst  showed  how  DSm  Theory  of  evidence  generate*  higher  values  as  results  and  a 
better  approximation  to  ground  truth  In  addition  to  this.  DSmT  allows  belief  to  be 
assigned  to  intersection  of  hypothecs,  which  might  be  interpreted  a a an  object  in  the 
border  of  two  regions,  and  might  be  useful  information  for  behavior  recognition  based 
on  fuzsy  logic,  while  probabilistic  approaches  does  not  nlluw  this  kind  of  information 
because  of  exclusivity  constraints.  H*  the  fusion  of  objects  position,  DSmT  showed 
better  results  than  Bayesian  fusion. 

Even  good  remits  were  obtained  using  DSrnH,  H is  known  that  when  conflicting 
sources  are  combined  the  tnassn  committed  to  partial  ignorances  are  increased  and 
alter  a while  this  ends  up  to  get  the  vacuous  belief  assignment  It  is  expected  that 
DSm-PCR5  fusion  rule  yields  better  results. 
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of  75  books,  over  100  sclent ilic  notes  and  articles,  and  contributed  to  about  50  sci- 
entific and  100  litaary  journals  from  around  the  wvirid  {in  mathematics,  informatics. 
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tions that,  in  1980s.  he  set  up  the  “Par  ad  axis  nT  avant-garde  movement  in  literature, 
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contributions  he  had  in  physics  and  psychology  too.  Much  of  his  work  is  held  in 
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Address:  Dept,  of  Math..  Univ.  of  New  Mexico,  200  College  Road.  Gallup.  NM 
87301.  U SA. 

IFeb  page-  http:// m . gal  lup . unx . odu/ ' cnar  anda  ebo/ 

E-mail:  5narard0unn.edu 


Jeon- Marc  Tncnet  waa  born  in  Caumss,  FVance  in  1965.  He  received  a Master 
Engineering  Degree  from  E.N.G.B.B.S  (National  Schuul  fur  Environment  and  Wa- 
ter management  of  Strasbourg.  France)  in  1987.  a Master  Engineering  Degree  from 
E.N.G.H.E.F.  (National  School  member  of  Paris  Institute  of  Technology  for  Life. 
Food  and  Environmental  Sciences)  and  a M.Sc.  degree  in  Applied  Computer  Science 
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Pierre  Valin:  After  graduating  bom  Harvard  (PhD,  1980)  under  Nobel  Laureate 
Sheldon  Lee  Glashow,  Dr.  Pierre  Valin  taught  and  conducted  research  in  theoret- 
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dents. His  morn  interests  are  in  Multi-Sensor  Data  hfrition  requirements  and  design. 
Command  anil  Control  decianc  aids,  use  of  a priori  information  datnbawa.  Imagery 
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and  Design  and  TVajectory  Opt  imitation  Ihim  2001  to  2005  be  worked  na  a lec- 
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objective Optimisation.  Bio-inspired  Optimization  Methods.  Asteroids.  Evolutionary 
Computation,  Concurrent  Engineering.  Multidisciplinary  Design,  Swann  Intelligence, 
Formation  Flying.  Autonomous  Robotic  Systems.  He  a member  of  the  IEEE.  A1AA 
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tively involved  in  the  development  of  a multimodal  biometric  system  which  includes 
face,  fingerprint,  signature,  and  iris  recognition  at  the  Indian  Institute  of  Technology 
Kanpur,  India,  from  July  2002  to  July  2001.  He  has  more  than  75  publications  in 
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